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Constructionof Procesibundle

d Recap We constructed afilteredFrobenius constantquantization
D of X Hilton 54 D D Rg G

Construction basedon commutdiagram

Slog Alt R

I 1

Ulog D Rg

DIR D R gayness D R lying i e esshGa

DIR IG Dallying.ie e s1116,1

Rem A 2nd 3rd sheaves are Moritaequivalent viabimodule
DIR DCR 3r Azumayaalgebras on y e s

Bezrukarniker Finkelberg Ginzburg

21 Can also construct DLRgHeh bysimilarproducedure in 3steps



DRg Dallyingice Dallyingice 11Go

DIR G Dally 116,19

Oneach step each ofthealgebras in 2 has homomorphism to

global sections of the corresponding sheaf in o linear w.at
thealgebra offunction In particular

DCS D RMG T TCDCrill Gg is linear
over FM1 o 9 FLY

1 Roadmap
We construct Procesibundle P on X leverG in 4steps
1 The restriction D of D to Xg SpecF y tygX
splits let E be a splittingbundle

2 I k o idempotent ee Mat D4 Mat g
s

St EMat g
s
e I F v Sn

PI e Ext PD so fine EndPg F v Sn

3 By LeeG Pj has Gmequiv't structure Canmodify this s t
EndPg F V S canbemadeGmequivit The resulting Gm

equivariant bundle Pg onXY satisfies
Ext PgB so fine EndPg F v Sn



4 View P as a bundle on X I X We can lift Pg to chare
Lect Fm Fg SI Freesat a

ringof padicintegers
Need to show that thedeformation to 5 9 Psg satisfies
End Psa I S V3 Sn

We'll discuss 1 2 inthis lecture leave 4 Macdonald

positivity for Lec te the last lecture

2 Splitting Let p X 97 is reselinofsingularities

Prepin BetrukarnikerKaleLin I Aumayaalgebra H on Y s.t
D St are Moritaequivalent

Cer D splits

Rem Propin is similar to the case of T GB analog ofStwas

U.p

Defin Brauergroup Z is a scheme the Brauergroup Br Z
consists of Azumayaalgebras up to Moritaequivalence H B

if HEBOPPsplits w addition inducedby Q opposite by PP

This is abeliangroup
For Azumaya let A be its class in Br Z



Fact l Let Z be smooth F variety Z T on Atumayaalga
Dz on Z Claim p Dz o in Br z p charF

Proof Step 1 ConsiderFrobenia Fr Z Z Fro Z Z
Claim FrDe o lie Fr Dz issplit
Consider commutativediagram

in projections

Observation Fr Dz issplit BMR Prep2.2.2

FrDz splits

Step2 E Z the same schemers Br Z Br z
Claim underthis identification Fr acts asmultiplicationbyp
Onfunctions Fr f f
Every Azumayaalgebra is locally trivial in etale topology
from Atumaya algebra St is 2 cocyclevalued in Gm inetaletopology
Br Z to H Z Gm seeMilne'sEtale cohomology

Multiplication by hell in the ZGm comesfrom E est inGm

Fr acts as takingpthpowers onthe cocycles so asmultinby
p in Br Z A



Gt from 1 Gmt an Pan t

Fact1 Let E is irreducible smooth ZoeZ is open to
Br Z Br Zo

Proof seeMilne Etale cohomology ChT O

E is affine F variety TAZ finitegroup is it E ZK
It Br Z r Br Z

For aprime l let l denotethe l torsionpart ofabeliangrip

Fact 2 Suppose CCD e1517 1 Then BrizNes Braces
Proof Lemme 6.5 in BK A

Proofof Propin V's veV1Stabs v is pairwisedistinctptsin It

p Xi Y is iso over V Sn So Dlbs.tnvgoys.tDlvgays

Dlb EBr V t p torsionby Facto GCDp Snl 1
Apply Fact 2 to CD15 e Br V p

Sh TakeAzumaya

algebra St on Vf S S t A corresponds to Dlb under

Isom'mfromFact2 Note that Stlvgc.ys 7
l5g.lsnlugc.ys.FCDlrgc.ysSo the restring of Dept to vi sexy
are Moritaequivalent So D pH are Moritaequivalent a



Rem Alternproofof Corollary Betrukarniker I L 73 works

formoregeneral Hamilt reductions

E smooth f variety Le d z Z p 24T z
I Dz Azumayaalga on Z There's criterionfor such

Atumayaalgebra to split Weshow that DIR 7111 C comes

from Pform contraction of thesymplicform ony 619,9
thevectorfield comingfromFaction Whenrestrictingtoneigh'dof
egetsplitting Sect 7.2 in thepaper

3 Morita equivalences for D 5
s relatives

Let ee 5Sn be trivial idempotent
e Dby Sale D g

Sh
isom'mofalgebras

elide d
615,7 Sn e 215,7
DB Sn D15,7sbimodule structure on Dlb

Propn P This is Morita equivalence bimodule
Proof 215g Sn D15,7s B D15
Hong Be JtfMod A Mod is isomorphic to e

so is Serrequotientfunctorw rightinverse is Bag
Toshow these are equivalences a Mglem so o

stiest's A's stiestestc
exercise

So Propn will followfrom the next lemme D



Lemme St D Ba Then I Sn is asimplealgebra
Proof St Sn g 6 as A bimodule
Claims 6 is simpleSt bimodule St issimple

6 AG if 6 6 followsfromthenextexercise
Exercise Centralizer ofSt in 6 0 6 1

e 6 1
meAble'mmataest

Therefore
every Stsubbimodule ofSt Sn is Ot ofsome 6

RightSn actionpermutesAd's transitively every 2sidedideal
of A Sn is St Sn or to a

Propn 2 I k o idempotent ee Mat 015,1
s

s t

EMat CDBg
s E I F v41 Sn

an Isom'm of F v Sn

Proof

Steph D Bg splits as Azumaya algebraover F v
fromlifting of idempotents Sn is reductivegrip So splitting can
choesen Su equivariantly pick splittingbundle F of theform
he F v where his anSnmodule Sna he F v is

diagonal Snequivariant isom'm
015,7 End

can F verre i

Step2 Exercise F V J Sn End FCrayne Iii
Fluesane

is an isomorphism



Step3 Combine i ii

Dlb Snf Endpanyn F V Sn t

End e AFCV S I Sn Enda
End h FCV Sn Cii
End a End Alvin I End Chex f vena

FEvensane FveilsTo

Step4 UsePrepin P Dlb
s

e Day Side I

e End hotAlvin e
Fluesane

Endways the fCrayne

Whatremains to show is that 5Crea f e the f vena
have the same indecomposable summands butwdifferentmalt's

Step5 a tee Irr Sn HomsCt FCreate is indecomposable

summand of FCraig
6 indec summand in FEven is Irr Sn
indec summands a indecprojectives in End Alvin

Flu sane

F v Sn a simple F v Snmodules simple IS modules

C Samereasoningfor D g
s
Indec summand in

echoF Ven a simple Dlb
s
modules e

Mertaequiv

simpleDlb S modules a simple F V J Snmodules



IrrSn

2 All indecomposable in echoAlvin are oftheform
Homs.ltFCV A


