PROBLEM SET 1

DUE DATE: FEB 14

Sections 1.2 - 2.3

Questions are either directly from the text or a small variation of a problem in the text.

Collaboration is okay, but final submission must be written individually. Mention all collaborators on your submission.
The terms in the bracket indicate the problem number from the text.

Section 1.2

1) (Prob 3,6, Pg 10) Solve the following equations and sketch some of the characteristics for each case.
a) 1+ 2)uy +uy, =0

Soln:

u(z,y)=f((1+z)e?)
b) V1 —z2u; +uy, =0

Soln:

u () = f (y — avesin ()

2) (Prob 11, Pg 10) Solve au, + buy, = f(z,y) where f(x,y) is aa given function and a,b are constants with a # 0.
Express the solution in the form

S -

where g is an arbitrary function of one variable, L is the characteristic line segment from the y axis to the point (z,y) and
the integral is a line integral. (Hint: Use the coordinate method.)

Solution:

The differential equation can be rewritten as

1
Va? + b2
a b

where D,u is the directional derivative of w in the unit direction ( Nt W) Integrating the above expression from

DvU: f(may)

(O,y — %x) to (z,y), i.e. along, the characteristic, we get

(1) u(m,y):\/(lle/Lfds—i-u(O,y—Zm).

Relabelling g (—at) = u (0,t), we get the result.

Bonus: Where was the assumption a # 0 used in the above problem.

Solution: Clearly there is also a problem in equation 1 if @ = 0. The issue is that characteristics run parallel to the y
axis and the characteristic starting from (z,y) would not intersect the y axis.

Section 1.3
3) (Prob 6, Pg 19) Consider the heat equation in a long cylinder where the temperature only depends on ¢ and the distance
r to the axis of the cylinder. Here r = y/x2 + 42 is the cylinder coordinate. From the three dimensional heat equation derive
the equation
ut:k<uw+&) .
r

Solution:
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The cylindrical coordinates are given by
x =rcos(0)
y = rsin (6)
z=2z

and r = /22 + y2, 0 = arctan (¥) , z = .

We are looking for solutions of the form u (x,y, z,t) = u (r, t).

Ozu (r,t) = Opu (ryt) — Or

ox
2 2

Ozt (1, t) = Opu(r, t) - Oy (;) + 0,0ru (1, t) - % = Oru (r,t) ?7{—3 + Oppu (1, t) - f—Q

=0Oru(r,t) —

Similarly,

22 2
Oyyus (1, t) = Opu (r, t) + Oppu (1, t) - =

And finally,

Oz2u(r,t) =0

The heat equation in cylindrical coordinates is then given by

ug =k (umc + Uyy + uzz)

ut:k:( () +[“)r,,u(rt) +3u(rt) +8rru(rt) fj+o>
o)

4) (Prob 8, Pg 19) For the hydrogen atom, let e (¢) = [ |u (¢, )| d. Show that if e (0) = 1, then e (£) = 1 for all £. (Hint:
compute ¢ (t). Keep in mind that u is complex valued. Assume that |u (¢, )| = 0 for |x| > R (t) where R (t) < co.

Solution:

Let u (t,z) = v + tw. Then |u|2 = v? + w?.

dt/|utw|dw

/ o (v* + w?) dx  (Since the integral converges absolutely)

= / (2vvs + 2wwy) dx

u (t, ) satisfies the Schrodinger equation. Thus,

h2 2
thu; = —Au + e—u
2m T
h2 2 h2 2
th (v +iwy) = —Av + Coti L Aw+ Sw
2m r 2m T
h e?
A h
vt 2m W Thw
h 2
= Av+ —
wy <2m v+ hv)

¢ (1) = / (200; + 2ww,) da
_¢ / (vAw — wAY) da

Consider the vector field vVw on the domain r < 2R (¢). Then by the divergence theorem, we get
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V- (vWuw)dx = / V- (vWVw)dx = / va—wdS,
Ir|<2R(¢) a(ri<zr) On

where 9 (|r] < 2R) is the boundary of the sphere. But v = 0 on 9 (|r| < 2R). Thus,

R3

V- (wVw)de = Vv-dea:—l—/ vAwdx =0
R3 R3 R3
/ vAwdx = — Vv -Vwdz.
R3 R3

From symmetry,

/ wAvdr = — Vw - Voudex.
R3 R3

Therefore,

e(t)=0.

5) (Prob 11, Pg 20) If V x v = 0 in all of R®. Show that there exists a scalar function ¢ (x,y, z) such that v = V.

Solution:

Let’s construct the solution backwards. If there exists such a function ¢ such that v = V¢, then firstly, we can change ¢
by any constant. So without loss of generality, ¢ (0,0,0) = 0. Then to obtain the value at (x,y, z), we integrate ¢ along the
path (0,0,0) — (x,0,0) — (z,y,0) — (z,y,2). Then

¢<x,y,z)—¢(0,o,0)=/Owaz¢<t,o70>dt+/Oyayqb(x,w)dw/Ozazas(x,y,t)dt

T Yy z
¢<x,y,z>:/ v1<t,o,o>dt+/ v2<x,t,0>dt+/ vs (2, y,t) dt
0 0 0

Now the only thing we need to verify is that if ¢ is as defined above, then is v = V.

Y z
ax¢(z7yvz) =l (I7O7O)+/ axUQ (I,t,O) dt+/ 62?1)3 (I,y,t) dt.
0 0
Since V x v = 0, we have that
8y01 = 8951)2 s
82’01 = amv?; )
8202 = 8y1)3 .

Plugging that back into the equation above, we get that,

Yy z
0:¢ (z,y,2) = v1 (,0,0) —|—/ Oyu1 (z,t,0) dt —|—/ 0,1 (z,y,t) dt
0 0
= (.T,0,0) + v (xa:%O) — U1 (.1?,0,0) +v1 (x7yaz) — U1 (33,2%0)
=1 (z,y,2)
Similarly, it can be shown that dy¢ = vy and 0,¢ = vs.

Bonus: Is it true if V X v = 0 on an arbirtrary domain D? Under what conditions on the domain D is it true?
No. True on simply connected domains!

Section 1.4

6) (Prob 6, Pg 25) Two homogeneous rods have the same cross section, specific heat ¢, and density p but different heat
conductivities k1 and ko and lengths Ly and Lo. Let k; = k;/ (¢p) be their diffusion constants. They are welded together
so that the temperature v and the flux Ku, are continuous. The left hand rod has its left end maintained at temperature 0.
The right had rod has its right end at temperature T" degrees.

a) Find the equilibrium temperature distribution in the composite rod.

b) Sketch it as a function of x in case k1 =2, k; =1, L1 =3, Ly =2, T = 10.
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Solutions:
Since u; and wus satisfy the steady state heat equation in 1D, they satisfy 0,41 = 0 and 9,,us = 0. Thus, u; = ax + b
and ug = cx + d. The boundary conditions for u; and us are

u (0)=0 = b=0, = w1 (z) =ax
g (L1 + L) =T = wug(z)=c(x—L1 — L)+ T
up (L) =us (L) = aly = —cLoy+ T
kiu' (L1) = kaub (Ly) = kia = kac

Solving the above system of equations for a, c we get

@ Thky 10
u (o) = ———mmmm X ¢ = —
! Lyky + k1 Ly 7
Tk, 10 (22 — 3)
= "M (L —L)4+T =127
w0 = o Iy T B 7

Section 1.5
7) (Prob 1, Pg 27)Consider the boundary value ordinary differential equation
v (z)+u(z) =0, w(0)=0,u(L)=0.

Clearly, the function u () = 0 is a solution. Is the solution unique? Does the answer depend on L?
Solution: The solution is unique as long as L # nw. If L = nr, then u (x) = sin (z) is also a solution to the differential
equation.

8) (Prob 4, Pg 28) Consider the Neumann problem
Au= f(z,y,z) inD
ou

%:0 on 0D

a) Is the solution unique? What can we surely add to any solution to get another solution?
Solution: No, we can add a constant.
b) Use the divergence theorem and the PDE to show that

///Df(amy,z) drdydz =0

///Df(x’y’z) d”dde:///DAumy,z) da dy dz
:///[)V‘Vu(xay,z) dz dy dz

/ Vu(z,y,z) -ndS
o

D
ou
—dS =0
//@Dan

c¢) Give a physical interpretation of part a or part b either for heat flow or diffusion?
Solution: Since heat flux boundary conditions are specified, the temperature is well defined only up to a constant,
changing the temperature everywhere by a constant does not change the heat flux through the boundary.

Solution:

Section 2.1
9) (Prob 1, Pg 38) Solve uy = 4uyy, u(x,0) = €%, uy (z,0) = sin (z).
Solution:

u (z,t) = €” cosh (2t) + % sin (x) sin (2t)
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10) (Prob 5, Pg 38) The hammer blow! A model for a note being played on a piano is the following.

Uy = Cge  u(2,0) =@ (x)  uy(z,0) =1 (x) .

Let ¢(x) =0, and ¢ (x) = 1 for |z] < a and ¢ (x) = 0 for |z| > a. Sketch the string profile u (z) at each of the time
t=a/2c, a/c, 3a/2¢c, 2a/c, ba/c.
Solution:

1 x+ct
u(x,t) = 2—6/ [[_q,q (s) ds

—ct

where I4 (z) is the indicator function of the set A which is 1 if z € A and 0 otherwise. Thus,

1
u(z,t) = %L ([ — ct,x + ct] N [—a,a))
Att=2
0 o] > %
Y- sy
Att=2%
0 |z| > 2a
all—5; |z] < 2a
At t = (mtle
0 || > (m+2)a
u(z,t) =4 2a |z| < ma

((m+2)a—|z|) ma < |z] < (m+2)a

11) (Prob 8, Pg 38) A spherical wave is a solution of the three-dimensional wave equation of the form wu (r,t), where r is
the distance to the origin (the spherical coordinate). The wave equation takes the form

2
U = 2 (u,.r + u,.) ("spherical wave equation")
r

a) Change variables v = ru to get the equation for v : vy = Ay,

b) Solve for v given initial condition u (r,0) = ¢ (r) and wu; (r,0) = 9 (r) where both ¢ (r) and ¢ (r) are even functions.
Solution:

Ow =rdyu Oyv = royu

Orv = 10pu + O, u
OppV = 10ppu + 20,u
1 2
—OprpU = 87"7"“ + 787"”
r r
Thus, v satisfies the wave equation:

attv = Czam«?)

v (Tv t) =

N

r4+ct
((T—i—ct)gb(r—i—ct)+(T—ct)¢>(r—ct))+QLC/_t st (s)ds

r4+ct
u(rt) = ;((r+ct)¢(r+ct)+(r—ct)gb(r—ct))—i—i/ st (s)ds

T 2cr

r—ct
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12) (Prob 9, Pg 38) Solve g, — 3ugs — 4ug = 0, u (z,0) = 22, uy (x,0) = . (Hint: Factor the operator)
Solution:

u(z,t) =

(SR

(6z+§ _ et erz + élltz) .

Section 2.2
13) (Prob 5, Pg 41) Consider the damped string,

Ut — CQU;E;E — TUut

Show that the energy decreases as a function of time. Prove uniqueness for the damped string.

Solution:
1 o0 9 1 o0 9
E(t)==p Un d:c—|—§T us dx

2 —o00 —o00

%E (t) = / up (puy — Tuyzy) da

_OOOO o0
= p/ Ut (utt - c2um) dx = —pr/ uf dr <0
— 0o —0o0

Thus, the energy is a decreasing function of time. If E(0) = 0, then since £E (t) < 0 and E () > 0, we conclude that
E (t) = 0, which gives us that dyu = 0 and d,u = 0 from which uniqueness follows.

Section 2.3

14) (Prob 1, Pg 45) Consider the solution 1 — x2 — 2kt of the diffusion equation. Find the locations of its maximum and
mimum in the closed rectangle {0 <z <1, 0<¢<T}.

Solution: Due to maximum principle, we need to look for maximium or minimum only on the boundary. The maximum
is at x,¢ = (0,0) and the minimum is at (z,t) = (1,T).

15) (Prob 5, Pg 46) Consider the variable coefficient heat equation u; = zugy

a) Verify that u = —2xt—22? is a solution. Find the location of its maximum in the closed rectangle {—2 <z <2,0 <t <1}
Note that the maximum is not achieved on the boundary.

Solution: The location of the maximum is at (=1, 1).

b) Where precisely does our proof of the maximum principle break down for this equation?

Solution: The sign of zu,, depends on .



