
 

Lecture 6
Ref BMR
Lee4 discussed splitting for Azumayaalgebras on X arising
from Frobenius constantquantizations ofX where X is aconical

symplic resolution

Lee S Considered quantization D's of X T GB
Today discuss splittingforDIB its applications propertiesof
the splitting bundle

1 Splitting A alg closedfieldof charp o Xsmoothvary
X T Xo n Frobenius constantquantin Dx L L is a line
bundle onX Dx L is an Azumayaalgebra on X
Easy observation Dx 2 ly splits for splittingbundle
can take Fr

Dell a L Dx Lily a Fr L
AxeXi thisactiongives Dx Lll End Fr 1 x

Specialize Yo GB Y N nilpotentcone O X Y is

Springer resolution

For left central reduction Uy algebra ever FLY
VET DIB

Thm 1 Up is an Azumayaalgebra over Y
2 DI I UpA



Proof n Can talk about the locus in Y where U.p is
Azumaya It's open Ga Up Y in compatibleway Z
Azumaya locus is Cstable The closure ofany Gorbit inY
contains o generic ric of Up is p

N

Se we reduce toproving that Uf fiberofU.p ate is
matrix algebra of size p

dimM2 dimV12dimGIB
Define a baby Vermamodule
Consider Vermamodule D

p
U g Dug Fp even Upfree rich module ever U n so D

p
is a free re p

himh

module over S n this is central in Vlog specialization

ofUp to le n called baby Verma denotedbySp
It's a U p module of

dimension phima p
him

Exercise 1 Sp is irreducible over Up
2 it's the only irreducible

I 3 g action on Sp integrates to G Steinbergrepin
44 S has nohigher selfextensions

Up End Sp finishing o

2 U
p Dga Oxen Dg center these

homomorphisms coincide on f Y sheetofalgebra
homemim N Up Dflp homomorphismof Azumayaalgebras
of the same rank so it's isomorphism D

I



Recall for ye Y n y t Spec F y Y

X 8 s Y t xye X small neighd of ly
Cor H Xe Jf B DY lyingsplits

Proof All Dai are Moritaequivalent so we reduceto 7s p
Dilly ng o U.plyi.mg splits Dslangsplits

a

2 Applications to representationtheory
XEftp.p assume it'sp regular ftp.du to treats 2
BMR derived localization thm

RT D IahD B ID Uymed
Let EY denote a splitting bundle for D's ylang Then
have the following equivalences

D CehDairying DCupmed
ag Eto Ft

D Cah X 2

Consequences Uymed E findim Umodulessupp'daty Uymad

Colony X oohsheavessupportedon ly c CehXena

31



Observations D Uymody D ughmod
D Ceh

ay
X 06 CahX

are full embeddings
K Uymo21 Kellymod
Kelch

g
X Ke Ceh a ly

Corollary of a Observation

i D Uxmed2 It D Cohoicy X

I Kangmedi keynote
computable

3 Properties of splitting bundle Take X e
E E on X neighd of YB in T YB

as any splitting bundle E is definedup to a twist w a

linebundle Pic x Pic GMBN E B

As we've seen in the beginning Frida is splittingbundle
for Da coypu Weget Elam in t Frida j
JE JE B

Example G SL GIB B's rk p rector626 FrOpen
17 Any vector bundle on P I line bundles



H B FrOp Hi Bio E
i o

e in

Fr lip I Opic Ope f p

Indecomposable summand of E

Prepn E has exactly IWIpairwise nonisomicdirectsummands
Proof RTCEO D CahX ID Mimed
Let I be the max ideal of e in Slog Then

He s limp U V Io Therefore indecomposableprojective
modules over Me a irreducible meduly over Ud
Recall Sect 2 Ke Uimod K CehG B has

no equal to Iwl So we have WI irreps
RTCEO AU bijection between

indecomposable summands ofU indecompprejectivesCupto se

indec summand of E upto iso I

Rep this interprin of rks multiplicities of indecempsummands

Xe G B E E U mod w Slog acting via evelinate
i e Exell mod E RT EEE where E is skyscraper
ate

I



Defin The class of apointmodule in Koluimed is

Ex independent of x

PreetofPrepin indec summands of E their reps
E Y

Lemma i r E multiplicity of54 in Ex
Iii themultiplicity ofEy in E Lim54

Preet Eun indecompprojective UImodule B RICE Et
FED Cehcoypu X D RICE F ED qmode
RT E O is an equivalence

Honoredya Est F Hemanme By N

X
H EFF maltspace ofM ingFor F F Dhis Eg

rk Eys mutt ofM in Ex

Exercise prove ii 5

Identification of Ex

Verma 06 Vlog on fo baby So Fgene Ole
LimSepd'm ric E



Proposition E 8
Note Stell mod
Exercise S St

Proofof Prepin take BYB e GYB prove E I 8
Elcoypu I Fr dat Ex F Fr x Fr GB G'YB

ogmodule where of acts by derivations
Observations

1 PEE Fr xD g 1 0
2 343am n TBGIB BIBisthepoint in Fr Kl

Exercise every n
submodule in F Fr ki includes 1 i.e 1

cogenerates the n module F Fr ki
3 TA FIFr x I has wt e all other wtvectors

havepositive wt
Look at F Fr x It has 1Limit wt o subspace that
by Exercise generates F Fr 413 2 all otherwtsare negative

wt o wt space is killedby8
By previousparagraph Ole F Fr at Slog acts

on F Fr x vieevaluation at o se theepimorphismfactors
through S F Fr ik

TtImedim p
m B So F fr ik g

Example G SL i o o p i n Sh irrep lil w highestwt i

Still irreducible over og lo F Llp21 eUEmed



So F Llol kerf Cp2

Both simply occur inthe classof apointmodule w malt P
all summand of E are line bundles

Elcoypu O eat
t

y
E Oxen Oxen t P


