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Abstract. In this article we establish an isomorphism between universal infinitesimal
Cherednik algebras and W-algebras for Lie algebras of the same type and 1-block nilpo-
tent elements. As a consequence we obtain some fundamental results about infinitesimal
Cherednik algebras.

Introduction

This paper is aimed at the identification of two algebras of seemingly different
nature. The first, finite W-algebras, are algebras constructed from a pair (g, e),
where e is a nilpotent element of a finite dimensional simple Lie algebra g. Their
theory has been extensively studied during the last decade. For the related refer-
ences see, for example, reviews [L6], [W] and articles [BGK], [BK1], [BK2], [GG],
[L1], [L2], [L3], [P1], [P2].

The second class of algebras we consider in this paper are the so called infinites-
imal Cherednik algebras of type gl,, and sp,,,, introduced in [EGG]. These are
certain continuous analogues of the rational Cherednik algebras and in the case of
gl,, are deformations of the universal enveloping algebra U (sl,,11). In both cases
we call n the rank of an algebra. The theory of those algebras is less developed,
while the main references there are: [EGG], [T1], [T2], [DT].

This paper is organized in the following way:

e In Section 1, we recall the definitions of infinitesimal Cherednik algebras
He(gl,), Hc(spsy,), and introduce their modified versions, called the universal
length m infinitesimal Cherednik algebras. We also recall the definitions and basic
results about the finite W-algebras U (g, €).

e In Section 2, we prove our main result, establishing an abstract isomorphism
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of W-algebras U(sl,4m,em) (respectively U(spy,, o, €m)) With the universal in-
finitesimal Cherednik algebras H,,(gl,,) (respectively H,,(sps,,)).

e In Section 3, we establish explicitly a Poisson analogue of the aforementioned
isomorphism. As a result we deduce two claims needed to carry out the arguments
of the previous section.

e In Section 4, we derive several important consequences about algebras H¢(gl,, ),
H¢(spy,). This clarifies some lengthy computations from [T1], [T2], [DT] and
proves new results. Using the results of [DT, Sect. 3], about the Casimir element of
H¢(gl,), we determine the aforementioned isomorphism H,y, (gl,,) = U (8bytm, €m)
explicitly.

e In Section 5, we recall the machinery of completions of the graded deforma-
tions of Poisson algebras, developed by the first author in [L1]. This provides the
decomposition theorem for the completions of infinitesimal Cherednik algebras.
This is analogous to a result by Bezrukavnikov and Etingof ([BE, Thm. 3.2]) in
the theory of rational Cherednik algebras.

e In the Appendix, we provide some computations.

Acknowledgment. A. Tsymbaliuk is grateful to Pavel Etingof for numerous sti-
mulating discussions.

1. Basic definitions

1.1. Infinitesimal Cherednik algebras of gl,,

We recall the definition of the infinitesimal Cherednik algebras Hc(gl,) follow-
ing [EGG]. Let V,, and V¥ be the basic representation of gl,, and its dual. Choose
a basis {y;}1<i<n of V,, and let {z;}1<i<n denote the dual basis of V,*. For any
gl -invariant pairing ¢ : V, x V¥ — U(gl,), define an algebra Hc(gl,) as the
quotient of the semi-direct product algebra U(gl,,) x T'(V,, & V,*) by the relations
ly,z] = ((y,x) and [z, 2] = [y,y’] = 0for all z, 2’ € V.* and y,y" € V,,. Consider an
algebra filtration on H¢(gl,,) by setting deg(V;,) = deg(V,¥) = 1 and deg(gl,,) = 0.

Definition 1. We say that Hc(gl,) satisfies the PBW property if the natural
surjective map U(gl,) x S(V, & V;*) — grH¢(gl,)) is an isomorphism, where S
denotes the symmetric algebra. We call these H¢(gl,,) the infinitesimal Cherednik
algebras of gl,,.

It was shown in [EGG, Thm. 4.2], that the PBW property holds for H¢(gl,,)
if and only if { = Z?:o ¢jr; for some nonnegative integer k and (; € C, where
ri(y,x) € U(gl,) is the symmetrization of a;(y,z) € S(gl,) ~ C[gl,] and «;(y, z)
is defined via the expansion

(z, (1= 7A)y)det(1 = 7A) ™ =D " a;(y,2)(A)T), A€ gl,.

Jj=0

Let us define the length of such ¢ by I(¢) := min{m € Z>_1 | (>m+1 = 0}.

Example 1 (cf. [EGG, Example 4.7]). If I({)=1 then H¢(gl,,) = U(sl,41). Thus,
for an arbitrary ¢, we can regard H(gl,,) as a deformation of U(sl,4+1).

1

—
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One interesting problem is to find deformation parameters ¢ and ¢’ of the above
form with He(gl,) ~ He(gl,). Even for n = 1 (when H¢(gl;) are simply the
generalized Weyl algebras), the answer to this question (given in [BJ]) is quite
nontrivial. Instead, we will look only for the filtration preserving isomorphisms,
where both algebras are endowed with the Nth standard filtration {.F.(N)}. Those
are induced from the grading on T'(gl, & V,, @ V,*) with deg(gl,,) = 2 and deg(V,, ®
V¥) = N, where N > I({). For N > max{l(¢)+1,1(¢{’)+1, 3} we have the following
result (see Appendix A for a proof):

Lemma 1.
(a) N-standardly filtered algebras H¢(gl,) and He(gl,) are isomorphic if and
only if there exist A\ € C,0 € C*,s € {£} such that ' = 0px((®), where
e vy :U(gl,) = Ulgl,) is an isomorphism defined by px(A) = A+ X -tr A
for any A € gl,,,
o for ¢ = Coro + (i1 + Cara + -+ we define (T = (oro — (171 + (2r2 —
=
(b) For any length m deformation (, there is a length m deformation ¢’ with
¢ =1, ¢,_1 =0, such that algebras Hc(gl,) and He(gl,) are isomorphic
as filtered algebras.

1.2. Infinitesimal Cherednik algebras of sp,,,

Let Va, be the standard 2n-dimensional representation of sp,, with a symplectic
form w. Given any sp,,-invariant pairing ¢ : Vo, x Vi, — U(8py,,) we define an
algebra He(spo,) = U(spy,) X T(Van)/([z,y] — ¢(z,y) | z,y € Va,). It has a
filtration induced from the grading deg(sp,,,) = 0, deg(Va,) = 1 on T'(spy,, B Vap ).
Definition 2. Algebra H¢(sp,,,) is referred to as the infinitesimal Cherednik al-
gebra of sp,,, if it satisfies the PBW property: U(sp,,) X S(Vay) — grHe(sps,)-

It was shown in [EGG, Thm. 4.2], that H¢(sp,,,) satisfies the PBW property
if and only if { = Z?:o (jro; for some nonnegative integer k£ and (; € C, where
ro;(z,y) € U(spy,) is the symmetrization of fa;(x,y) € S(spy,) =~ Clsp,y,] and
B2;(x,y) is defined via the expansion

w(z, (1 —72A%) " y)det(1 —7A)"' = Zﬂgj(x7y)(A)7'2j, A € 5P, .
Jj=0

Similarly to the gl,,-case, we define the length of such ¢ by I(¢) := min{m € Z>_, |
<2m+1 = 0}-
Example 2 (cf. [EGG, Example 4.11]). For (y # 0 we have

HC(JT(J (5p2n) = U(5p2n) X Wn;

where W), is the nth Weyl algebra. Thus, H¢(sp,,,) can be regarded as a deforma-
tion of U(sp,y,,) X W,

For any N >2[(¢), we introduce the Nth standard filtration {f.(N)} on H¢(sps,,)
by setting deg(spsy,,) = 2, deg(Va,) = N. The following result is analogous to
Lemma 1:
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Lemma 2. For N > max{2l(¢)+1,2l(¢")+1, 3}, the N-standardly filtered algebras
H¢(spy,) and Her(spy,) are isomorphic if and only if there exists € C* such that

¢ =6c¢.
1.3. Universal algebras H,,(g!,,) and H,,(sp,,,)

It is natural to consider a version of those algebras with (; being independent
central variables. This motivates the following notion of the universal length m
infinitesimal Cherednik algebras.

Definition 3. The universal length m infinitesimal Cherednik algebra H,,(gl,,) is
the quotient of U(gl,,) x T(V;, & V,5)[Co, - - -, m—2] by the relations

[2,2'] =0, [y,9]= 07 (A, z] = A(z), [Ay] = Aly),

ly, 2] Z Gri(y, ) + rm(y, o),

7=0

3

where z,2" € V., y,y' € Vy,, A € gl,, and {(;}7 "2 are central. The ﬁltratlon is
induced from the grading on T'(gl,, ® V,, ® V,} )[Co, <oy Gm—2] with deg(gl,) =
deg(V, @ V) =m+1, deg((;) = 2(m —1) (the latter is chosen in such a way that
deg(¢;r;) = 2m for all j).

Algebra H,,(gl,,) is free over C[Cp, . .., (m—2] and Hy(gl,)/(Co —cos -y G2 —
¢m—2) is the usual infinitesimal Cherednik algebra H, (gl,,) with (. = coro+---+
Cm—2Tm—2 + m. In fact, for odd m, H,,(gl,,) can be viewed as a universal family
of length m infinitesimal Cherednik algebras of gl,,, while for even m, there is an
action of Z/27 we should quotient by!.

Remark 1. One can consider all possible quotients

Ulgl,) x T(Ve & V) [Cos- .+, Cms] /T for
I=([z,2], [y, 4], [A, 2] — A(z), [A, 4] — A(y), [y, 2] — n(y, ©)),

with a gl -invariant pairing n : V, x V.* — U(gl,,)[Co,- - -, (m—2] such that the
inequality deg(n(y,x)) < 2m holds. Such a quotient satisfies a PBW property if

and Only if 77(2;/7 I) = ZZO 771‘((07 ey Cm—2)7"i(y7 I’) with deg(m({o, ey §M72)) S
2(m — i) (this is completely analogous to [EGG, Thm. 4.2]).

We define the universal version of H(sp,,,) in a similar way:

Definition 4. The universal length m infinitesimal Cherednik algebra H.,,(sps,,)
is defined as

H,,(sps,,) := U(spsy,) X T(Van)[Coy- -+ Gm-1]/J for

m—1

J = ([A,z] - A=), [z,y] - ‘ Gr2j(x,y) — rom(z,y)),

1 This follows from our proof of Lemma 1.
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where A € sp,,,, z,y € Vo, and {Q—}?;_Ol are central. The filtration is induced from
the grading on T'(spsy,, ® Van)[Co, - - -, Gm—1] with deg(sp,,,) = 2, deg(Va,) = 2m+1
and deg({;) = 4(m — ).

The algebra H,,(spy,,) is free over the subalgebra C[(,...,(m—1] and the al-
gebra Hp, (5py,,)/(Co — €0, - -y Cm—1 — Cm—1) is the usual infinitesimal Cherednik
algebra He, (spy,) for (. = coro + -+ + Cm—172(m—1) + T2m. In fact, the algebra
H,,(sp,,,) can be viewed as a universal family of length m infinitesimal Cherednik
algebras of sp,,,, due to Lemma 2.

Remark 2. Analogously to Remark 1, the result of [EGG, Thm. 4.2], generali-
zes straightforwardly to the case of sp,,-invariant pairings n : Vi, x Vo, —

U(SPQH)[C()v R C’mfl]-

1.4. Poisson counterparts of H¢(g) and H,,(g)

Following [DT], we introduce the Poisson algebras H¢! (g) for g being gl,, or sp,,,.

As algebras these are S(gl,, @ V,, ® V,;)[Co,--.,Cm—2] (respectively S(sp,,, &
Von)[Cos -+ -5 Gm—1]) with a Poisson bracket {-,-} modeled after the commutator
[-, ] from the definition of H,,(g), so that {y, z} = am(y, a:)—i—E;n:_OQ Cioj(y, x) (re-
spectively {2, y} = Bam (2, y #3270 ¢B2;(x,y)). Their quotients H; (gl,.)/ (Co—co,

oy Cm—2 — Cm—2) and HS(sp,,,)/(Co — o,y Cm-1 — Cm—1), are the Poisson in-

finitesimal Cherednik algebras Hgi (gl,,) (Cc = coap+ -+ 4 Cm—20m—2 + ) and
Hgi (8pay,) (G =coBo+ -+ cm—1B2m—2 + Bam) from [DT, Sects. 5 and 7] respec-
tively.

Let us describe the Poisson centers of the algebras HE(gl,,) and HE(sp,,,).

For g = gl, and 1 < k < n we define an element 7, € HS(g) by 7 =
Sy 2:{Qp, yi}, where 4375 @jzj = det(1+2zA4). We set ((w) := 21262 Guwi+
w™ and define ¢; € S(gl,,) via

n

c(t) =1+ (~1)ieit’ == Res.—((z ™)

i=1

det(1 —tA) z7'dz
det(l —2zA) 1 —t-1z"

For g = sp,y, and 1 < k < n we define an element 7, € HS(g) by 7 =
S22 {Qk, i }y:, where 1+ >oi1 Q2% = det(1 4 2A), while {y;}7"; and {y;}i"
are the dual bases of Vs, that is, w(y;, y;)=1. We set ((w) := 21161 Guw' 4+ w™
and define ¢; € S(sp,,,) via

det(1 —tA) z27ldz

- 420 - -2 .
c(t) =1+ cit® := 2Res.—o((z )det(l A1 - 222

i=1
The following result is a straightforward generalization of [DT, Thms. 5.1 and 7.1]:

Theorem 3. Let jpois(A) denote the Poisson center of the Poisson algebra A. We
have:

(a) 3pois(HC (gl,,)) is a polynomial algebra in free generators (o, . .., Cm—2,T1 +
Cly,--+,Tn +Cn;'
(b) 3Pois(HE (spsy,,)) is a polynomial algebra in free generators Co, . .., Cm—1,T1+

Cly...,Tp+ Cn.
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1.5. W-algebras

Here we recall finite W-algebras following [GG].

Let g be a finite dimensional simple Lie algebra over C and e € g be a nonzero
nilpotent element. We identify g with g* via the Killing form (, ). Let x be
the element of g* corresponding to e and 3, be the stabilizer of x in g (which is
the same as the centralizer of e in g). Fix an sly-triple (e, h, f) in g. Then 3, is
ad(h)-stable and the eigenvalues of ad(h) on 3, are nonnegative integers.

Consider the ad(h)-weight grading on g = ,., a(i), that is, g(i) := {{ €
g | [h, €] = i§}. Equip g(—1) with the symplectic form wy (&, 1) == (x,[£ n])-
Fix a Lagrangian subspace I C g(—1) and set m := @, _,g(i) ®l C g, m’ :=
{5 - <Xa€>7£ € m} c U(g)

Definition 5 (cf. [P1], [GG]). By the W-algebra associated with e (and [), we
mean the algebra U(g, e) := (U(g)/U(g)m’)**™ with multiplication induced from

Ul(g).

Let {F3'} denote the PBW filtration on U(g), while U(g)(i) := {z € U(g) |
[h, 2] = ix}. Define FrU(g) = >, o< (F5*U(g) NU(g)(i)) and equip U(g, e) with
the induced filtration, denoted {F.iiand referred to as the Kazhdan filtration.

One of the key results of [P1], [GG] is a description of the associated graded
algebra grp U(g,e). Recall that the affine subspace S := x + (g/[g, f])* C ¢* is
called the Slodowy slice. As an affine subspace of g, the Slodowy slice S coincides
with e+, where ¢ = Kerg ad(f). So we can identify C[S] = C[¢] with the symmetric
algebra S(3y). According to [GG, Sect. 3], algebra C[S] inherits a Poisson structure
from C[g*] and is also graded with deg(3, Ng(i)) =i + 2.

Theorem 4 (cf. [GG, Thm. 4.1]). The filtered algebra U(g, e) does not depend on
the choice of I (up to a distinguished isomorphism) and grp U(g,e) = C[S] as
graded Poisson algebras.

1.6. Additional properties of W-algebras

We want to describe some other properties of U(g, e).
(a) Let G be the adjoint group of g. There is a natural action of the group
Q = Zg(e,h, f) on U(g,e), due to [GG]. Let q stand for the Lie algebra of

Q. In [P2] Premet constructed a Lie algebra embedding q < U(g,e). The adjoint
action of q on U(g, e) coincides with the differential of the aforementioned Q-action.

(b) Restricting the natural map U(g)*d™ — U(g,e) to Z(U(g)), we get an
algebra homomorphism Z(U(g)) % Z(U(g,e)), where Z(A) stands for the center

of an algebra A. According to the following theorem, p is an isomorphism:

Theorem 5.

(a) [P1, Sect. 6.2] The homomorphism p is injective.
(b) [P2, footnote to Quest. 5.1] The homomorphism p is surjective.

2. Main theorem

Let us consider g = sly or g = spyy, and let e,, € g be a 1-block nilpotent
element of Jordan type (1,...,1,m) or (1,...,1,2m), respectively. We make a
particular choice for e,,:
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®¢cy, =EN_pmii,Nomt2+ -+ En_1,n in the case of sly, 2<m < N,
®cm =EN_mi1N-mi2+t  +ENtm—1.N+m in the case of spyy, 1 <m < N.2

Recall the Lie algebra inclusion ¢ : ¢ < U(g, e) from Section 1.6. In our cases:

e For (g,e) = (8l tm,€m), we have q =~ gl,,. Define T' € U(sl,4m, em) to be the
-image of the identity matrix I,, € gl,,, the latter being identified with

Tpom = diag(m/(n+m),...,m/(n+m),—n/(n+m),...,—n/(n+m))

under the inclusion q < sl,,1,,,. Let Gr be the induced ad(T')-weight grading on
U(slyt+m; €m), with the jth grading component denoted by U (sly4m, €m);-
e For (g,e) = (892, 12m»€m), We have q =~ sp,,. Define

T' = o(1}) € UlShanms om),
where I, = diag(1,...,1,—1,...,—1) € spy, ~ q. Let Gr be the induced ad(T")-
weight grading on U(spayqom; €m) = ED]' U(8P2n 1 2ms€m);-

Lemma 6. There is a natural Lie algebra inclusion © : gl,, x V,, < U(sly4m, €m)
such that © |1, = ¢ |g, and O(Vy) = Fri1U(sbiym, €)1

Proof. First, choose a Jacobson-Morozov sla-triple (e, hm, fm) C Slhtm in a
standard way®. As a vector space, 3, 2 gl, ®V,, ® V, & C™~! with g[n =3,(0) =
q4, Vo @ V) C 3y(m —1), and & € 3,(2m — 25 — 2) Here C™~! has a basis
{ém—2-j = Ensinijra + -+ Enerfjfl,ner}J o Vo ® VY is embedded via
Yi = Eipym, i — Epy14, while gl, = sl, ® C- I, is embedded in the following
way: sl, — sl as a left-up block, while I, — T}, p,.

Under the identification grp, U(slytm,em) =~ C[S] ~ S(3y), the induced grad-
ing Gr’ on S(3,) is the ad(T, ,)-weight grading. Together with the above de-
scription of ad(hm,)-grading on 3, this implies that Fy,,U(slyqm,em)1 = 0 and
that Fry 41U (8lh4m, €m)1 coincides with the image of the composition V;, < 3, —
S(3y). Let ©(y) € Fiut1U(shy4m, €)1 be the element whose image is identified
with y. We also set O(A) := ((A) for A € gl,,. Finally, we define © : g, ®V,, —
U($lytm,em) by linearity.

We claim that © is a Lie algebra inclusion, that is,

[©(A),0(B)] =6([4,B]), [0(y),0(y)] =0, [O(A),O(y)] =O(A(y)),
VA Begl,yy €V,

The first equality follows from [©(A), O(B)] = [¢(A), «(B)] = «([A, B]) = ©([4, B]).
The second one follows from the observation that [©(y),©(y’)] € FonU(g, em)2
and the only such element is 0. Similarly, [©(A), O(y)] € Frny1U(g, em)1, so that
[0(A4),O6(y)] = O(y') for some y’ € V,,. Since y' = gr(6(y")) = gr([6(4),0(y)]) =
[A,y] = A(y), we get [B(A),O(y)] = O(A(y)). U

Our main result is:

2 We view spo as corresponding to the pair (Von,wapn), where wg N~ is represented
by the skew symmetric antidiagonal matrix J = (J3; := (— )]612_{_\; Ji<ij<on. In this
presentation, A = (aj;) € spoy if and only if aani1—jon+1—i = (— 1)i+j+1aij
1<4,7 <2N.

3 That is, we set hm = Z] 1m+1-2§)Eyjnt; and fm = Z] 1 Li(m

j)En+J+1 n+j-

for any



502 I. LOSEV, A. TSYMBALIUK

Theorem 7.

(a) For m > 2, there is a unique isomorphism
O : Hp(gl,) = U(slytm, em)

of filtered algebras, whose restriction to sl, x V,, — Hp,(gl,,) is equal to ©.
(b) For m > 1, there are exactly two isomorphisms

6(1)7 @(2) : Hm(5p2n) = U(5p2n+2m76m)

of filtered algebras such that © ;) |sp, =t |sp,, ; moreover, O o 6(_5 Sy
_y7A = A7 Ck = Ck-

Let us point out that there is no explicit presentation of W-algebras in terms
of generators and relations in general. Among the few known cases are: (a) g =
gl,,, due to [BK1], (b) g > e, the minimal nilpotent, due to [P2, Sect. 6]. The
latter corresponds to (e2,sly) and (e1,sp,y) in our notation. We establish the
corresponding isomorphisms explicitly in Appendix B.

Proof of Theorem 7.

(a) Analogously to Lemma 6, we have an identification Fp, 11U (slytm, €m)—1 =~
V. For any € V), let O(x) € Fpt1U(slytm,em)—1 be the element iden-
tified with ¢ € V. The same argument as in the proof of Lemma 6 implies
[O(A), B(x)] = O(A(x)).

Let {F}}}55" be the standard degree j generators of the algebra Clsl,, .,
~ S(slyqm)Stmm (that is, 1+ Z;‘;”Qm Fj(A)z7 = det(1 + zA) for A € sl,,,,,) and
F; = Sym(fj) € Ul(slptm) be the free generators of Z(U(sly4m)). For all 0 <
i<m—2weset O; :=p(Fn_;) € Z(U(slytm,em)). Then gr(0) = ﬁm—]ﬂs =&
mod S(gl,, ® @ﬁ;il C¢&;), where & was defined in the proof of Lemma 6.

Let U’ be a subalgebra of U(sl,,4.m, €:,), generated by O(gl,,) and {04} . For
all y € V,,, = € V¥ we define W(y,x) := [O(y), O(x)] € FonU(8lytm,em)o C U’
Let us point out that equalities [©(A), ©(z)] = O([A, z]), [©(A),O(y)] = O([4,¥])
(for all A € gl,,,y € V,,,x € V) imply the gl -invariance of W : V,, x V¥ = U’ ~
U(gl,)[®0,....Om_2].

By Theorem 4, U(8l,+m,em) has a basis formed by the ordered monomials in

{@(Elj)a G(yk)v @(Il)a 607--'36777,72}-

In particular, U(sly1m,em) =~ U(gl,) x T(V, ® V.5)[Oo,...,Om_2]/(y @ . —
x®y— Wi(y,z)) satisfies the PBW property. According to Remark 1, there exist
polynomials 7; € C[O,...,0,,_2], for 0 < i < m — 2, such that W(y,z) =
>-niri(y,x) and deg(n;(Oo,...,Om—2)) < 2(m —1i). As a consequence of the
latter condition: 7, Nm—-1 € C.

The following claim follows from the main result of the next section (Theo-
rem 10):
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Claim 8.

(i) The constant 1, is nonzero.
(ii) The polynomial 1;(Ooq,...,0m—_2) contains a nonzero multiple of ©; for
any 1 < m — 2.

This claim implies the existence and uniqueness of the isomorphism © : H,,(gl,, ) —
U($lytm,em) with O(yx) = O(yx) and O(A) = ©(A) for A € sl,,.

Moreover, O(zy) = 1,,1O(zx) and O(L,) = O(I,) — nm—1/(n + m)n,, *, while
@(Ck) S C[@k, e @m,Q].

(b) Choose a Jacobson-Morozov sly-triple (ey, A, frn) C 5P, 4 9., in astandard
way.5 As a vector space, 3y = 6P, & Vo, ®C™ with spy, = 3,,(0), Vo, = 35 (2m—1)
and & € 3,(d4m — 45 — 2). Here C™ has a basis {{m—r = Engintor + - +
Bt om—2k+1,n4+2m 1, Von is embedded via

i1
Yi = Eintom + (1) B 1 onioma1—is

i1 .
Yn+i — En+2m+i,n+2m + (*1)l+ En+1,n+17727 1 S n,

while q = 3,(0) ~ sp,,, is embedded in a natural way (via four n x n corner blocks
of 5p2n+2m) .

Recall the grading Gr on U (spy,, 4 9,n; €m). The induced grading Gr’ on the space
gr U (899, 1 9m» €m) is the ad(I],)-weight grading on S(3y). The operator ad(I},) acts
trivially on C™, with even eigenvalues on sp,,, and with eigenvalues 1 on V;ﬁ,
where V' is spanned by {y;}i<n, while V. is spanned by {1 }i<n.

Analogously to Lemma, 6, we get identifications of Fo, 41U (8P2,, {0 €m)+1 and
szfl Forye Vﬁ, let ©(y) be the corresponding element of Foy, 41U (59,1215 €m)+1,
while for A € sp,,, we set O(A):=1(A). We define © : sp,, ®Va,, = U (505, 91,5 €m)
by linearity. The same reasoning as in the gl -case proves that [©(A),O(y)] =
O(A(y)) for any A € sp,,,,y € Vap,.

Finally, the argument involving the center goes along the same lines, so we
can pick central generators {Oy}o<kr<m—1 such that gr(0x) = & mod S(sp,, B
Cérr1 @ ... ®C&p1)-

Let U’ be the subalgebra of U (sp,, 4 2, » €m), generated by ©(sp,,) and {04}
For z,y € Vap, we set W(x,y) := [0(2),0(y)] € FunU (P2 12m:€m)even C U'.
The map

W i Vap, X Vap, = U’ ~ U(sp,,,)[O0, - -, Om—1]

is 5p,,,-invariant.

Since U(5p2n+2m3em) = U(5p2n) X T(%n)[®07 LR Gmfl]/(x ® y—vy @z —
W (z,y)) satisfies the PBW property, there exist polynomials n; € C[Oy, . .., O, —1],
for 0 < i < m—1, such that W(x,y) = > n;re;(x,y) and deg(n;(Oo, . . ., Om—_1)) <
4(m — i) (Remark 2).

The following result is analogous to Claim 8 and will follow from Theorem 10
as well:

4 The appearance of the constant nn,_1 /(n 4+ m)nm is explained by the proof of
Lemma 1(b).
‘ 5 That is, hm = Y77 (2m + 1 — 2j)Enijns; and frm = 35001 j(2m —
D Entj1,n+;-
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Claim 9.

(i) The constant 1, is nonzero.
(ii) The polynomial n;(Og,...,0m_1) contains a nonzero multiple of ©; for
any 1 < m — 1.

This claim implies Theorem 7(b), where © ;) (y) = \i - ©(y) for all y € V3, and
N =p 1t O

3. Poisson analogue of Theorem 7

To state the main result of this section, let us introduce more notation:

e In the contexts of (sl 4m, € ) and (5Po,, 1 9, €m), We use Sy, p, and 3, , instead
of S and 3.

elett:gl,®V,®V;®C" 1 =3, be the identification from the proof of
Lemma 6.

o Let ¢ : sp,y, @ Vo, @C™ = 3n,m be the identification from the proof of
Theorem 7(b).

e Define O, = gr(0x) € S(3n,m) 0 < k <m—s, where s = 1 for sp,p and s = 2
for sly.

e We consider the Poisson structure on S(3,,m) arising from the identification

S(3n.m) = ClSn,m]-

The following theorem can be viewed as a Poisson analogue of Theorem 7:

Theorem 10.
(a) The formulas

0% (4) = u(4), %) =uy), ") =ux), O7(G)=(-1)""*6

define an isomorphism o . HE(gl,) = S(Gnm) = C[Sn.m| of Poisson
algebras.
(b) The formulas

0% (4) = u(4), ©%(y) =uly)/v2, ©%(G) =6

define an isomorphism o . H(sps,) = SGnm) = C[Spm] of Poisson
algebras.

Claims 8 and 9 follow from this theorem.

Remark 3. An alternative proof of Claims 8 and 9 is based on the recent result
of [LNS] about the universal Poisson deformation of SNN (here N denotes the
nilpotent cone of the Lie algebra g). We find this argument a bit overkilling (be-
sides, it does not provide precise formulas in the Poisson case).
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Proof of Theorem 10.

(a) The Poisson algebra S(3n,m) is equipped both with the Kazhdan grading
and the internal grading Gr’. In particular, the same reasoning as in the proof of
Theorem 7(a) implies:

{e(A),«(B)} = u([A, B]),  {u(A),e(y)} = e(Ay)),  {u(A),e(x)} = o(A(x)).

We set Wy, z) == {u(y), t(z)} for all y € V,,,x € V7. Arguments analogous to
those used in the proof of Theorem 7(a) imply an existence of polynomials 7, €
C[®o, ..., Om—2], such that W(y,z)=>",n;a;(y, ) and deg(n;(Oo, . .., Om—2))=
2(m — j).

Combining this with Theorem 3(a) one gets that

T = Z:z:Zy2 + an trS7HtA
i J

is a Poisson-central element of S(31,m) = C[Sp.m].

Let p : 3Pois(C[slh+m]) = 3Pois(C[Sn,m]) be the restriction homomorphism. The
Poisson analogue of Theorem 5 (which is, actually, much simpler) states that p
is an isomorphism. In particular, 7{ = cp(ﬁm_H) —i—p(p(ﬁg)7 . 7p(ﬁm)) for some
¢ € C and a polynomial p. B

Note that p(F;) = ©,,—; for all 2 <i < m. Let us now express p(F,,+1) via the
generators of S(3,,m). First, we describe explicitly the slice Sy, ,,. It consists of
the following elements:

{em + Z ;i By 5 + ZuiEi,n+1 + ZviEn+m,i + Z wy fr — ’Yn,mz Ejj},

,7<n i<n i<n k<m-—1 n<j<n+m
1
where vy m = E Tii
m <
i<n

which can also be explicitly depicted as follows:

1,1 T2 0 Tin w1 0 0 - 0
Ta1 W22 -+ T2, uz 0 0 - O
Tn,1 Tn,2 Tn,n Un 0 0 0
0 0 0 * A1 0
0 0 0 * x ox --- 1
U1 Vo cee Up * ok x e A

For X € sl 1, of the above form let us define X; € gl,,, X2 € gl,, by

X = Z i ;B Xoi=em+ Z wi fF, — o Z Eis»

m
i,7<n k<m-—1 n<j<n+m

that is, X; and X5 are the left-up n x n and right-down m x m blocks of X,

respectively.
The following result is straightforward:
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Lemma 11. Let X, X1, X5 be as above. Then:
() For 2 < k < m : Fp(X) = trAP(Xy) + tr A 1(X1) tr AN(Xy) +

+ tr Ak (XQ) .
(ii) We have Frpp1(X) = (—1)™ > wvi+tr A™THX7) +tr A™(X7) tr AN (Xo)+
s 4 tr Am+1(X2).
Combining both statements of this lemma with the standard equality
(=1 e ST(X) e A (Xy) =0,  VI>1, (1)
0<5<!

we obtain the following result:

Lemma 12. For any X € S, ,,, we have:

F‘erl(X) = 71 mZuivi

3 () B (X) e ST (X) + (—1)" s (). (P

2<j<m
Proof of Lemma 12. Lemma 11(i) and equality (1) imply by induction on k:
tr A*(Xy) = Fip(X) — tr SY(X1) Fr_1(X)
+tr S2(X1)Fra(X) — ... 4 (—1)F tr S¥(X1) Fo (X),

for all k < m, where Fy(X) =0, Fyo(X) = 1.
Those equalities together with Lemma 11(ii) imply:

Fus1(X) = (-1 Zum
+ Y S (DRt AR X ) tr SR (X)) B (X).

0<j<m 0<k<m+1—j
According to (1), we have
> ()P AR (X ) tr SF(XG) = (1) e ST (X)),
0<k<m—j

Recalling our convention F (X):=0, FVO(X) =1, we get (2). O

Identifying C[Sy, ] with S(3n.m) we get
p(Fri1) = (-1)™ <Z 2y +tr STHA+ Y (=10 trsm“jA). (3)

2<j<m

Substituting this into 7{ = cp(ﬁ'mﬂ)ﬂv(@o, ey Op0) With ©,,_1 := 0, O, :=

1, we get

p(©0,. .-, Om—2) = (1 = (=1)"¢) szyz

+ > (1;(80, ..., Om2) — (—1)7cO;) tr ST A,

0<j<m
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Hence ¢ = (—1)™ and

p(®07 ey Gm—Q) = Z (7’]]-(@)07 ey Gm—Q) — (_1>m_j@j) tr Sj+1A.

0<j<m
According to Remark 1, the last equality is equivalent to
Nm = 17 Nm—1 :07 77]‘(@0’"'3677172) = (71)mij®ja VOSJ §m727 p:0~

This implies the statement.

(b) Analogously to the previous case and the proof of Theorem 7(b) we have:

{U(4),uB)} = 4, B]), {u(4), ()} = o(AW)), {u@),e(y)} = D n;82i(w.y),

for some polynomials 7; € C[Oy,...,O,,1], such that deg(n;(Oo,...,Om-1)) =
i~ j). ) |
Due to Theorem 3(b), we get 7] = S7" {Qu,vi}y; — 237, mtr SPH2A €

3Pois (S (3n,m)). In particular, 7{ = cp(Fn+1) +p(p(F1), ..., p(Fn)) for some ¢ € C
and a polynomial p. B

Note that p(F)) = Op—i for 1 < k < m. Let us now express p(Fp,+1) via the
generators of S(3,,m). First, we describe explicitly the slice S, .. It consists of
the following elements:

{em +u(Xy) + Z VUi nv1 + Z Unt+iUnt2m+int1

i<n i<n

+ Z wkfglkfl ’ X1 € 8Pgy,, Vi, Unti, Wy € (C},

k<m

where Uy j := B j+(=1)"*7" Eyniomi1—j 2n42m+1-i € $Ponpom- For X € spyy, o,
of the above form let us define Xo := e, + >, o, wif2F~1 € sp,,,, viewed as the
centered 2m x 2m block of X. -

Analogously to (3), we get the following formula:

2n

~ 1 ~ )
p(Fm_H):4Z{Ql,yi}y;‘—tr52m+2fl— >t SFA (4

i=1 0<j<m—1
Comparing the above two formulas for 71, we get the equality:

2n
Z{Ql,yl}y: — 22’[7] tr52j+2A =C- p(Fm+1) —‘y—p((")o, ey @m_l).
=1 j

J
Arguments analogous to the one used in part (a) establish
c=4,p=0,n,=2,1,=20;, Vj<m.
Part (b) follows. O
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Remark 4. Recalling the standard convention U(g,0) = U(g) and Example 1, we
see that Theorem 7(a) (as well as Theorem 10(a)) obviously holds for m = 1 with
e1:=0¢€ 5[n+1-

The results of Theorems 7 and 10 can be naturally generalized to the case of
the universal infinitesimal Hecke algebras of so0,,. However, this requires reproving
some basic results about the latter algebras, similar to those of [EGG], [DT], and
is discussed separately in [T].

4. Consequences

In this section we use Theorem 7 to get some new (and recover some old) results
about the algebras of interest. On the W-algebra side, we get presentations of
U(sl,, em) and U(spsy,, em) via generators and relations (in the latter case there
was no presentation known for m > 1). We get many more results about the
structure and the representation theory of infinitesimal Cherednik algebras using
the corresponding results on W-algebras.

Also we determine the isomorphism from Theorem 7(a) basically explicitly.

4.1. Centers of H,,(gl,,) and H,,(sp,,)

We set s = 2 for g = sly and s = 1 for g = sp,yy. Recall the elements {F}}
where deg(F;) = (3 — s)i. These are the free generators of the Poisson center
3pPois(5(g)). The Lie algebra q = 34(e, h, f) from Section 1.6 equals gl,, for (g,e) =
(8bhtms em) and sp,, for (g,e) = (509,41 9m,€m). Thus {Q;} from Section 1.4 are

N

1=s"

the free generators of 3pois(5(q)), and Q; := Sym(Q;) are the free generators of

Z(U(q))-
The following result is a straightforward generalization of formulas (3) and (4):

Proposition 13. There exist {b;}™_, € S(g)* 9[p(FL), ..., p(Fm)], such that:

p(Frsi) = $nm7i +b; mod Clp(Ey), ..., p(Fpnyic1)], Y 1<i<n,
where Spm = (—1)™ for g =gl,, and sy.m = 1/4 for g = sp,,,.

Define t;, € Hp(gl,) by tp == > 2[Qr,yi] and t, € Hy,(spy,) by ty :=
Ef; [Qk, vily;. Combining Proposition 13, Theorems 5, 7 with gr(Z(U(g,e))) =
3pois(C[S]) we get
Corollary 14. For g being either gl,, or sp,,,, there exist

Cl; .. 'aCn S Z(U(g))[cfh .. 'aC’m—S]7

such that the center Z(Hy,(g)) is a polynomial algebra in free generators {(;} U
{t; +C; }?:1-

Considering the quotient of H,,(g) by the ideal (¢o — ao,-..,Cm-s — m—s)
for any a; € C, we see that the center of the standard infinitesimal Cherednik
algebra H,(g) contains a polynomial subalgebra C[ty + ¢1,...,t, + ¢,] for some
¢j € Z(U(g))-

Together with [DT, Thms. 5.1 and 7.1] this yields:
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Corollary 15. We actually have Z(Hy(g)) = Clt1 +c1,. .., tn + Cn).
For g = gl,, this is [T1, Thm. 1.1], while for g = sp,,, this is [DT, Conj. 7.1].

4.2. Symplectic leaves of Poisson infinitesimal Cherednik algebras

By Theorem 10, we get an identification of the full Poisson-central reductions of
the algebras C[S,, ,»] and HE (gl,,) or HE (sp,,). As an immediate consequence we
obtain the following proposition, which answers a question raised in [DT]:

Proposition 16. Poisson varieties corresponding to arbitrary full central reduc-
tions of Poisson infinitesimal Cherednik algebras Hfl(g) have finitely many sym-
plectic leaves.

4.3. Analogue of Kostant’s theorem

As another immediate consequence of Theorem 7 and discussions from Section 4.1,
we get a generalization of the following classical result:

Proposition 17.

(a) The infinitesimal Cherednik algebras H¢(g) are free over their centers.
(b) The full central reductions of gr Hc(g) are normal, complete intersection
integral domains.

For g = gl,, this is [T2, Thm. 2.1], while for g = sp,,, this is [DT, Thm. 8.1].

4.4. Category O and finite dimensional representations of H,,(sp,,,)

The categories O for the finite W-algebras were first introduced in [BGK] and
were further studied by the first author in [L3]. Namely, recall that we have an
embedding q C U(g,e). Let t be a Cartan subalgebra of q and set go := 34().
Pick an integral element 6 € t such that 34(6) = go. By definition, the category O
(for 0) consists of all finitely generated U(g, e)-modules M, where the action of t is
diagonalizable with finite dimensional eigenspaces and, moreover, the set of weights
is bounded from above in the sense that there are complex numbers aq, ..., ak
such that for any weight A\ of M there is ¢ with a; — (0, \) € Z¢o. The category O
has analogues of Verma modules, A(N?). Here NV is an irreducible module over
the W-algebra U(go, e), where go is the centralizer of t. In the cases of interest
((g,€) = (8ln+ms €m), (5p2n+2m7 em)), we have go = g[nx(cm—l’ go = 8Py, xC™ and
e is principal in go. In this case, the W-algebra U(go, e) coincides with the center
of U(go). Therefore N is a one-dimensional space, and the set of all possible N? is
identified, via the Harish-Chandra isomorphism, with the quotient h* /Wy, where
h, Wy are a Cartan subalgebra and the Weyl group of go (we take the quotient
with respect to the dot-action of Wy on h*). As in the usual BGG category
O, each Verma module has a unique irreducible quotient, L(N"). Moreover, the
map N? — L(N?) is a bijection between the set of finite dimensional irreducible
U(go, e)-modules, h* /Wy, in our case, and the set of irreducible objects in O. We
remark that all finite dimensional irreducible modules lie in O.

One can define a formal character for a module M € O. The characters of
Verma modules are easy to compute basically thanks to [BGK, Thm. 4.5(1)]. So
to compute the characters of the simples, one needs to determine the multiplicities
of the simples in the Vermas. This was done in [L3, Sect. 4] in the case when e is
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principal in go. The multiplicities are given by values of certain Kazhdan-Lusztig
polynomials at 1 and so are hard to compute, in general. In particular, one cannot
classify finite dimensional irreducible modules just using those results.

When g = sl,, 1, a classification of the finite dimensional irreducible U(g, e)-
modules was obtained in [BK2]; this result is discussed in the next section. When
g = SPa, 1 2m, One can describe the finite dimensional irreducible representations
using [L2, Thm. 1.2.2]. Namely, the centralizer of e in Ad(g) is connected. So,
according to [L2], the finite dimensional irreducible U (g, ¢)-modules are in one-to-
one correspondence with the primitive ideals J C U(g) such that the associated
variety of U(g)/J is O, where we write O for the adjoint orbit of e. The set of such
primitive ideals is computable (for a fixed central character, those are in one-to-one
correspondence with certain left cells in the corresponding integral Weyl group),
but we will not need details on that.

One can also describe all N € h* /Wy such that dim L(N°) < oo when e is
principal in go. This is done in [L4, 5.1]. Namely, choose a representative A € h*
of N° that is, antidominant for go, meaning that (aV,\) ¢ Z~ for any positive
root « of gg. Then we can consider the irreducible highest weight module L()) for
g with highest weight A — p. Let J () be its annihilator in U(g); this is a primitive
ideal that depends only on N and not on the choice of A\. Then dim L(N?) < oo
if and only if the associated variety of U(g)/J()) is O. The associated variety is
computable thanks to results of [BV]; however, this computation requires quite a
lot of combinatorics. It seems that one can still give a closed combinatorial answer
for (spg,, 4 0m. €m) similar to that for (sl,4m, en) but we are not going to elaborate
on that.

Now let us discuss the infinitesimal Cherednik algebras. In the gl -case the
category O was defined in [T1, Def. 4.1] (see also [EGG, Sect. 5.2]). Under the iso-
morphism of Theorem 7(a), that category O basically coincides with its W-algebra
counterpart. The classification of finite dimensional irreducible modules and the
character computation in that case was done in [DT], but the character formulas
for more general simple modules were not known. For the algebras H,,(sp,,, ), no
category O was introduced, in general; the case n = 1 was discussed in [Kh]. The
classification of finite dimensional irreducible modules was not known either.

4.5. Finite dimensional representations of H,,(gl,,)

Let us compare classifications of the finite dimensional irreducible representations
of U(sly4m, €m) from [BK2] and H,(gl,,) from [DT].

In the notation of [BK2]°, a nilpotent element e,, € gl, ., corresponds to the
partition (1,...,1,m) of n + m. Let S, act on C"*™ by permuting the last
m coordinates. According to [BK2, Thm. 7.9], there is a bijection between the
irreducible finite dimensional representations of U(gl,, ,,,,em) and the orbits of the
Sm-action on C*"T™ containing a strictly dominant representative. An element v =
(V1. Vntm) € C*"™ s called strictly dominant if v; — ;41 is a positive integer
for all 1 < ¢ < n. The corresponding irreducible U(gl,,,,,€m)-representation
is denoted L,. Viewed as a gl,-module (since gl, = q C U(gl, 1, €m)): Ly =

6 In the loc.cit. g = gl ym, rather then sl,4,. Nevertheless, it is not very crucial
since gl 1, = slp+m & C.



INFINITESIMAL CHEREDNIK ALGEBRAS AS W-ALGEBRAS 511

L, & @,y Ly, where L; is the highest weight 7 irreducible gl,-module, v :=
(v1,...,v,) and I denotes some set of weights n < v.

Let us now recall [DT, Thm. 4.1], which classifies all irreducible finite dimen-
sional representations of the infinitesimal Cherednik algebra H,(gl,). They turn
out to be parameterized by strictly dominant gl,,-weights A = (A1,..., A,) (that is,
Ai — Ait+1 1s a positive integer for every 1 < ¢ < n), for which there exists a positive
integer k satisfying P(\) = P(A1,..., An—1,A\n — k). Here P is a degree m + 1
polynomial function on the Cartan subalgebra b,, of all diagonal matrices of gl,,,
introduced in [DT, Sect. 3.2]. According to [DT, Thm. 3.2] (see Theorem 18(b)
below), we have P =" - w;hj+1, where both w; and h; are defined in the next
section (see the notation preceding Theorem 18).

These two descriptions are intertwined by a natural bijection, sending v =
(V1o s Vngm) to X = (v1,...,vy), while A = (A1,...,A,) is sent to the class of
v=(A, s M, Unt1y- s Vnim) With {vni1,. .. Vnpm} U {\,} being the set of
roots of the polynomial P(Ay,..., A\p—1,t) — P(N).

4.6. Explicit isomorphism in the case g = gl,,

We compute the images of particular central elements of H,, (gl,,) and U (s, ym, €m)
under the corresponding Harish-Chandra isomorphisms. Comparison of these im-
ages enables us to determine the isomorphism O of Theorem 7(a) explicitly, in the
same way as Theorem 10(a) was deduced.

Let us start from the following commutative diagram:

Jn,m

U(5[n+m;em)0 = Z(U(s[n-l-maem))

U(S[n+m, em)o w oW

\
v n®ld

U(gl,) @ U(sln, em) <

Z(U(gin))@;U(E[m,em)

DiacraMm 1
In the above diagram:

o U(sly4m, €m)o is the 0-weight component of U (sl,, 44, €,,) With respect to the
grading Gr.
o U(slytm,em)? == U(slytm,em)o/I, where

I = (U(S[n+m, em)o M U(S[n+m, em)U(slm_m, em)>0).

e 7 is the quotient map, while o is an isomorphism constructed in [L3, Thm. 4.1]7

e The homomorphism w is defined as w := 0 o 7w, making the triangle commu-
tative.

e The homomorphisms j,4,,, j, are the natural inclusions.

e The homomorphism ¢" is the restriction of w to the center, making the
square commutative.

" Here we actually use the fact that U(gl,) ® U(slm,em) is the finite W-algebra
U(gly, @ slm,0® em).
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~

o U(sly, em) = Z(U(sln, em)) = Z(U(sly,)) since e, is a principal nilpotent of
5lp,.

We have an analogous diagram for the universal infinitesimal Cherednik algebra
of gl,,:

-/
In,m

Hn(gl,)o < Z(Hm(gl,))

Hm(g[n)o @’ o

\O/>
v n@Id

v
U(gl,) @ C[Coy -+ Cm-2] < Z(U(gl,)) ® C[Co, - -, Cm—2]

D1aGRAM 2

In the above diagram:

e H,,(gl,)o is the degree 0 component of H,,(gl,) with respect to the grading
Gr, defined by setting deg(gl,,) = deg(¢o) = ... = deg(¢m—2) = 0, deg(V,,) =
1, deg(V;¥) = —1.

o H,,(gl,)" is the quotient of H,,(gl,)o by Hum(gl,)o N Hpy(al,)Hm(gl,)s0.8

e 7’ denotes the quotient map, o’ is the natural isomorphism, @’ := o’ o 7.

e The inclusion jj, ,, is a natural inclusion of the center.

e The homomorphism ¢ is the one induced by restricting @’ to the center.

The isomorphism © of Theorem 7(a) intertwines the gradings Gr, inducing
an isomorphism ©" : Hn(g1,)° = U(slytm,em)?. This provides the following
commutative diagram:

Z(Hp(al,)) U = Z(U (sl em))
4pHV 9 wwv
Z(U(g!,)) @ ClCo,- -+ Cm—2] — =2Z(U(gl,)) ® Z(U(sln))
DIAGRAM 3

In the above diagram:
e The isomorphism  is the restriction of the isomorphism © to the center.
e The isomorphism ¢ is the restriction of the isomorphism © to the center.

Let HCy denote the Harish-Chandra isomorphism
HCy : Z(U(gly)) = Cloy]**,

where hy C gl is the Cartan subalgebra consisting of the diagonal matrices and
(Sn,e)-action arises from the pn-shifted Sn-action on by with py = (N —1)/2,
(N —-3)/2,...,(1=N)/2) € b%. This isomorphism has the following property:

8 It is easy to see that Hpm(gl,)o N Hm(gl,)Hm(gl,)>0 is actually a two-sided ideal
of Hm(g[n)OA
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any central element z € Z(U(gly)) acts on the Verma module My_,, of U(gly)
via HCn (2)(N).

According to Corollary 14, the center Z(H,,(gl,,)) is the polynomial algebra in
free generators {(o,...,Cn—2,t],...,t,}, where t; = tx + C;. In particular, any
central element of Kazhdan degree 2(m + 1) has the form ¢t} + p(Co, ..., {m—2) for
some ¢ € C and p € C[Co, - .., (m—2]-

Following [DT], we call #| = t; + C; the Casimir element”. An explicit formula
for o (t}) is provided by [DT, Thm. 3.1], while for any 0 < k < m — 2 we have
e (Cr) = 1® G-

To formulate the main results about the Casimir element ¢}, we introduce:

e the generating series ((z) = 2262 Gzt + 2™ (already introduced in Sec-
tion 1.4),

e a unique degree m+ 1 polynomial f(z) satisfying f(z)— f(z—1) = 0" (2"¢(2))
and f(0) =0,

e a unique degree m+1 polynomial g(z) = S>7" 4! ;2% satistying 9"~ (2" g(2))
= f(Z)7

e a unique degree m polynomial w(z) = Y./, w;z"* satisfying
f(2) = (2sinh(9/2))" ™ ("w(2)),
e the symmetric polynomials o;(A1,...,\,) via
() (wt An) =D oi(Ar, o A )u" ™,
e the symmetric polynomials h;(A1,...,A,) via
(1 —ud) ™ e (L= udn) ™ =D (A, A,
e the central element H; € Z(U(gl,,)) which is the symmetrization of tr S7(-) €

Clgt,] = S(gl,).
The following theorem summarizes the main results of [DT, Sect. 3]:

Theorem 18.
a) [DT, Thm. 3.1] o7 () = " H, ® g; (where g; are viewed as elements
1 j=1 1; ©gj j
Of(C[COa ceey C’m—?]);

(b) [DT, Thm. 3.2] (HC,, @Id) o " (t}) = 37 hjt1 @ w;.

Let HC'y denote the Harish-Chandra isomorphism Z(U(sly)) = C[hy]5V,
where b, is the Cartan subalgebra of sly, consisting of the diagonal matrices,
which can be identified with {(z1,...,2x5) € CV | 3 2; = 0}. The natural inclusion
by — by induces the map

At Ay

by — by (Myeo s AN) = (M — .o AN — 1), where p = N

9 The Casimir element is uniquely defined up to a constant.
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The isomorphisms HC’ HC!, ,HC, fit into the following commutative dia-

n+m>
gram:
HC Y,
o UGk < et S
Z(U(slptm, em)) oW o
m v HCO'@HC!, s v s
Z(U(gl,))®Z(U(sl)) < C[Cr]Pme@C[Cm T ]7me
DIAGRAM 4

In the above diagram:

e p is the isomorphism of Theorem 5.

e The homomorphism " is defined as the composition "V := " o p.

e The homomorphism ¢ arises from an identification C* x C™~! == Ccrtm—1
defined by

At A At A
(Al,...,An,I/l,...,I/m)H<A1,...,An,I/1 m n,...,l/mf m " .
In particular, ¢ is injective, so that ¢" is injective and, hence, o is injective.

Define o3 € C[hy] as the restriction of o, to CN=! < CN. According to
Lemma 12,

P Ome1) = () O 14 3 ()" Thia @1-6%(0). (5)

Define Sy € Z(U(slpsm)) by Sk := (HC),,,,) " (ok) for all 0 < k < n+m, so
that So = 1, S; = 0. Similarly, define T}, € Z(U(gl,,)) as Ty := HC, ' (hy) for all
k >0, so that Tp = 1.

Equality (5) together with the commutativity of Diagram 4 imply

" (Smi1) = ()" T @ 14+ Y (=)™ i1 @ 19" ().

According to our proof of Theorem 7(a), we have ©(A ) =0O(A) + str A for all
A € gl,, where s = =1, _1/(n + m)n. In particular, 9 (X @ 1) = p_(X) @1
for all X € Z(U(gl,)), where ¢_, was defined in Lemma 1.

As a consequence, we get:

I P (Smr1)) = (—1)"p—s(Tins1) @ 1

+Z —s(Trg1—5) @ L- 971 (0™ (S))).

Jj=

(6)

The following identity is straightforward:
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Lemma 19. For any positive integer i and any constant 6 € C we have

hi(A1+5,...,An+5)=Z(”+? )hi_j(xl,...,xn)aﬁ.

=0~
As a result, we get
n+i—1 .
ey =3 (" o ™
=0

Combining equations (6) and (7), we get:

D" (Spa1)) = (1) T ® 1

m—2
8
+ (=)™ *ls (n+m)Tm®1+Z D'y @1V, ®)

I=—1
where V; =971 (" (7)) and for 0 <1 < m — 2 we have
_ifn+m—j

V= Y smu( ,)sj.
0<j<m— m=i=

On the other hand, the commutativity of Diagram 3 implies

e (Sm41)) = @ (07 (p(Sm+1)))-

Recall that there exist ¢ € C, A € C[Co,- - - {m—2] such that 97 (p(Spmi1)) =
cth +p. As pf(¢) = 1@ ¢ and () = Z] o Tj+1 ®@ w; (by Theorem 18(b)),
we get

O (p(Sm41)) = 1@D(Cos- 1 Cm2) + Y, Tjr1 @ cwy. 9)
0<j<m

Recalling the equalities wy,, = 1,wn_1 = (n+m)/2, the comparison of (8)
and (9) yields:

e The coefficients of T}, +1 must coincide, so that (=1)™ = cw,, = ¢ = (=1)".
e The coefficients of T}, must coincide, so that cw,—1 = (—=1)" ! (n +m)s =
s=—1/2.

e The coefficients of T, ;1 must coincide for all j > 0, so that
wj = (=1)"7V; = 9(w;) = (1) p(V)).

Recall that 7, = 1, and so 7, = n,,, = 1. As a result s = —n,,—1/(n +m), so
that 9y,—1 = (n+m)/2.
The above discussion can be summarized as follows:
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Theorem 20. Let © : Hy,(gl,,) = U(slytm,em) be the isomorphism from The-
orem 7(a). Then ©(A) = O(A) — JtrA, O(y) = O(y), O(z) = O(z), while
O |C¢o,.iCms] i5 uniquely determined by ©(w;) = (—1)"7p(V;) for all 0 < j <
m— 2.

4.7. Higher central elements

It was conjectured in [DT, Rem. 6.1], that the action of central elements t; =
t; +¢; € Z(Hp(gl,)) on the Verma modules of H,(gl,,) should be obtained from
the corresponding formulas at the Poisson level (see Theorem 3) via a basis change
€(z) ~ w(z) and a p,-shift. Actually, that is not true. However, we can choose
another set of generators u; € Z(Hp(gl,)), whose action is given by formulas
similar to those of Theorem 3.

Let us define:

e central elements u; € Z(H,,(gl,,)) by wi :== 9" (p(Spri)) for all 0 <i < n,

e the generating polynomial

(t) = Yo (<D uit

e the generating polynomial

n

S(2) =Y (1) (" (Sm-:))2" € Cllo, - - -, Gm—2; 2].

i=0
The following result is proved using the arguments of Section 4.6:

Theorem 21. We have:

1—t\ 2z ldz
H/~ _ —1 i
(HC,, ®Id) o o™ (u(t)) = (¢1/2 ®1d) (Resz_o S(z7) 1<|i<| - tlz')'

5. Completions

5.1. Completions of graded deformations of Poisson algebras

We first recall the machinery of completions, elaborated by the first author (our
exposition follows [L7]). Let Y be an affine Poisson scheme equipped with a C*-
action, such that the Poisson bracket has degree —2. Let Ay be an associative flat
graded C[h]-algebra (where deg(h) = 1) such that [Ax, An] C A% A, and C[Y] =
Ap/(Rh) as a graded Poisson algebra. Pick a point « € Y and let I,, C C[Y] be the
maximal ideal of z, while fz will denote its inverse image in Aj.

Definition 6. The completion of Ay, at € Y is by definition A} := lim Ap/T0.
—

This is a complete topological C[[h]]-algebra, flat over C[[R]], such that Ap* /(h)
= C[Y]"*. Our main motivation for considering this construction is the decom-
position theorem, generalizing the corresponding classical result at the Poisson
level:
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Proposition 22 (cf. [K, Thm. 2.3]). The formal completion Y, of Y atx € Y
admits a product decomposition Y, = Z, x Y7, where Y?° is the symplectic leaf of
Y containing x and Z, is a local formal Poisson scheme.

Fix a maximal symplectic subspace V' C T;Y. One can choose an embedding

VS IZ\I such that [i(u),i(v)] = h%w(u,v) and composition V < E\I - TrY
is the identity map. Finally, we define W(V) = T(V)[h]/(u @ v — v @ u —
h%w(u,v)), which is graded by setting deg(V) = 1, deg(h) = 1 (the homogenized
Weyl algebra). Then we have:

Theorem 23 ([L7, Sect. 2.1], Decomposition theorem). There is a splitting
Ape = Wi(V) ey Ap,

where A}, is the centralizer of V in .A;L\””.

Remark 5. Recall that a filtered algebra {F;(B)};>0 is called a filtered deformation
of Y if grp, B = C[Y] as Poisson graded algebras. Given such B, we set Ap :=
Reesy(B) (the Rees algebra of the filtered algebra B), which naturally satisfies all
the above conditions.

This remark provides the following interesting examples of Ay:

e The homogenized Weyl algebra.

Algebra W;, (V') from above is obtained via the Rees construction from the usual
Weyl algebra. In the case V =V, @V’ with a natural symplectic form, we denote
Wi(V) just by W .

e The homogenized universal enveloping algebra.

For any graded Lie algebra g = € g; with a Lie bracket of degree —2, we define

Un(g) ==T(o)[M]/(z @y —y®z—h*[z,y] | 2,y € g),

graded by setting deg(g;) = 4, deg(h) = 1.
e The homogenized universal infinitesimal Cherednik algebra of gl,,.
Define Hp, 1 (gl,,) as a quotient

Hp,m(0l,):=Un(gl,) x T(Va ® V,))[Cos - -5 Gm2l/J;

where

J= ([:c, 1 0.y (A, 2] — B A(2), [A,y] — B A®y),

] — 12 (Tn; Gr3(0) + () ).

This algebra is graded by setting deg(V,, ® V,¥) = m + 1, deg((;) = 2(m — i).
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e The homogenized universal infinitesimal Cherednik algebra of sps,, .
Define Hp, 1 (5ps,,) as a quotient

Hpm (8925) = Un(8p25,) % T(Van)[Cos - -+ Gm—a]/

where

m—1
J = ([Aa y] - EQA(y)7 [$7 y] - hQ(Z Cj’er (I, Z/) + TQm(xv y))) .
j=0
This algebra is graded by setting deg(Vay,) = 2m + 1, deg((;) = 4(m — i).
e The homogenized W -algebra.
The homogenized W-algebra, associated to (g, e), is defined by

Un(g. €) == (Un(g)/Un(g)m)*'™.

There are many interesting contexts in which Theorem 23 proves to be a useful
tool. Among such let us mention rational Cherednik algebras ([BE]), symplectic
reflection algebras ([L5]) and W-algebras ([L1], [L7]).

Actually, combining results of [L7] with Theorem 7, we get isomorphisms

Ut Hy (90,)" = Hp 1 (90, 1) Ocm Wis» (*)
Tm : Hh,m(SPQn)AU = Hh,m-‘rl(5p2n72)A0®C[[h]]WF/L\,En7 (*)

where v € V,, (respectively v € Va,,) is a nonzero element and m > 1.
These decompositions can be viewed as quantizations of their Poisson versions:

‘I’;lz : Hﬁl(gln)“ = HfrlJrl(g[nfl)/\o(/g\)CW;l’/\uv ()
Tf‘rll : Hﬁi(ﬁan)A“ = H$+1(592n—2)A0®CW§#AUa @)

where W ~ Clz1, ..., 20, y1,. .., yn] with {z;,2;} = {ys,y;} = 0, {z4,y,;} = &7.
Isomorphisms (*) and (#) are not unique and, what is worse, are inexplicit.
Let us point out that localizing at other points of gl,, x V,, x V. (respectively

$Pgy,, X Vay,) yields other decomposition isomorphisms. In particular, one gets [T3,

Thm. 3.1]'° as follows:

Remark 6. For n = 1,m > 0, consider e’ := e,, + Ei9n4+2 € S1,m C SPomtos
which is a subregular nilpotent element of sp,,, 5. The above arguments yield a
decomposition isomorphism

Hp m (spy) " F12 = Un(5p2m2, ey ®C[[ﬁ]]WhA,(1)' (o)
The full central reduction of (&) provides an isomorphism of [T3, Thm. 3.1].11

In Appendix C, we establish explicitly suitably modified versions of (*) and
(#) for the cases m = —1, 0, which do not follow from the above arguments. In
particular, the reader will get a flavor of what the formulas look like.

10 This result is stated in [T3]. However, its proof in the loc. cit. is wrong.
H'We use an isomorphism of the W-algebra U(spamras ¢/) and the non-commutative
deformation of Crawley-Boevey and Holland of type Dy,12 Kleinian singularity.
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A. Proof of Lemmas 1, 2

Proof of Lemma 1(a). Let ¢ : He(gl,) — He(gl,) be a filtration preserving
isomorphism. We have ¢(1) = 1, so that ¢ is the identity on the Oth level of the
filtration.

Since 73V (He(g1,)) = F3V (Heo(gl,)) = Ulgl,)<1, we have ¢(A) = (A) +
2(A), YA € gi,. with $(4) € gl,,7(4) € C. Then ¢(|4,B]) = [4(4),6(B))
VA, B € gl,, if and only if v([A, B]) = 0 and % is an automorphism of the Lie
algebra gl,,. Since [gl,,gl,,] = sl,, we have y(4) = A -tr A for some A € C. For
n > 3, Aut(gl,) = Aut(sl,) x Aut(C) = (u2 x SL(n)) x C*, where —1 € us acts
on sl, via o: A — —A?. This determines ¢ up to the filtration level N — 1.

Finally, 7\ (He(gl,)) = FW (He (gl,)) = Vo ® Vi @ U(gl,)<n. As we just
explained, ¢y (g1, is parameterized by (¢,T,v, ) € (u2 x SL(n)) x C* x C (no us
for n =1,2). Let I, € gl,, be the identity matrix. Note that [I,,,y] = v, [In,z] =
—x,[I,,A]=0forany y € V,,,x € V), A € gl,,.

Since ¢(y) = ¢([In,y]) = [v - In + nA, d(y)] = v[In,d(y)], Yy € Vi, we get
v ==l

Case 1: v =1. Then ¢(y) € Vy, ¢(x) € VF (Vy € Vi, x € V,¥). Since V,, Z V.7
as sl,-modules for n > 3 and Endg, (V) = C*, we get € = 1 € pug (so that
¢(A) = TAT!, VA € sl,) and there exist 61,02 € C* such that ¢(y) = 6; -
T(y), ¢(x) = 02 -T(x) (Vy € Vo, € V). Hence, we get o(T,\)(((y,x)) =
o[y, z]) = [¢(y), d(x)] = 0 (T(y),T(x)), where § = 0105 and the isomorphism
o(T,\) : U(gl,)) — U(gl,) is defined by A+ TAT~ + Atr A, VA € gl,,. Thus,
¢ = 0719, (¢T) in that case.

Case 2: v = —1. Then ¢(y) € V', é(z) € V;, Yy € V,,, = € VF). Similarly
to the above reasoning we get € = —1,¢(A) = —TA'T~1 + Xtr A (VA € gl,,), so
that there exist 61,62 € C* such that ¢(y;) = 01 - T'(x;), ¢(z;) = 02-T(y;). Then
d(C(yi, 7)) = —0102C" (T (y;), T(x:)). Hence, ¢' = -0, 05 ¢0_1(¢(™) in that case.

Finally, the above arguments also provide isomorphisms ¢g s : He(gl,) —
Hy,, (c#)(gl,,) for any deformation ¢, constants A € C,0 € C* and s € {£}. O

Proof of Lemma 1(b). Let ¢ be a length m deformation. Since (6¢),, = 0¢,, we
can assume (,, = 1. We claim that ¢ ({)m-1 =0 for A = —(,,—1/(n + m), which
is equivalent to Oayy, /01, = (n + m)a,—1. This equality follows from comparing
coefficients of s7™ in the identity

> ailyw)(A+ sL)r' = (1—s7) "> ai(y,2)(A)(r(1 —s7)" ). O

Proof of Lemma 2.Let ¢ : H¢(spy,) — He(spyy,) be a filtration preserving
isomorphism. Being an isomorphism, we have ¢(1) = 1, so that ¢ is the identity
on the Oth level of the filtration.

Since F3™) (He (spy,)) = F5™) (Her(595,)) = Ulspa,) <1, we have ¢(A) = 1p(A)+
7(4) for all A € spy,, with () € spy,.,7(A) € C. Then 6([4, B]) = [4(A), 6(B)].
VA, B € sp,,, if and only if y([A4, B]) = 0 and ¢ is an automorphism of the Lie
algebra sp,,,. Since [sp,,,, $Ps,,| = 5P, we have v = 0. Meanwhile, any automor-
phism of sp,,, is inner, since sp,,, is a simple Lie algebra whose Dynkin diagram
has no automorphisms. This proves ¢|y(sp, y = Ad(T), T € Spy,. Composing
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with an automorphism ¢’ of He (sp,,), defined by ¢/(A) = Ad(T1)(A), ¢/ (z) =
T Hx) (A € spy,, 2 € Vo), we can assume ¢y (sp, ) = Id.

Recall the element I/, = diag(1l,...,1,—1,...,—1) € sp,,,. Since ad(l},) has
only even eigenvalues on U(sp,,,) and eigenvalues +1 on Va,, we actually have
&(Van) C Vay. Together with Endsp, (V2,) = C* this implies the result.

The converse, that is, H¢(8ps,,) = Hoc(sp,,,) for any ¢ and 6 € C*, is obvious.
O

B. Minimal nilpotent case

We compute the isomorphism of Theorem 7 explicitly for the case of e € g being
the minimal nilpotent. This case has been considered in detail in [P2, Sect. 4].
To state the main result we introduce some more notation. Let z1,..., 22, be a
Witt basis of g(—1), L.e., wy(zits, zj) = 67, wy(zi,25) = wX(sz, Zj+s) = 0 for any
1<4,j< < s. We also define § : g(0) — g(0) by 2* := z — }(x, h)h. Finally, we set
co = —n(n+1)/4 for g = sl, 1 and ¢g := —n(2n + 1)/8 for g = sp,,,. Then we
have the following theorem:
Theorem 24 (cf. [P2, Thm. 6.1)). The algebra U (g, e) is generated by the Casimir
element C' and the subspaces © (3, (1)) fori = 0,1, subject to the following relations:
(i) [02,0,] = Oy, (O, Ou] = Oy for all x,y € 3,(0),u € 3,(1);
(ii) C is central in U(g,e);
(iil) for all u,v € 3,(1),

[@ua 60] = %(fa [ua UD(C - @Cas - CO)
+ ; Z (G[u,zi]ﬁg[v,zf]ﬁ + ®[v,z;]u®[u7zi]u),

1<i<2s

where Ocas is a Casimir element of the Lie algebra ©(3,(0)).

Our goal is to construct explicitly isomorphisms of Theorem 7 for those two
cases, that is, for g = sl,,11, §Ps,,, o, and a minimal nilpotent e € g.

Lemma 25. Formulas

Co — C ~ ~
9 5 V(yl) = ®Ei,n+1a V(Il) = ®En,iv

Y(A) =04, Aegl, ~5(0)

7(Co) = (10)

establish the isomorphism Ha(gl,_1) — U(slyt1, Enny1) from Theorem 7(a).
Proof. Choose a natural slo-triple (e, h, f) = (Ennt1, Enn — Entin+1, Enti,n) in
g = sl,11. Then {E; 41, Fniti<i<n—1 form a basis of 3,(1), while {E;;, E11 —
By, Tn,l,g}féfffgnl_l form a basis of 3,(0). Identifying 3, (1) with V,,_1 &
V¥ |, we get an epimorphism of algebras v : U(gl,,_,) X T (Vs—1 & V7 1)[C] —
U(5[n+1a En,n-‘rl) defined by

7(0) = 07 '_Y(yl) = ®Ei,n+17 V(Il) = @En,m V(Infl) = ®Tn71,2’
Y(A) =04, Acsl,_ 1 Cslyqq.
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According to Theorem 24, its kernel Ker() is generated by
wew —w @w— 5 (f, [y(w),y(w)])(C =77 (Ocas) — co)

- 7_1 <Sym Z ®[wazi]ﬁ@[w/’z;]ﬁ>7

1<i<2s
with w,w' € V,—1 ®@ V71, v H(O) € gl,,_1 ® Vo1 ® V', well-defined for ¢ €

3x(0) @ 35 (1).
Choose the Witt basis of g(—1) as z; := E; 5, Zits := Ept14, 1 <i<n—-1=:s.

e For w,w’ € V,,_1 or w,w’ € V;*_; we just get w @ v’ —w' @ w € Ker(y).
e For w=y, € V1,0 = x4 € V;)_; we get the following element of Ker():

53
Yp @ Tq — Tqg QYp + 9 (O 7 1 (Ocas) — Co)

— ’yil (Sym Z G[Ep,nJthi]u@[Enqazﬂu)'

1<i<2s
For 1 <i < s we obviously have [E, ,,+1, 7] = 0, while
[Epnt1, Zits) = Epi — 0 Engin+1 = [Epntt, Zits)? = Epi — 300(Enn + Eng1,nt1)-
A similar argument implies
[Eng, Z;'k-‘rs] =FEiq — 52Enn = [Eng, Z:-i-s]ﬂ = Eiq — %‘%(Enn + Entin+1)-
Thus
G[Ep,nJrl’ZiJrs]u = V(Epi) + %6;7'7(171—1) ®[Enq zr 08— ,Y(Eiq) + %627(171—1)7

so that

_I(Sym Z ®[Ep,n+1,zi]u@[Enq,z;]ﬁ) = Sym(z EpiEiq>

+ Sym(I,—1 - Epg) + 45p12 .

On the other hand, since v~ (v(Ew)*) = En + ééé[n_l, we get
Y(Ocas) = > EwEuy + Z B+ 5 1ny-
[
Let R,,_1 := ZE?Z + %Zz#] (EiiEjj —i—E”E]l) Then we get Yp @ Tqg — g &
Uy — (6020 S8+ Sym(z EpiBig + In_1 - Epg + 5gﬁn1>> € Ker(y). This
—~—
-

70(Yp,Tq) ~

r2(Yp,Tq)
implies the statement of the lemma. [
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Lemma 26. Formulas

C()*C
2 )

Ou,

7o) = Y(yi) = /2’ Y(A) =04, A€ sp,y, ~35(0) (11)

establish the isomorphism Hi(spy,) = U(8Pap 4o, B1,2n42) from Theorem 7(b).

PTOOf. FiI‘St, choose an 5[2—triple (6, h7 f) = (E172n+2, E11 - E2n+2,2n+27 E2n+2’1)
in g = 5p2n+2' Then {Uk = Ek+1,2n+2 + (*1)kE1,2n+27k}1§k§2n form a basis
of 3, (1), while 3,(0) ~ sp,,,. Identifying 3, (1) with Vs, via yi — v, we get an
algebra epimorphism

v 2 U(spy,) X T'(Van)[C] = Ul(spayta, E12n+2),
C—C, y;—0,, A0y (Acsp,,).

According to Theorem 24, its kernel Ker(y) is generated by {yq @ yp — yp @ yq —
(.-.)}p.g<2n. Let us now compute the expression represented by the ellipsis.
Choose the Witt basis of g(—1) with respect to the form w, as

(71)i+1 ;
Z; 1= 9 (Bant2—i1 + (1) Eoptoit1),
Zivs = Eip11 — (=1)'Eapniooni2—i, 1<i<n=:s.

Since (f, [vg, vp]) = 2(— )qéf)i;l, the above expression in ellipsis equals to:

(- )qfﬁiﬁl(cvl(%as)00)+71(Sym( > @[vq,ziw@[vwzzlﬁ))v

1<i<2s
where y71(0,) € sp,,, ® Vay, is well-defined for any ¢ € 3,(0) @ 3, (1), though 7 is

not injective.
For any 1 < k,l <2n, 1 < j < n it is easily verified that

[ve, 2] = =3 (Brs1j41 — (1) Bongojonya—i) — 567 - b
[vi, 2j4s] = (=17 (Eig1ont2—5 + (1) Ejy10n42-1) + (— ) ot
so that
[Ug, 2 ]F = (=) Eopiojonto—k — Ert1j+1
o I+1 2 141 7
Wi, 2j4s)' = (=17 By ongo—j + (= 1) Ej1 onga.
We also have

+1
®Cas = 4 Z K + l+]+ E2n+1fi,2n+1fj)

(Ew + (=) Eop 1 ong1-i)-
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On the other hand, it is straightforward to check that

To (yq’ yp) ( )p5§7fr§1a

1)a+1 .
r2(Yq, Yp) = - 4 Symz sonii—g + (=1) T Eg2n 1)
X (Eps + (*I)HSHE? +1-s2n+1-p)
Lt 55@1 S mZ g+ ()" By onga—i)

X (Ej,i + (-1 )1+]+1E2n+1—i,2n+1—j)-
To summarize, the kernel of the epimorphism ~ is generated by the elements

(Y @ Yp — Yp @ Yg — (272(Yg, yp) + (co — C)0(Yg» Yp)) }p.a<2n-

This implies the statement of the lemma. [

C. Decompositions (*) and (#) for m = —1, 0
e Decomposition isomorphism Hy —1(gl,, )" = H;i70(g[n,1)/\° ScmWis,

Here H %70(9;[”71) is defined similarly to Hp o(gl,,_;) with an additional central

parameter (p and the main relation being [y, z] = h?(yro(y, x), while Hy _1(gl,,) :=
Un(gl, x (V, @ V.5)).
Notation: We use yi, x1, e, when referring to the elements of Hy _1(gl,) and
capital Y;, X;, E;; when referring to the elements of H;L’o(g[n_l). We also use
indices 1 < k,l < m and 1 < 14,5,7,7 < n to distinguish between < n and < n.
Finally, set v, := (0,...,0,1) € V.

The following lemma establishes explicitly the aforementioned isomorphism:

Lemma 27. Formulas
U_i(yk) =2k, Y_i(enk) = 20k,
V_i(eig) = Bij+ 205 Voilein) =2,"Ye =Y 27"2Eij + 2i0n,
j<n
Uoy(zy) = X5, Uog(zn) =—2,"Co— > 2 '2pX
p<n
define an isomorphism W_1 : Hy _1(gl,,)" on = H,;7O(g[n,1)/\°<§>c[[h]]wfi\;;".
Its proof is straightforward and is left to an interested reader (most of the
verifications are the same as those carried out in the proof of Lemma 28 below).
e Decomposition isomorphism Hy, o(gl,, )" =2 Hh (gl )" UQ@C[[E]]W;QZ
Here H;/z,1(9[n—1) is an algebra defined similarly to Hp 1(gl,_;) with an addi-
tional central parameter (y and the main relation being [y, z] = h%(Coro(y, x) +
r1(y, x)). We follow analogous conventions as for variables yx, 21, ek, Yi, Xj, E; j
and indices 1, 7,1, 7', k, L.
The following lemma establishes explicitly the aforementioned isomorphism:
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Lemma 28. Formulas
Uo(yr) = 2k,  Polen,k) = 200k,
Vo(eij) = Eij + 205, Wolein) =2,"Ye =Y 22 B + 200,
j<n
Uo(a;) = =05+ X, Wo(wn) = =00 — Y 2, 2 X; — 2, (Co + ZE”>
i<n i<n
define an isomorphism Wq : Hp o(gl,) on = H;i,1(9[n71)A0®C[[h]]Wé\,;;n-
Proof. These formulas provide a homomorphism
Hpo(gl,) o — H;L,l(g[nfl)/\(]@C[[h]]Wfi\,;;n

if and only if ¥y preserves all the defining relations of Hp o(gl,,). This is quite
straightforward and we present only the most complicated verifications, leaving
the rest to an interested reader.

o Verification of [Wo(ei,n), Colei )] = —h*0% Wo(ew n):
[olein) Wolew )] = 22 'Ys = D 2 5pBip + 500, Birjo + 20051

p<n

2 i -1 -1 i -1
=h (5j,zn Yir — 2, 2y By o +5j/ E 2y 2p B g

p<n
+ z;lzi/EZ-,j/ — 5}%/(%)
= —h25§,\110(ei/7n).
o Verification of [Wo(e;.n), Uo(z;)] = —h26! Uo(x,):
[@o(esn), Cola;)] = [z, Y= Y 2,24 Fig + 200, —0; + X
1<g<n-—1
= 77122;1Ei7j + 5{7123n + 5{712 Z z;lquq + z;l[Yi, X;]

)

q<n
= W%, B + 5{712 (8n + Z 2z

qg<n
N IR D AR
. i<n
o Verification of [¥o(e; ), Yo(xy,)] = 0:
[@o(ein), Coln)] = [2,'Yi = Y 2 2p iy + 2i0n,

p<n

— 9, _Zz 2 X; — 2z, (0+Z m)
j<n Jj<n
= K2 (Z z;gszi7p 2Y + ziz,, 200 + ZiZy, Z 3,
p<n j<n

272y, — sz n,x) 0.

j<n
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Once homomorphism ¥ is established, it is easy to check that the map

—1 —1
2= Yk, Ok = Un €nk, Lijrreij—Yil, enj, Corr— E YTl — E h,ks
k<n k<n

—1 —1
Xjoaj+yneng, Yirr Y vgleiq —Yity enyg)
1<qg<n

provides the inverse to Wy. This completes the proof of the lemma. [
e Decomposition isomorphism Hp, _1(spy,)"\" = H,Iijo(spzn,z)/\“ @c[[h”W,ﬁgn

Here H ,;70(5;32”72) is defined similarly to Hp, o(sp,,,_o) with an additional central
parameter (o and the main relation being [z, y] = h*(oro(x, y), while Hp _1(sps, )=
Uh(5p2n X ‘/271)

Notation: We use yi, ug; = er; + (—=1)¥ " eg, 11 2,11-k when referring to
the elements of Hh,_1(5p2n) and Y;', Ui,j = Ei,j + (_1)1+]+1E2n—1—j,2n—1—i when
referring to the elements of H;iyo(san_Q). Note that {uy}} 5" is a basis of

§Py,,, while {Um»}z::;jflgn_l is a basis of sp,, 5. We use indices 1 < k,1 < 2n and
1 <i,j <2n— 2. Finally, set vy := (1,0,...,0) € Va,.

The following lemma establishes explicitly the aforementioned isomorphism:

Lemma 29. Define ¢ (ug,) := 210, + (= 1) 20, 1 1001k for all k,1. We
also define

Yo(urk) =0, Yo(uiy1,1) =Ys, Yo(wizij41) = Uij,  Yo(uzn,1) = Co-

Formulas Y _1(yx) = 2z, T(ug,1) = o(uk,) + 1 (uk,) give rise to an isomorphism

~ / = /\ul
T_1: Hp—1(spy,)" 1 = Hh,o(spzn—Q)/\O®C[[h]]Wh,2n'

The proof of this lemma is straightforward and is left to an interested reader.
e Finally, we have the case of g = sp,,,, m = 0.

There is also a decomposition isomorphism
Yo : Hpo(sp,)"" = Hp1 (5P, —0)" cin Wi s,

This isomorphism can be made explicit, but we find the formulas quite heavy and
unrevealing, so we leave them to an interested reader.
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