
 
Quantizations incharp Lecture 8

Topic quantizations of symmetricpowers Hilbert schemes

Goal construct a filteredFrobenius constantquantization of
Hilton 54 F F char F p o wglobal sections 015,7s
Later we'll use this to construct Precesibundle via splitting
bundle construction

1 Quantizations ofsymmetricpowers
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P1 Main result
Thm DIR 11G ID 151s isoof flt quantin ofecus
Sketch ofpreet In Lect we'veseen Dlg 11G I DB
i Construction ofhomomorphism
D R 11G a CERT A centerofG actsby O eng
scaling on 4 Cop QG

W
A Dlg

Observe that have algLomom's Cop D R11.9A
JN G DIN Viaany of these flop'sECG acts on
it itself by multiplications

Invariant orthog form on gu Oge51979 D R1111G
i i moge Sg
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8UgoS acts on Eloy GYMas 0g S is Vandermonde

Claim theactionsof D R 1169 D5 Won Ecg ECW
bythe same operators after conjugating the latter by S

Exercise Show that 1453W D generate flush as aPoisson
algebra hint use Weyl's thm ongeneratorsofthe letter

Consequence gr D R Ill G gr D5
W t cuss asgraded

Poisson algebras Exercise 1953 O generate ecus
CopO generate D R111G



Exercise D 5 SnA QB isfaithful
D R 11G D5

s
ble algebras actby thesame

operators

ii Needto show D R 11G DMWis a filteredalgebra
isomorphism One can check that thispreservesfiltration
en gr's it's pullbackhomem'm CGille Q V3
The latter is an isomorphism so R 16h ID b W D

12 Remarks

1 7 One can ask to generalizethe theorem to arbitraryD
D R M G I ethe sphericalrational Cherednikalgebra

2 Have charp e version of Thm F E charF pro
I DCR M G is quantin of IV
1 DCR 1169 015
Check reduction from chare

II FGu o A FLU

In Oh possible be everything is definedeverOh so analogs of
I II held

Qrs finite localization of TLpossibleble all algebras in
question are finitelygenerated S afinite loan of K



I becomes D Rs 111Gs 015s

Sm F F is an S algebra so can Fg
FCUTS Fox SMS Dlb FoxDbs
FGu lo 5OspGuild's

invariantsmedp
reductionsmedpofinvariants

It's an isomorphism

FCUS I FAsSCV FossGuild's FGu6139
V Ggg o no FGu6139 FCush every closed Corbit
in ji lo intersects the image ofV exercise the latter
homemim is injective But all our homomorphisms are bigreded
TheGigradedcomp's are finite dimensional so theexistence of
a pair of menemorphisms implies both of themare isom.ms
This establishes III ever F

Exercise prove I II note gr Rg DCRKr3 FGuloD

2 huantizations of Hilbert schemes
2 1 Preliminaries X j o G G Let

ji o
s AB i o AB e ACAB is A principal Gbundle

over X
Charp a story justlet's AB i e I AB 0 FCAB i 4
same argument as in Lec 7

C easypart of HilbertMumfordcriterion
jug o

s
Xp aprincipal C bundle



We'll define aquantization of Xp ly quantum Hamiltonian
reduction Recall commut diagram from Lec 5

Stagg g ACT R 4131 3 ca

in I f
Utoy DCR PG SEJE

22 Construction of reduction
View DLR as a sheaf on T R DRg

s estrinof
DCR to T R D Rg yay

i e e s
coherentsheaf

of algebras onyuca e

Gy D Rallycop i e e s
consider G Ker C Gf finitegroup

scheme w singlept
G A D Rg yay

r e e ss by 0 linear automorphisms

9 T D Rg yay
i e e ss is quantum co

momentmapfor
G action is coherent sheet of dyingyepss algebras

D Rg yay
a e e s 11G R Dirt 3 3

Gi equivariantJu lol Xgprincipal G bundle

By definition D R 419 is theCfequivdescent of



RT DIRT 3 3 sheetof O'xp algebras

2 3 Frobenius constant quantization

Claim D R 111G is afilteredFrobenius constantquantization
of Xp
Proof Need to show

i D R G is a filteredquantization
ii gr D R s'llG Ox intertwines embeddingsfromOx

Notation Rt completedRees constrin
R 1DIRT 111,4 ID R1 s'llG

want tocheckformtalquantization ofXp
Recall bonus to Lect if U is an affine symplic variety w
Hamiltonian Gaction s t g e is aprinc GbundleeverylolG

It is a formalquantin of flu w Hamilt Gaction then
111G is a formal quentin of FCji e

Exercise Deduce i from this reminder
Deduce ii from o

24 Identification ofglobal sections
Prepin Have a filteredalgebraisomorphism
Dlb

s D Rg Ill G I T DCRgt's'llC



Proof StepP construct a homomorphism offilteredalgebras
DIRg A G obtainedfromgluing the algebras
D Rg all Gg where U is a G stableopenaffinesubvariety
in Rules Notice that Hamiltonian reduction isfunctional
D Rg D Rg Iu restriction Ggequivariant intertwines

quantum comoment maps DRg111G D Rg lull G
D Rg111G T T DCR ll Gg of filt algebras

Step2 Show that it's an isomorphism Similarly have a

graded algebrahomemim FGuile139 FGuile G it's

p
where

p ji lo G jug o Gg In our casep is
an isomorphism

Compatibility have commutativediagram

grDCRg.tlloG grTDlRg.tsslloGg
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FLY FIX

gry is an isomorphism y is isomorphism D


