MOTIVIC COHOMOLOGY OF QUATERNIONIC SHIMURA VARIETIES AND LEVEL
RAISING

RONG ZHOU

ABsTrRACT. We study the motivic cohomology of the special fiber of quaternionic Shimura varieties at a
prime of good reduction. We exhibit classes in these motivic cohomology groups and use this to give an
explicit geometric realization of level raising between Hilbert modular forms. The main ingredient for our
construction is a form of Ihara’s Lemma for compact quaternionic Shimura surfaces which we prove by
generalizing a method of Diamond-Taylor. Along the way we also verify the Hecke orbit conjecture for

these quaternionic Shimura varieties which is a key input for our proof of Ihara’s Lemma.
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1. INTRODUCTION

1.1. Main Theorem. The aim of this paper is to study the motivic cohomology of the special fiber of
certain quaternionic Shimura varieties. For a scheme of finite type over a field, its motivic cohomology
groups are a generalization of the usual Chow groups, and the main new observation of this paper is that for
certain Shimura varieties, these groups can encode very rich arithmetic information. More precisely, we will
show that the cycle class map from motivic cohomology to étale cohomology gives a geometric realization of
level raising between Hilbert modular forms.

We now state our main result. Let F be a totally real field of even degree [F : Q] = g and p a prime
which is inert in F. Let B be a totally indefinite quaternion algebra over F which is unramified at the
unique prime p above p and G the associated reductive group over Q. Let K be a sufficiently small compact
open subgroup of G(Ay) such that K = K,K? where K, C G(Q,) = GL2(F,) is the standard hyperspecial
maximal compact GLy(OF,) and KP C G(A’}). Then there is a Shimura variety Shx (G) defined over Q; it
extends to a smooth integral model Shy (G) over Z,). We let /,(G) denote its special fiber over [, and
Sk (G)F,, its base change to Fps.
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Fix an irreducible cuspidal automorphic representation IT of GLy(F) of parallel weight 2 defined over a
number field E. Let R be a finite set of places of F' not containing p and away from which II is unramified
and K is hyperspecial. We also choose a prime A of Og whose residue characteristic is coprime to p and
write kx = Og/A. We write Hy (/% (G)r,,, kx(j)) for the motivic cohomology group with ky coefficients
defined in [SV00]. By [Voe02], we may identify this with the higher Chow group Ch? (L (G)p ,,27 — i, kx)
defined in [Blo86]. When 2j = i, this group is just the usual Chow group of codimension j cycles modulo

p9?

rational equivalence (with coefficients in ky). The group Ch’(#k (G)F,q4,2j — i,kx) is equipped with the

following cycle class map to the absolute étale cohomology:
(L.1.1) CW (S (G)ryg, 25 — i, ka) = Heg(Li (G, g, kr())-

We let T denote the abstract Hecke algebra of GLy(F) away from R; it is the Z-algebra generated by
elements T}, S; where q runs over primes of F' away from R. Then the Hecke eigenvalues of II induce a map

gf)g:TR—)OE—)k)\.

We write mpg := ker(qbg) a maximal ideal of Tr and m C Tgyyp; the preimage in Trypy-

The Hecke algebra Tgyqp) acts on the étale cohomology Hg, ( (G)E’ kx(—)) and higher Chow groups
Ch’ (K (G)r,g,2)—1,kx) of K (G). Upon making a large image assumption on the mod A Galois represen-
tation associated to II (see Assumption and localizing at the maximal ideal m, there is an isomorphism

HE (S (@ryo s ka(9/2 4+ 1))m 2 H (B, HE (FK (G)g, » ka(9/2 + 1))m)-
The cycle class map then induces the Abel-Jacobi map:
(112) B2 (i (O 1, K )on = H (B, HE (S5 (@), Fa(9/2 + 1))).

In we will define a subgroup Chﬂ/Hl(YK(G)Fpg, 1,k))m of Chg/2+1(YK(G)Fpg,1,kz>\)m using the
geometry of Goren—Oort Cyclesﬂ on Sk (G)r,, asstudied in [TX16], [TX] and [LT]. As the notation suggests,
this subgroup is related to level raising. The main Theorem of the paper is the following; we refer to §5.3]

for the precise statement.

Theorem 1.1.1. Suppose that p is a A-level raising prime in the sense of Definition and that As-
sumptions and [5.3.3 are satisfied; in particular T, = p? +1 mod mg and S, =1 mod mg. Then the
map

Chf/ P (Fic (G 1, hn) = HE (o, H (S5 (G, ia(9/2 + 1)) /m)
induced by is surjective.

We note that as in [LT), Remark 4.2, 4.6], if there exist rational primes inert in F', and II is not dihedral
and not isomorphic to a twist by a character of any of its internal conjugates, then for all but finitely many
A, the set of primes p which are A-level raising primes has positive density.

In general it is difficult problem to produce non-zero classes in motivic cohomology. The key input to
proving the surjectivity in Theorem [I.1.1] is a form of Ihara’s Lemma which we prove by generalizing a
method of Diamond-Taylor [DT94]; see the next subsection for more details.

We now give an example of the construction of Chﬂ/ 2+1(YK(G)FPQ , 1, kx) which makes clear the relation-
ship with level raising. We assume g = 2 so that dim ., (G) = 2.

We write B’ for the totally definite quaternion algebra which agrees with B at all finite places. We fix an
isomorphism

B'®gA; =2 B®gAf

n fact the cycles we consider arise from the supersingular locus.
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which allows us to consider K as a compact open subgroup of B’ ®g Ay. We let X’ and Xj(p) denote the
discrete Shimura sets
X':=B\B' ®@gAs/K, X;i(p):=B\B' @ As/Ko(p)

where the compact open subgroup Ko(p) C B’ ®g A agrees with K away from p and is the standard Iwahori
subgroup of GLy(F}) at p. We let

1,2 Xy(p) = XY
denote the natural degeneracy maps so that the diagram

XX (p) = A
is the usual Hecke correspondence for X’. For any finite set S, we write I'(S, k) for the abelian group of
ky-valued functions on S.

We may think of .#% (G) as a moduli space of abelian varieties with multiplication by some maximal order
Op in B. We let Y, (G)® be the locus where the underlying abelian variety is supersingular. Using the
geometry of Sk (G)* one can show that under the assumptions of Theorem (3h2(5’K(C1’)IFp2 v 1, k) )m
admits a map from

K = ker (714, m24) : D(X5(p), kx) = T(X' k), -
The construction uses an interpretation of classes in Ch? (YK(G)FP2 , 1, kx)m as cycles together with a rational
function on the cycle; see for the details. Then Ch{ (.- (G)F,2,1,kx)m is defined to be the image of
K. Theorem in this case follows from the following stronger result:

Theorem 1.1.2. Let g = 2. Suppose that p is a A-level raising prime and that Assumption[{.1.1)is satisfied.
Then the map

(1.1.3) Kn — Hl(FvaHe?t(yK(G)ﬁp7kA(Z))m)
18 surjective.

The relationship with level-raising should now be clear. Indeed under the Jacquet—Langlands correspon-
dence, Try(py acts on left hand side of (1.1.3) via the p"*™ quotient in the sense of [Rib88], whereas it is well

known that it acts via the p°!d

quotient on the right hand side. In this sense, the Abel-Jacobi map gives an
explicit realization of the congruence between old and new forms.

It is known by the work of many authors that the motivic cohomology groups satisfy many of the formal
properties of a cohomology theory. However there is much that is still not understood, we refer to [Gei05]
for a brief survey. We may use Theorem [I.1.2] to show that in certain cases of Shimura surfaces, motivic

cohomology coincides with étale cohomology, upon localizing at m.

Theorem 1.1.3. Let g = 2. Suppose that p is a A-level raising prime and that Assumption 1s satisfied.
Then the cycle class map induces an isomorphism
H (K (G)r 2, ka(2)m = HE (i (G)r 25 kA (2))m-
When i < j, Voevodsky [Voell] has shown that Ch?(X,2j — 4, k) is isomorphic to H., (X, ka(j)), for X
proper smooth over any base field. For ¢ > j, not much seems to be known.

Remark 1.1.4. When g is odd, there is an Abel-Jacobi map
g—1
(1.1.4) Ch ™ (S (G)r a0 kn)m = H! (Fyao, HE (S (G5, ka(l9/2] + 1))

is equidimensional of dimension % and we may consider

SS

In this case the supersingular locus yK(G)Fpg

g—1

the subgroup Chlr; (7K (G)F 2y kx)m generated by the irreducible components in Zx(G)7, . Then [LT]
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Theorem 1.3] have shown the surjectivity of modulo m restricted to this subgroup. Thus our Theorem
can be thought of as the even dimensional analogue of the Theorem of Liu-Tian. The main new
observation of this work is that we are able to produce certain classes in motivic cohomology, or higher
Chow groups, as opposed to ordinary Chow groups. Its conceptual importance lies in the fact that we are

able to obtain a geometric interpretation of even dimensional Galois cohomology.

Remark 1.1.5. In [LT], the geometric realization of level raising was a key ingredient in their proof of certain
cases of the Bloch-Kato conjecture, see [LT) Theorem 5.7]. Our result should have applications to cases of

this conjecture for non-central L-values; we aim to carry this out in a future work.

1.2. Proof of main result and Ihara’s Lemma. We now explain the proof of Theorem [I.1.1] Our
approach follows that of [LT], but there are many new difficulties in the even dimensional case.

Firstly, using the construction of the group Chfr/ (7 (G)F,q, 1, kx) and the intersection pairing between
certain Goren—Oort strata proved in [TX]|, we reduce to proving the surjectivity statement in the case of
quaternionic Shimura surfaces, see Proposition [5.4.3] The statement in this case follows from the following
form of Thara’s Lemma. These type of results first appeared in Ribet’s ICM article |[Rib84] for the case
of modular curves and over the last thirty years they have seen many important arithmetic applications.
Therefore our result in the case of surfaces should certainly be of independent interest.

For simplicity, we only state the result in the totally indefinite case; we refer to Theorem [{.1.4] for the

more general statement. Thus we assume g = 2 as in the example of the previous subsection.

Theorem 1.2.1 (Thara’s Lemma). Under the Assumptz’on the map
T 47 Hét(ShK(G)@, k)\)?n — Hét(ShKo(p)(G)@a kx)m
18 injective.

Here Sh, () (G) denotes the quaternionic Shimura surfaces with Iwahori level structure at p and 7y, 75 are
the natural degeneracy maps. In fact the appropriate Abel-Jacobi map in this case can be related to the map
w1 + 75 in the statement of Theorem they are essentially dual to one another. To show the existence of
this duality requires a careful analysis of the global geometry of the mod p fiber of the quaternionic Shimura
surface with Iwahori level structure at p. We note that in this case the Shimura surface has bad reduction
at p. The main result which is Corollary is proved in an appendix and is analogous to the results of
[Sta97] in the case of Hilbert modular surfaces.

We now describe our approach to Theorem [I.2.1] The result in the case of Hilbert modular varieties has
been proved by Dimitrov [Dim09)]. However his proof relied crucially on the existence of a g-expansion. Note
that when g > 2, even if one is interested in Theorem for Hilbert modular varieties, the reduction to
the case of surfaces will necessitate that we consider compact Shimura surfaces where a g-expansion is not
available. We therefore take another approach by generalizing a method of Diamond—Taylor who proved the
result for Shimura curves [DT94].

We first apply a crystalline comparison isomorphism to reduce the problem to proving injectivity of
a certain map between global sections of line bundles over the mod ! reduction of the Shimura surface
(Proposition . The property that a non-zero section lies in the kernel implies that the divisor D
corresponding to this section is invariant under p-power Hecke operators. In the case of Shimura curves, it’s
known that the image of an ordinary point under p-power Hecke operators is infinite; this constrains D to
be supported on the supersingular locus. Since p-power Hecke operators act transitively on supersingular
points, the support contains the supersingular locus and this is enough to deduce a contradiction for degree

reasons.



In the case of surfaces, we need a stronger result to constrain the support of the divisor D. In section
we prove a version of the Hecke orbit conjecture of Chai-Oort [CO95] for the ordinary locus on quaternionic
Shimura varieties. We assume [ is a prime where the compact open K is hyperspecial and we write y}l{(G)
for the mod [ reduction of the integral model Shh (G) at a prime of the reflex field above I. We write

F}(G)° for the locus where the universal abelian variety is ordinary.

Theorem 1.2.2 (Hecke orbit Conjecture). Let z € F%(G)*Y(F,). Then the prime-to-l Hecke orbit is
Zariski dense in /% (G).

In fact we prove this result in a more general situation; we refer to for the statement. Using the
strong approximation theorem, we deduce that the p-power Hecke orbit of x € .75 (G)°*4(TF,) is Zariski dense
in the connected component of y]l((G)E containing it. This allows one to show that D is supported on the
complement of .7%(G)°™d. A computation involving intersection numbers of D with certain cycles on .} (G)

then gives the desired contradiction.

Remark 1.2.3. In [LT], the authors reduce their surjectivity result to a form of Ihara’s Lemma for Shimura
curves, for which the method of [DT94] is directly applicable. In our case, the most pertinent case is that of

Shimura surfaces which, as explained above, is more delicate.

We note that many of the quaternionic Shimura varieties we consider do not admit good moduli interpre-
tations. Thus in order to obtain the geometric results we need, we study the geometry of certain auxiliary
unitary Shimura varieties which are of PEL-type. Using [TX16, §2], the results for unitary Shimura varieties
transfer easily to the quaternionic side. The moduli interpretation for the unitary Shimura varieties allow

us to adapt many proofs in the case of Hilbert modular varieties to the quaternionic case.

1.3. Outline of paper. In §2 we begin with some basics on Shimura varieties and define the quaternionic
Shimura varieties of interest. We recall the construction of the auxiliary unitary Shimura varieties of PEL-
type as in [TX16l §3|, and recall the description of Goren—QOort cycles obtained in [TX]. In §3 we prove the
Hecke orbit conjecture for quaternionic Shimura varieties. We deduce our results from the corresponding
statement for the auxiliary unitary Shimura varieties. Using the moduli interpretation, the proof in the
unitary case follows the strategy of [Cha95] who proved the result for Hilbert modular varieties. A key
input here is Moonen’s generalization of Serre-Tate theory for ordinary abelian varieties [Moo04]. In §4
we study the intersection pairing of cycles on the mod I reduction of Shimura surfaces and use this to
prove Theorem Finally in §5, we recall the definition of motivic cohomology groups and higher Chow
groups, paying extra attention in the most pertinent case of surfaces, and we construct the level raising
subgroup Chﬂ/2+l(YK(G)FPQ, 1,kx)m- We then prove Theorem using the strategy outlined above. In
the Appendix we describe the bad reduction of quaternionic Shimura surfaces with Iwahori level structure.

Acknowledgments: The author would like to thank Tony Feng, Bao Le Hung, Chao Li, Ananth Shankar,
Richard Taylor, Liang Xiao and Xinwen Zhu for useful discussions and comments about this work. Above all
the author would like to thank Akshay Venkatesh for his suggestion that there could be interesting arithmetic
information contained in the motivic cohomology of Shimura varieties and for many hours of enlightening
and enjoyable discussions. The author was partially supported by NSF grant No. DMS-1638352 through
membership at the Institute for Advanced Study.

1.4. Notations.

e If F' is a number field we write Op for its ring of integers. If v is a place of F, we write F, for the

completion of F' at v and if v is finite, we write k, for its residue field at v.
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e If F is a local field we write Op for its ring of integers.

e For any field F', we write F' for a fixed algebraic closure of F.

o We write A for the ring of adeles and Ay the ring of finite adeles. If p is a prime, A’} denotes the finite
adeles with trivial p-component.

o If R — S is a map of algebras and X is an R-scheme, we write Xg for the base change of X to S.

e If X is a scheme, we write Ox for its structure sheaf. We write H*(X, —) for the étale cohomology of X.

For any closed subscheme Y C X, we write H}, (X, —) for the étale cohomology supported on Y.

2. GEOMETRY OF QUATERNIONIC SHIMURA VARIETIES AND GOREN—QOORT STRATA

In this section we recall the results concerning the geometry of quaternionic Shimura varieties and Goren—
Oort cycles following [TX16] and [TX] that we will need.

2.1. Basics on quaternionic Shimura varieties. Let F' be a totally real field with [F': Q] = g such that
p is unramified in F'. We are mainly interested in the case when p is inert in F'; this is the case considered
in [TX16] and [LT]. However, we will sometimes need to consider the reduction mod ! of these Shimura
varieties, so we will keep the more general assumption for now. We write £, (resp. X ) for the set of p-adic
places (resp. infinite places). We fix once and for all an isomorphism ¢, : C = @p, which we will use to
identify ¥, with the set of p-adic embeddings of F'. For p € ¥, we let g, := [F}, : Q,] and X/, the set of
p-adic embeddings T € ¥, which induce p. As p is unramified in F', the p-Frobenius ¢ induces an action on
Yioo/p-

We fix a totally indefinite quaternion algebra B over F which is split at all the places above p. Let
S C Y U3, be a subset of even cardinality. We set Soo =S M ¥ and for each p we set So/p = SN X /p-
We will make the assumption that p € S only if S /p = Yo

We write Bg for the quaternion algebra over F' whose ramification set is precisely the union of S and the
places in F over which B ramifies. For each [ a place of F' away from the ramification set for Bg, we fix
an isomorphism Bs ®p F| & GLs(Fy). We define Gs to be the reductive group over Q such that for any
Q-algebra R we have

Gs(R) = (Bs ®q R)*.

When S = (), we simply write G for the above group. For v ¢ S we have an isomorphism G(Q,) = Gs(Q,).

Hence we may fix an isomorphism
G(A’}) = GS(A’;).
Let T C So and Ty := S/, N'T. We consider the following homomorphism:
hst : S(R) =2 C* — Bg(R) = GLo(R)¥= 5 x HT= x HS=~Te

T+ yi —> ((x + yi)Zm_SOO, (2% + y*) T, 1S°°_T°°) .

Then Gs and the conjugacy class of hgr forms a (weak) Shimura datum in the sense of [TX16, §2.2].
We let Eg 1 denote the reflex field which is the subfield of the Galois closure F of F in C fixed by the
subgroup of Gal(ﬁ /Q) stabilizing S, and T. We let v be the p-adic place of Eg r induced by the embedding
Esr < C = Q,. We define the compact open subgroup K, := [Tpes, K» C Gs(Qp), where

o« Ky = GLy(Or,) if p ¢ S.

e K, = Op, the unique maximal compact of Bs @ F}, if p € S.

For a sufficiently small compact open subgroup K? C G(A?), we write K = K,K? and let Shi(Gs 1)

denote the Shimura variety associated to the above data. We use the notation of [TX16] so that T determines
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the Deligne homomorphism. It is an algebraic variety over Eg T whose complex points are given by

Sh (Gs,1)(C) = Gs(Q)\(h*)”>"5= x Gs(As)/K

where h* is the union of the complex upper and lower half planes. We note that the algebraic variety
Shx (GS7T)@ is independent of T. However, different choices of T will give rise to different Eg 1 varieties,
see for example [TX| p9]. We also point out the abuse of notation here, where the compact open subgroup
K implicitly depends on the choice of S. When S, = X, Shx(Gs,1)(Q) is a discrete set and the action of
Gal(Q/Es 1) can be described explicitly as in [LT), §2.1].
We also set
Shg, (Gs,T) := lim Shg(Gs )
—KP

and we write Shi (Gsr) for the neutral connected component of Shr, (Gs1)g. This is the component

containing the image of the point
(%5, 1) € (%)%= 75> x Gs(Ay).

2.2. Unitary Shimura varieties. In this section we define an auxiliary unitary Shimura variety which is
of PEL-type in order to define integral models for Shx (G r).

Let E/F be a CM-extension such that the following two conditions are satisfied:

(1) E/F is inert at every place that Bg is ramified

(2) Forpe ¥, E/F issplit at p if p ¢ S and Yo — Sy is even, and is inert if p ¢ S and Yoo — Sog/p is
odd or if p € S.

Let ¥ g o denote the set of complex embeddings of F, which we identify with the set of p-adic embeddings
via 1. For 7 € Y o, we let 7¢ denote its complex conjugate. For p € X, let p € X o/, denote the subset
of p-adic places of E inducing p. Similarly for q a p-adic place of E, we let X /4 denote the set of p-adic
places of E inducing q.

We choose a subset Soo C % E,00 Satisfying the property that for each p € 3, the natural restriction map
Y B.0o/p = Yoo/p induces a bijection Soo/p = Seo/p> Where Soo/p =S, N Y Ec0/p

For each 7 € ¥ g o, the choice of SOO determines a collection of numbers sz € {0, 1,2} given by:

0 if7eS
2 if7e§

(2.2.1) ss

1 otherwise

Let S = (S,S4) and Tg := Resg/(Gm). Welet Kp,, C Tp(Q,) denote the compact open (Op ®z Zj)*.

We define the homomorphism
hpsriSR)=C* — TeR) = [ (B@p,R)* = (C¥)5 T x (C*)T x (CX)%= 5
TEX
Z:$+y7’ — ((Za 72))('2_17"' 52_1)7(1a"' 71))

Here for 7 € Soo, we identify (E ®p, R)* with C* via the embedding 7 : E — C, where 7 € Seo is the
unique lift of 7. We use the above data to define a Shimura datum for a unitary similitude group which will
give rise to a moduli interpretation of the unitary Shimura variety.

Let Dg := Bs ® E, which is isomorphic to Mats(E) by our assumptions on E. We let b — b denote the
involution on Dg defined by the product of canonical involution on Bg and complex conjugation on E/F'. Fix

a totally imaginary element o € E such that « is a p-adic unit for every place above p. Choose an element

§ € Dg such that § = § as in [TX16, Lemma 3.8]. We define a new involution of Dg by b+ b* = §~1b4.
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We consider W := Dg as a right Dg-module of rank 1. It is equipped with the following pairing

(2.2.2) VW xW—Q, ¥(x,y)= TrE/Q(TrODS/E(axéy*))

where TrODS /E 18 the reduced trace. It is easy to see this pairing is alternating and non-degenerate. Moreover
it satisfies the following property

Y(ba,y) = Y(x,b7y), be Dg.
The unitary similitude group is defined to be

G5(Q) == {g € GLp,(W)p(xg,y9) = c(g9)¥(x,y), for some c(g) € Q*}

which arises as the Q-points of a reductive group G”g over Q. We may also describe this group in the following
way. Since GLpg (W) = Dg, we have g € Dg lies in G§(Q) if and only if

Trg o(Trh,  p(axgdg™y™)) = c(9)Tre)o(Trh,  p(axdy™)), Yo,y € Ds.

This identity is equivalent to gdg* = ¢(g)d, i.e. gg = c¢(g) € Q*. Thus
G5(Q) = {g = (b.t) € B x"" EX|vs(b)Nmp,r(t) € Q*}

where vg : Bg — F is the reduced norm. Here Bg x " E* denotes the quotient of B x E* by the central
embedding F* — B x EX given by x + (z,z71).
Let Tr denote the torus Resp/gGy,. We define the group

Gg = GS XTF TE.

Applying the above to points valued in a Q-algebra, we see that G’g is identified with the subgroup of G’S’
corresponding to the preimage of G,,, C Tr under the map

N : Gg — TF, (b, t) — l/s(b)NInE/F(t).

We now let h’g' 'S — Gg denote the morphism induced by (hsﬁthE,S,T% it is independent of T. The
image of hZ lies in G and we let hy denote the induced map. Let K} C G§(Qp) the compact open subgroup
given by the image of K), x Kp,, and K|, = G5(Q,) N K. For sufficiently small compact open subgroups
K" C GZ(A%}) and K" C G%(A%), we obtain Shimura varieties Shy (Gg), Shi' (G§) where K" = K 'K"P
and K’ = K, K'P. We also set

ShK}I) (G/S) = @ShK/(GIS), ShK;','(G/S/) := lim ShKu(Gg)

Let Eg denote the common reflex field of these Shimura varieties, which is a subfield of C. The iso-
morphism ¢, : Q, = C induces a p-adic place o of Eg. We let Shy (G%)° (resp. Shg(G5)°) denote the
neutral geometric connected component of Shgy (G%)g (resp. Shg; (G%)g). Then both ShK:’»'(GIS/)%p and
ShK,’,(G/g%p can be descended to Q.

We have the following diagram of groups

GS%GSXTEaGgeG’S

compatible with Deligne homomorphisms and such that the induced maps on the derived and adjoint groups

are isomorphisms. By [TX16, Corollary 2.16] this induces isomorphisms
o ~ 11\ 0 ~ / \o
Sth (Gs)@p — ShK;/ (Gg)@p — ShK;(G§>@p
of neutral geometric connected components. Since Shimura varieties may be constructed from its neutral

connected component and the action of Hecke and Galois, we may transfer integral models from one group
to the other. See [TX] §2.11] for the details.



2.3. Moduli interpretation for unitary Shimura varieties and integral models. The Shimura variety
Shg(G§) is a Shimura variety of PEL-type and thus admits an integral model as a moduli space. Recall the
Dg-module W together with the non-degenerate alternating form v introduced in the last subsection. We
also fix some integral PEL data. Let Opy C Dg be an order which is maximal at p and A C W an Opg-lattice
such that (A, A) C Z and A ® Z, is self-dual. Let K’? be a sufficiently small compact open subgroup of G%,
stabilizing A ® ZP. We consider the moduli functor Shy(G§) that associates to each Og,  -scheme S the
set of isomorphism classes of triples (A, ¢, A\, ex») where:

e A is an abelian scheme over S of dimension 4[F : Q.

ot : Op, — Endg(A) is an embedding such that the induced action of a € Op, acting on Lie(A/S)
satisfies
(2.3.1) det(T — v(a)|Lie(A/8)) = [ (T —7(a))*”

FEXE, oo

e \: A — AV is a polarization such that:

-The Rosati involution on Endg(A) defined by A induces the involution b — b* on Op,.

-If p ¢ S, A induces an isomorphism of p-divisible groups A[p>] = AY [p*].

-If p € S, (ker A\)[p™] is a finite flat group scheme contained in A[p] of rank p*9» and the cokernel of the
map A, : HIF(A/S) — H{R(AY/S) is a locally free module of rank 2 over Og @z, Op/p. Here H{®(A/S)
denotes the relative de Rham homology.

e cxm is a K'P-level structure, i.e. a K'P-orbit of isomorphisms

exw A@g ZP = TP A

which respects the action of Op, on both sides and preserves the pairings on both sides. Here TPA =

lim A[n] denotes the prime-to-p Tate module of A.

«~pin

By [TX16l Theorem 3.14], the moduli problem &K/(G’g) is representable by a smooth quasi-projective
scheme over O, _, and its generic fiber is identified with Shy- (G%)Esj. Moreover it is an integral canonical
model for Shx/(G§) in the sense of [TX16, 52.4], see also [Mil92]. We write

&Kg (Glg) = (_li}g}p &K;KW(G%)-

Taking the closure of Shg (G§)° in &Kg ® Z," and using Deligne’s recipe to transfer across to Gs we

obtain an integral canonical model Sh; (Gs 1) for Shx (Gs 1); see [TX16) §2.11]. We write #x (Gs 1) (resp.

K (Gg)) for the special fiber of Shy(Gs 1) (resp. Shy. (G)) over ky (resp. k;). We let ko be any finite
field containing all the residue fields of the p-adic places of E.

We fix an isomorphism Opg , := Opg ®z Z, = May2(Op ®z Zy) and let e denote the idempotent of

M>(Og ®z Z,) given by
10
e= )
0 0

Suppose M is a module with an action of Opg ,. We write M*° for the sub O ®z Z,-module eM C M.
Now suppose k is a perfect field of characteristic p containing all residue fields at the p-adic places of F.
Let (A, ¢, A, exw) be the data corresponding to an S-point of Shg/(Gg) where S is a ki-scheme. Then we

have an exact sequence:

0 Wy H?R(A/S)o ——> Lie(A)° ——0 .

Here wy4v is the module of invariant differential forms for the dual abelian variety AV and H{®(A4/S9) is the

first relative de Rham homology; see [TX16l 4.1]. For 7 € ¥ o, we use a subscript 7 to denote the subspace
9



over which O, := O ®z Z,, acts via 7. Then the above induces an exact sequence

(2.3.2) 0 W H{(A/S)2 — Lie(4)2 —=0

7

and the dimensions of these three factors are 2 — sz, 2 and s; respectively. In particular, for 7 € ¥, — Seo,

and 7 a lift of 7, w2 is a line bundle over S.
/

For simplicity, we will write X" for k(G

ko and (A’, 1, A, exp) the universal abelian variety over X'.
Recall the Kodaira—Spencer map

. 1
KSunem) 1 WA @y, wav = Qxi g,

which induces a map

KS(().A,,L,)\,EK/;D) fwy ®py, Wy — Q}(,/ko.
Proposition 2.3.1. The map KS?A',L,k,eK/p) factors as
W ®oy, Wav = W B0y @08, Warv — Q;,/ko.
and induces an isomorphism wy, o, 005, Wi = Qﬁ(’/ko'
Proof. This follows from [Lanl3l Proposition 2.3.4.1] applied to the universal abelian variety over X’. (Il

Corollary 2.3.2. The map KSE’A, induces an isomorphism of line bundles

SN €R7p)
[Zoo —Sool
® (Wf‘l/\/j-) ®6’X, (w;/\/ﬂzc) = QX'/kQ
TEX oo —Seo

where T is a lift of T.
Proof. We have an isomorphism

(U_/o4/ ®ﬁX’®0Eq Wi‘/\/ = @ Wfﬁl/;’: ®UJ:)4/\/77~..
TEY oo

Now for 7 € Su, either w$, - or w$,v ; has rank 0.

o~

For 7 € ¥ — Soo, the polarization induces an isomorphism w4/ 7 = w4/v 7. compatible with the action of

Opg hence induces an isomorphism w%, ~ = w9,y Thus we may rewrite the isomorphism of Proposition

~c
,T

23T as
~Y 1
@ (Wi/vﬂz) ®ﬁx, (UJVO4/\/77~_(:) ~ 0 //Oko'
TEY oo —Seo
Taking the top exterior power gives the result. O

Now let X denote the special fiber .k (Gs 1)k,. Using [ITX16], Corollary 2.13|, we may transfer the vector
bundles wf‘t,v,% from X’ to X. For each 7 € ¥, — S, we write w, to be the line bundle on X coming from
w7 on X' for some choice of lift 7 of 7 which we now fix. Then w; is independent of the choice of lift 7
up to a torsion element in the Picard group of X by [TX16, Lemma 6.2]. For any line bundle .% on X, we
write [Z] for the image of £ in the rational Picard group. The next Corollary follows immediately from

Corollary 2:3.2

Corollary 2.3.3. There exists an isomorphism

8.

TE€EY oo —Seo

II2

257,

in the rational Picard group of X.
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2.4. Goren-Oort divisors and Goren-Oort cycles. We now let ky be the smallest subfield of F, con-
taining the residue fields of the p-adic places of E. Then kg = F,» where h is the least common multiple
of {1+ g, —2]gp/2]|p € Lo}. In this section we will recall the description of Goren-Oort divisors and
Goren-Oort cycles in .k (Gs 1)k, obtained in [TX16] and [TX]. As before S C £, U X is a set of even
cardinality. For each 7 € Yo — Sxo, [IX16] defines a Goren-Oort divisor .k (Gs 1)ke.r C Lk (Gs, 1)Ky DY
transferring over a certain divisor on an auxiliary unitary Shimura variety. We briefly recall its construction.
Let (A, ¢, A ex») be an S-point of S/ (GY) for S a ko-scheme. We define the essential Verschiebung

Vs - HI™(4/9)2 — BT (AD)/5)2 = HI™(4/5)50),

to be the usual Verschiebung if s,-1; = 0 or 1, and to be the inverse of the usual Frobenius if o~!(sz) = 2.
Note that Ves 7 preserves the exact sequence (2.3.2]). For every integer n > 1 we define

v HIR(A/8)5 - HIR(ACD)/8)2 = HIR(4/9)20)
to be the n'M-iteration of the essential Verschiebung.
For 7 € ¥, — S, we define the integer n, to be the smallest integer such that ™" 7 € ¥ — So. Now

for each 7 € ¥ o with sz = 1, the restriction of V27 to wZV/S defines a map

ha(A) Wi 2 = w30 2 (W gnes)

L, o~ nTT

Applying this to the universal abelian variety A’ over %/ (G';)k,, we obtain a global section

nor

he € D(Lkr (G ko (Wiv gnr )™ @ (Wi 2)9 7).

We call this the 7' partial Hasse-invariant. We let .# (Gé)ko,% C Sk (G/g)ko denote the vanishing lo-
cus of hz. We let ZK(Gs 1)k,,7 be the corresponding divisor on .k (Gs,1)k,- By [IX16, Lemma 4.5],
yK/(Gé)ko,;, and hence 7k (Gs,1)k,,7, is independent of the lifting 7 of 7. We may thus write yK/(G/S)ko,T
and 7k (Gs,1)k,,» for these divisors respectively. The divisor .Zx(Gs 1)k~ is known as the Goren-Oort
divisor corresponding to 7. It can also be described as the vanishing of a certain section of the line bundle

of w@(PnT) ® w;l on yK(GS,T)ko'

o~nTT

For J C ¥ — S, We set
I (GS,T)ko, 1 = ﬂ Ik (GS,T)ko, 7
TeJ
The closed subvarieties Zx (Gs 1)k,,s as J runs over subsets of X, —Ss give the Goren-Qort stratification
of YK(GS,T).
To state the main structure theorem of [TX16], we introduce the following notation. For 7 € X, — Seo,

we write 7~ for 67" (7). We write T, = T U {7} and define

Soo/p ﬂ{T,T_} if Soo/p U{T} 75 Zoo/p
SU{T,]J} ifsoo/pU{T}:Zoo/p

Theorem 2.4.1 ([TX16, Theorem 5.2|, [LT}, Proposition 5.9]). There is a morphism of F,-varieties
T+ Ik (Gs)g, » = Sr(Gs, 1, )5,

equivariant for the prime-to-p Hecke action, such that
(1) if Soo/pU{T} # oo /p, Tr is a P -fibration which descends to a morphism Zx (Gs 1)k, — 'k (Gs. 1. ko
of ko-varieties.

(2) if Socjp U{T} = Eo/p, T is an isomorphism.
11



Note that in case (2) LVK(GST’TT)E is discrete, and the level structure at p needs to be modified.

We now recall the framework for the construction of Goren—QOort cycles. These cycles are parametrized
by certain combinatorial objects called periodic semi-meanders whose definition we now recall. We refer to
|LT), §3.4] for more details.

For p a place of F above p, let dy(S) := gp — [Soo/p|- We consider the cylinder C := {2? + y? = 1} in
3-dimensional space. Let ¥/, = {70,...,7g,—1} Where o(7;) = 741 for j € Z/g,Z; we use the 7; to label

2{%) If 7 € So/p we put a + at the
point 7;, otherwise we put a node. We call the series of nodes and +’s the band associated to Su/p-

the points on the zy-plane by identifying 7; with the point (cos%j, sin

A periodic semi-meander for S/, is a series of arcs and semi-lines on C' (an arc connects two nodes and

a semi-line connects a node and +00) satisfying the following properties:

(1) All arcs and semi-lines lie above the band.
(2) Every node is the end-point of an arc of semi-line.

(3) There are no intersection points among the arcs and semi-lines.

We identify two periodic semi-meanders if one can be continuously deformed into the other. We write r for
the number of arcs in a periodic semi-meander and d,(S) — r is the defect. We write B(S../p,r) for the set
of periodic semi-meanders with r arcs.

For any a € B(S./p,7) we define the sets S, and T, to be

(2.4.1) Sa :=SU {7 € X|7 is an end-point of an arc in a}

(2.4.2) Tq:=TU{r € ¥ |7 is the right end-point of an arc in a}
To any periodic semi-meander a € B(S./p,7), [LT}, §3.5] constructs the Goren-Oort cycle
Zsx(a) = Tk (Gs,1)k,-

corresponding to a using the method of [TX] §3.7]. The construction is by induction on r and the resulting
cycle is an r'h-iterated P!-bundle over the Shimura variety .#x (Gs, ,). When r = 0, Zs r(a) is defined
to be Pk (Gs)k,- For r > 1, we say an arc ¢ in a is basic if it does not lie below any other arc. Choose
such a basic arc § and write 77 and 7~ for its right and left endpoints. Consider the Goren-Oort divisor
YK(G&T)%,T together with the fibration =, : fK(GS,T)kw — yK(GST,TT)kO. Let as € %(ST7OO/p,T - 1)
denote the periodic semi-meander given by removing the arc § from a and replacing the endpoints with +
signs. By induction hypothesis, we have the cycle Zs_ 1. (as) C Zk(Gs, T, )k, which is an (r — 1)"-iterated
Pl-bundle over .#k (Gs, T, )k,- The Goren-Oort cycle Zs (a) is defined to be the preimage of Zs_ r_(as) in
K (Gs, 1)k, under the projection m,. The following Proposition is clear from the construction and Theorem

241

Proposition 2.4.2. Zg 1(a) is an r'-iterated P*-fibration over the Shimura variety Sk (Gs, 1, )k,- More-

over the inclusion Zg(a) = Lk (Gs,1)k, i equivariant for the prime-to-p Hecke correspondences.
We write mq : Zg1(a) = Sk (Gs, 1. )k, for the projection map.

2.5. Goren—Oort cycles and Shimura surfaces. We now give a more detailed description of the Goren—
Oort cycles which will be used in the construction of the level raising subgroup in motivic cohomology.

For this we will impose the extra assumptions that [F : Q] = g is even and that p is inert in F; then p
will denote the unique prime above p. In this case we may take ko = FJ. We consider the set B(D,g/2—1)
of periodic semi-meanders which is easily seen to have (q /29_1) elements.

12



Fix a € B(0,g/2 — 1)). Then we have constructed the Goren-Oort cycle Zy(a) C Yk (G)r,, and the

projection

a1 Zg(a) = FK(Go, 1,8,
which is (g/2 — 1)-iterated P!-fibration; here T, is defined as in with T = (). Since .7k (Gy, 1,)F,q 18
the special fiber of a Shimura surface, the Goren—-Oort cycle Zy(a) has dimension g/2 + 1.

We write (), = {7, 7;}. Then we have the Goren-Oort divisors S, (G, 1,)F,s,~ and Lk (Gy, 1,)F,q,7; Of
the Shimura surface .k (G, 1, )r,, which are P!-bundles over the discrete Shimura sets %k (Go, ., 7o, )F
and Fic(Go, 1,
base-point) with

9
)F,o respectively. The F-points of these Shimura sets may be identified (upon fixing a

i

G, (Q\Gs. (Ay)/K.

We let Ko(p) C Gx._ (Af) denote the compact open subgroup Ky ,K? where K, is the standard Iwa-
hori subgroup of G'Lo(F,) consisting of matrices in GL2(OF,) which reduce to the upper triangular ma-
trices mod p. In [TX16, 2.17], there is a construction of the integral model for the discrete Shimura set
Shi,(p)(Go, .. T, .,); we can explicitly describe the F,-points of the special fiber Tko(0) (G0, . Tar, )P
and the action of /Gal(E;/Fpg) as follows. We equip the discrete set Gx_ (Q)\Gx_ (Af)/Ko(p) with the
Gal(F,/F,q)-action where the arithmetic p-Frobenius o,s acts via multiplication by the central element
B—g/Q € I'®q A; C Gs_ (Ay). Here ]3_-‘7/2 is the idele which is p~9/2 at the p-adic place p and 1 elsewhere.
Then there is a bijection

ko) (G0, ., o e (Fp) = Gs (Q\Gx (Af)/Ko(p)-

compatible with the Galois action.
The action of 6,0 on Sk (Gy, . 1, . )5, (Fp) is defined in the same way. We write ng_ for the order of

ope acting on S (Go, . 1. . )F,, (Fp). It is easily seen to be independent of the choice of a and 7;.
The following proposition is contained in [TX| Proposition 2.32].

Proposition 2.5.1. (1) There is an isomorphism

TK (G180 (rirs) = TLro(0) (Go s, Ta s, F o
of Fpe -varieties.
(2) There is an isomorphism
I 4 (C T D L W 4 { (T D L
of Fps-varieties such that the induced diagram

yKO(F‘) (G@a,ri s Ta,r, )]Fpg

T

N
(G0 1, Ta s, JFpo TG sy T e — TK (G, 10, JF

is identified with the base change to F,e of the Hecke correspondence for S (Gy, . T, )-

3. HECKE ORBIT CONJECTURE

In this section we prove a version of the Hecke orbit conjecture for the ordinary locus of quaternionic
Shimura varieties. The desired result follows from the corresponding statement for the auxiliary unitary
Shimura varieties of PEL-type constructed in the previous section. The result for these Shimura varieties

can then be deduced using the method of [Cha95].
13



3.1. Statement of Hecke orbit conjecture. We keep the notation introduced in §2. We let Shy (Gs 1)
be the integral model for the quaternionic Shimura variety Shg (Gs, ). We will assume in this section that
S C Y so that the compact open subgroup K = K,K? is hyperspecial at p. Since the case of Hilbert
modular varieties has been proved in [Cha95|, we also assume Shx (Gs ), and hence Sh (Gs ), is compact,
or in other words that the quaternion algebra Bg is not totally split. By our assumption on S, Shy(Gs 1)
is not discrete, in other words it does not arise from a weak Shimura datum. For ease of notation we will
write X := YK(G&T)E for the geometric special fiber of Shy (Gs 1).

We also write ShK/(G’S) for the unitary Shimura variety of PEL-type associated to Shx(Ggs ) by the
choice of an imaginary quadratic field E/F and a subset Soo C ¥ g o satisfying the conditions in §2.2. We
similarly write X’ = S (G/g)ﬁp for the geometric special fiber of the integral model Shy. (Gg).

Our formulation of the Hecke orbit conjecture for X’ differs slightly from the statement in [Cha95]; we
need a slightly stronger statement in order to transfer the result to the quaternionic side. More precisely we
will consider the orbit under Hecke correspondences coming from the derived group. We let G/, denote the
derived group of G’g. Since G’g and G have the same derived group, G§ is the reductive group corresponding
to (B)"s='; in particular G/, is simply connected. We write 77, for the quotient of Gg by its derived
group; it is isomorphic to the subtorus NmE}F(Gm) C Tr. We write T, (R)T = Im(Z'(R) — T/, (R)), where
Z' is the center of Gf. We let T (Q)F =T (R) N T/,(Q).

We write v/ : Gg — Ty, for the quotient map. This induces a bijection

(3.1.1) mo(Shir (Gg)) = Top(QN T (Af) /v (K')

where the left hand side is the set of geometric connected components. Since &K,(G’S) is smooth, there is
a bijection
mo(X') = T, (Q) NIy (Ag) /v (K7)
compatible with specialization from . For an element ¢’ on the right hand side, we write X’ < for the
corresponding connected component of X”.
We consider the inverse limit scheme
&K;(Gé) = <_h}r(r}p Shp, K’P(G/S)
which has an action by the group G§(A%). Let z € Shy., (G )(TF.
z. We write Y'?(Z) for the orbit of # under the group G/, ( A%
write Y;/ (%) for the orbit of # under the group G/, (Q;).

) = X'(F,) and & € Shy, (G4)(F,) a lift of

P
). Similarly, for ! a prime coprime to p, we

Definition 3.1.1. The reduced prime-to-p Hecke orbit Y'?(z) of z is defined to be the image of Y'?(Z) in
X’. Similarly the reduced I-power Hecke orbit Y/ () is defined to be the image of Y/ (#) in X’. We write
Z'P(z) and Z/(x) for the closures of Y'?(z) and Y/ (z) respectively.

It is clear from the definition that Y'?(x) and Y} (x) are independent of the choice of Z and that Y} (x) C
Y'P(x). When we consider Y} (x) we will also assume K’ factors as K] K", where K| € G5(Qi) and K" C
G (Al ) are compact open subgroups.

By the main result of [Haml5|, there is a stratification of X’ parametrized by the set B(Gg 50, Aul)
where {p} is the Hodge cocharacter associated to the Shimura datum. This is a certain subset of the set
of o-conjugacy classes of G' (L), where L is the completion of the maximal unramified extension of Q,; we
refer to §A.2| for the deﬁnltlon The set B(G’S 0, {1}) is equipped with a partial order. It contains a unique
maximal element [b]°*d and a unique minimal element [b]*5. We write X’°*d and X’ for the corresponding

strata.
14



Remark 3.1.2. In the literature, X’°'4 is usually known as the p-ordinary locus. The stratum X% coincides

with the locus where the universal abelian variety is supersingular.
The main result of this section is the following.
Theorem 3.1.3. Let ¢ € T/, (Q)\T/,(A;)/v'(K'). Then for any = € X' N X""YF,) we have
7P (x) = X7

Remark 3.1.4. (1) The inclusion Z"(x) C X' is clear since G}, = ker /.

(2) Since G(A%) acts transitively on the set of connected components of Sh, (G%) (see for example
[Kis10, Lemma 2.2.5]), this Theorem implies the prime-to-p Hecke orbit of any z € X"°*4(F,,) is Zariski dense
in X’. Here the prime-to-p Hecke orbit is defined by replacing the Gger(A]Jf)—orbit with the G’S (A];)—orbit in
the definition of Y'(Z).

The rest of this section is devoted to the proof of this Theorem. We briefly outline the strategy following
[Cha95]. The first step is to analyze the formal completion Z'P(x) of Z'P(z) at a smooth ordinary point.
The stability of Z'?(x) under Hecke correspondences constrains the possibilities for this formal completion.
Indeed, using Moonen’s generalization of the Serre-Tate coordinates [Moo04] in this context, one can show
that the formal completion of X’ at an ordinary point has a formal group structure; then VA (x) is actually
a formal subgroup. The second step is to show that Z'P(x) contains a supersingular point; this uses the
quasi-affineness of the Ekedahl-Oort stratification on X’ proved in [VWI13|. Finally we analyze the formal
completion of Z'P(x) at a supersingular point s € X’ N Z'P(x); we use the fact that s is the specialization
of an ordinary point z’ and that A, has a large endomorphism group to show that the formal completion of
Z'P(x) at 2’ is the whole formal neighborhood in &X”. This implies the result.

A key ingredient of the proof of the Hecke orbit conjecture for Hilbert modular varieties in [Cha95] was an
explicit description of the structure of isogeny classes associated to an abelian variety with extra structure.
This required an understanding of the endomorphism algebra of these abelian varieties, see [Cha95l Lemma
6]. We will instead use a group theoretic approach using results of [Kis17] which avoids some of the case-by-
case analysis of loc. cit.

Let k be an algebraically closed field of characteristic p. Let x € X’ (k) and (A,, ¢, A, ex») the associated
quadruple. We write I, for the reductive group over Q such that I,(Q) := AUt(()oDS, » (Az) the group of
quasi-isogenies of A, respecting the Opg-structure and preserving the polarization A up to a scalar in Q*.
We would like to apply the results of [Kis17, §2] to our situation. Suppose that z € X’(F,). We write X
for the group denoted I in [KisI7, §2.1]. Then it is easy to see that 1K = I ; indeed in [Kis17] we may take
the tensors s, € Wgﬁp) to be the classes corresponding to the endomorphisms and polarization. Then the
condition defining I in [KisI7, §2.1] precisely corresponds to the condition defining I,.

By [Kis17, Corollary 2.3.5], there is a subgroup Iy C G’S equipped with an inner twisting Io®oQ = I, ®¢Q.
The map v : G, — Ty, determines a map v}, : I, — T}, and we let I; C I, denote the kernel of v.. For all
primes [ # p, there is a natural map I,.(Q) — G’S((@l) given by the action on the l-adic Tate-module. The
following proposition can be deduced in a standard way as in [Cha95l p448].

Proposition 3.1.5. Suppose x € X'(F,). There are bijections

Y'P(z) = 1,(Q) N K \Ge, (A K /K™

Y/ (2) 2 (1;(Q) N K")\Gher(Qu) K] /K-
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Proof. Let & € &K;(G’é)(]ﬂ,) be a lift of 2. Then by the argument of [Cha95 p448|, the stabilizer of Z
in G5 (A%) is identified with ,(Q) N K}, and hence the G%(A%)-orbit of # can be identified with I,.(Q) N
K \GE(AY), cf. also [KisIT, Proposition 2.1.3]. Since Gf,,(A}) N L:(Q) = I;(Q), the G}, (A%})-orbit of 7 is
identified with I1(Q) N K, \G,(A%) and the description of Y'?(z) follows by taking the image in A”. The

description of Y} (x) is proved in a similar way. |

3.2. Serre—Tate theory following [Moo04] and analysis at ordinary points. In this subsection we
study the formal neighbourhood of a point in X’°*4. We begin with some preliminaries concerning p-divisible
groups with an action of the ring of integers O of a finite unramified extension of QQ,. Recall we have the
integral PEL-datum (Opg C Dg,*, A C W, ¢); we write D for the base change of this datum to Z,,.

Definition 3.2.1. Let S be a Og, _-scheme. A p-divisible group with D-structure is a triple (¢, A, ) where:
e ¢ is a p-divisible group over S of height dim W.
o 1 : Opg p — End(¥) is a homomorphism satisfying

(3.2.1) det(T — v(a)|Lie(¥/S)) = H (T — 7(a))?".

TEXE, 00

e \: ¥ — ¥V is a polarization such that

It is easy to see that for any x € &/K(G’S)(S), the associated p-divisible group A, [p™] is a p-divisible
group with D-structure.
Suppose p factors as p;...p, in F'; we have a decomposition F ® Q, = F,, x --- x F, . This induces a

decomposition
Dsp = Dgp, X--- X Dsp,.

The datum D decomposes as a product of data D; := (ODS,M C Dgp,, %, A; C Wi, 1;,), where W; is the
subspace of W ® Q, on which Dg, acts via Dgp, and 1; and * are the restrictions of ¢ ® Q, and * to
W;. Similarly to Definition we may define the notion of p-divisible group D;-structure. By Corollary
[Ham15, Corollary 4.5 (1)], there is an equivalence of categories

(3.2.2) {p-divisible groups with D-structure} = H{p—divisible groups with D;-structure}

3

which takes isogenies to isogenies. Moreover this equivalence gives a decomposition

ga: = f]lzgw,z

for ¢4, a p-divisible group with D-structure. The %, ; are equipped with polarizations A; and Opy p,-actions
and the isomorphism identifies A with the product polarization and ¢ with the product of the actions of

ODSJ%"

For any = € X'(F,), we write J, for the group of automorphism of ¢, in the isogeny category preserving

the Opg ,-action and the polarization up to a Q scalar. Then J, is a reductive group over Q, which is an
!

S.Qp
definition of I}, the map G’g — Tap induces a natural map J, — Tap @, and we write J! for its kernel. The

inner form of a Levi subgroup of G and there is a natural embedding I, ® Q, — J,. Similarly to the
J! breaks up into a product Jiz corresponding to the decomposition 4, = [[/_, %,.;.
Now suppose k is an algebraically closed field of characteristic p and z € X"*(k). We write U, for the

formal neighborhood of X’ at the point x. By the Serre-Tate theorem, U, is identified with the characteristic
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p deformation space of A, [p*]; see [Ham15l Proposition 2.9] for example. In other words, let Defy, be the

functor on local Artinian rings R/k with residue field & satisfying:
Defy, A(R) = {(g, A, )/ R a p-divisible group with D-structure, 6 : G opk gx} /~.

Here 6 is an isomorphism of p-divisible groups with D structure (i.e. preserves actions and polarizations)
and ~ is the equivalence relation identifying isomorphic p-divisible groups with D-structure. Then Defeg,
is representable by a formal scheme Spf R, and Spf R = ﬁm The equivalence of categories implies
that there is an isomorphism

Defy, » = [ [ Defy, 2,
i=1
where Defg, , », is the deformation space of the p-divisible group ¥, ; with D;-structure
(3.2.3) Defg, , x(R) = {(gl, i, t;)/ R a p-divisible group with D;-structure, 6; : G @pk = %M-} / ~.

Theorem 3.2.2 ([Moo04, Theorem p226, Example 3.3.2]). Fori=1,...,r, Defy

T,i

; 18 a formal p-divisible
group. Hence Defy, y is a formal p-divisible group.

The results in [Moo04] in fact give an explicit description of the group structure of these deformation
spaces which we now recall. To do this we introduce some notations. Let O be an unramified extension of
Z,, of degree g; see @ Recall a p-divisible group with O-structure over a scheme S is a p-divisible group
% /S together with homomorphism of Z,-algebras ¢ : O — Endg(¥). The O-height htp(¥) of ¢ satisfies

ghto(¥4) = ht(9).

We identify the set of embeddings O — W (k) with .# := {1,...,¢} so that o(m) = m + 1. Let d be an
integer and f: # — {0,...,d}. For m € & we let M, be a W (k)-module of rank d with basis (e, n)n=1,....d-
We equip M,, with a Frobenius ¢ given by
(3.2.4) @(em,n) _ Em+1,n if n <d—f§(m) )

Pemiin i n>d—f(m)
This gives M the structure of a Dieudonné module and hence corresponds to a p-divisible group ¢(d, f). The
action of O on M given by letting O act on M, via the embedding m induces an action of O on 4(d,f).
Then ¥(d,§) is a p-divisible group with O-structure of O-height d.

Let i € {1,...,r} and O" := Op, ; we write g := [F},, : Qp]. By Morita equivalence, there exists a
polarized p-divisible group (4°, A\°) with O’-structure of O’-height 2 such that (¢°)? = %, ;. The polarization
A° induces an involution x on O’. Then (O, *) is one of the following two forms, see [Moo04, 3.1.2]:

Case (AL): p; is splits as ¢;q; in E and 0" = W(F,e) x W(F,s), where the involution x is given by
(a,b) — (b,a).

Case (AU): p is inert in E and O’ = W(F,2¢). The involution * is given by the p?-Frobenius.

In the case (AL), we write O = Op, = W(Fys) and there is a p-divisible group ¢’ with O-structure of
O-height 2 such that ¥° = ¥’ x 4"V, We identify the set of embeddings O — W (k) with .# := {1,..., g}
as above, and we also identify this with ¥g o /q,. Then &’ = %(2,5) where 5 : & — {0, 1,2} is defined by
s(m) = sy,; here sy, is the number defined in (A.3).

We define a function ? : .# — {0, 1} by setting

1 ifs,=1
o(m) = )
0 otherwise
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Then by [Moo04, Theorem p4] there is an isomorphism
Defy, , ), = Defy = 9(1,0)"",

where we write ¢ (1,0)%" for the formal group associated to ¢(1,9) and the space Defg: is the deformation
space of the p-divisible group with O-structure (without polarization). The first isomorphism here is via
[Ham15, Corollary 4.5 (2) I]. Then Defy, , is a p-divisible group with O-structure of O-height 1.

In the case (AU), we write O := Op,, = W(Fps); recall 0" := Op, = W(F,2). Then ¥° = ¥4(2,5)
where s : {1,...,29} — {0,1,2} is defined by s(m) = s,, as above. Here we have identified {1,...,2g}
with ¥ o /p,. There exists a p-divisible group with O’-structure ¢’ of O’-height 1 and an isomorphism
@° = @' x 4'V. The polarization A\° on ¥° switches the two factors.

We define a p-divisible group G =9 (1,9) with O’-structure where 0 is defined by

1 ifs, =1

o(m) =
0 otherwise

as above. In this case, the polarization \° induces an endomorphism of ¢; then there is an isomorphism
Defy, , , = Defgo yo 2 (92°)Fr,

In this case the deformation space Defg, . 5, is no longer stable under the action of ('. However it is stable

under O and indeed it is a p-divisible group with O-structure of O-height 1.

Using the definition of slopes for a p-divisible group with O-structure as in [Moo04l, §1.2.5], it is easily
checked that ¢’ in case (AL) and ¢° in case (AU) has one slope if X /p, — Soo/p, = 0 and two slopes
otherwise. More we have that Defg, ; x, has dimension |X./,, — Soo/p,| in both cases (AL) and (AU); in
particular Defy, | », is trivial if X /p, — Soo/p, = 0.

We also need a description of the endomorphism algebra of ¢, ; and its action on the deformation space.
Fori € {1,...,r}, we write J, ; := Aut(or xe)(¥; ;) for the group of automorphisms of 4, ; respecting the O’
action and polarization. The group J, ; acts on Defy, , via modification of the isomorphism 6¢; in .

In case (AL), J, ; can be identified with the group of automorphisms of ¢’ respecting the O F,,-structure.
If ¥’ has one slope, in other words if s,, # 1 for any m € ¥g /q,, then J,; =2 M3(Oy,). In this case the
deformation space is trivial and J, ; acts trivially on Defy, , »,. If ¢’ has more than one slope, which occurs
if Soo/p, 7 Loo/p,s then Jo; = (O;pi)Z. In this case J,; acts on Defy, , », via (a,b) — t(ab™'); here ¢ gives
the Op, -structure on Defy, ..

In case (AU), if 4° has one slope, then J.; is identified with the subgroup in GLQ((’)EM) preserving

0 1
the Hermitian form given by the matrix ( ) 0). In this case the deformation space is trivial and J, ;

acts trivially on Defy, ,. If ¢° has two slopes, J, ; is identified with ngi. Then J.; acts on Defy, , via
a— «(Nmg, /F, (a)). ’

It follows from these descriptions that Defy, » is equipped with an action of (O ® Zy,)*.

Now assume 2’ € X"°"4(F,). We let x € Z'P(2’)(F,) be an ordinary point which lies in the smooth locus of
Z'P(z') and we write Z/?(z') C Defy, for the formal completion of Z’?(z') at z. The analysis of the actions

of J;; on Defg, , leads to the following proposition.
Proposition 3.2.3. Z/7(z') C Defy, is stable under the action of an open subgroup of (Op @ Zy)*™.

Proof. Recall we have the groups J, and J! defined above. Let T' C I, denote a maximal torus and T its
intersection with I'. By [Kisl7, Corollary 2.1.7], I, and J, have the same rank, and hence I! and J! have

the same rank. It follows that Tj is a maximal torus of J.
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Now T"(Qj) breaks up into a product [];_, 7;(Q,) where T;(Q,) C J; ;. Let i € {1,...,r} be an element
such that ¢, ; in case (AL) (resp. %;, in case (AU)) has more than one slope. It can be checked in the two
cases there is the following description of T} (Q,):

Case (AL): T}Q,) C Aut%(%;,i) >~ (F,%)? is the subgroup of elements of the form (a,b) with ab = 1.
Here Sﬁﬂ- is as in the discussion above and Aut% (%;l) is the group of automorphisms in the isogeny category
preserving the O-action.

Case (AU): THQ,) C Aut%,7/\o (97 ,) = E; is the subgroup consisting of elements a € By with aa™' = 1.
Here Aut%,7 xo (9, ;) denotes the group of automorphisms in the isogeny category preserving the O0'-actions
and the polarization.

By weak approximation for T, see [San8&1l, Corollary 3.5], T*(Q) N J, is dense in T*(Q,) N J,. Since the
action of TH(Q) N J, on Defy, \ preserves 2”’(&:’) so does the action of T1(Q,) N J,. By the description of
T'(Q,) in the previous paragraph, the action of 7(Q,) N J! on the deformation space can be described in
the following way. We assume i € {1,...,r} is such that ¢, has two slopes. Then in either case (AU) or
(AL), THQp) NIy = O;w acts on Defy

©,i»

A; via @ — t(a?). Since the image of a — a? in (’)Ifﬂpv is open, this

proves the proposition.
(Il

We may relabel the primes p; so that ¢, ; in case (AL) (resp. ¥, in case (AU)) has two slopes for
i=1,...,a and one slope for i = a + 1,...,r. Then Defg, , \, is non-trivial for i = 1,...,a and trivial for

i=a+1,...,7r, and we have an isomorphism:

a
Defy, » = H Deffﬁ,i,&' .
i=1

Corollary 3.2.4. There exists a subset w C {1,...,a} such that
Zg)(f[:/) = HDefgz,h)\i‘
i€w
Proof. By [Cha08, Proposition 4.2], Z/?(2') is a formal p-divisible subgroup of Defy, , »,. Indeed it can be
checked from the explicit description of the action of T!(Q,) N J, on Defy, that the conditions stated in

[Chal8, Proposition 4.2] are satisfied. By Proposition 2;” (2') is a formal p-divisible subgroup stable
under the action of an open subgroup of (Or ® Z,)*. The only such subgroups are the ones described. O

This Proposition can be globalized to the following. Recall the tangent sheaf Ty is equipped with an
action of O ® Z, by Proposition We write Tx/(p;) for the subspace of T on which Op ® Z,, acts
via the projection to Op, . The next corollary follows immediately from and faithfully flat descent.

Corollary 3.2.5. Let W be an irreducible component of the smooth locus Z'P(x")*™ of Z'P(z'). Then there
exists a subset w C {1,...,a} such that the tangent sheaf Tw of W is given by

B T (p:) @6, Ow C Tx @0, Ow.

€W
3.3. Proof of the main Theorem. Recall for z € X’/(F,), Y?(x) and Y;(x) are the reduced prime-to-p
and [-power Hecke orbits respectively, and Z'7(z) and Z/(x) are their respective closures.

Proposition 3.3.1. Z](z) N X" £ (.

Proof. Since X" is proper over F,, Z/(z) is proper. By the main Theorem of [VWI3], there is a stratification

on X’ whose strata are quasi-affine and stable under prime-to-p Hecke correspondences. The strata X, are
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parametrized by a certain subset YW of the Weyl group W of Glg- The closure relations are given by a
partial ordering on V.

We let w € W be a minimal element for this partial order such that X! N Z](z) # 0. Then X, N Z/(x) is
closed in &’ by the minimality of w and the properness of Z](x), hence X,NZ](z) is proper. Since X,,NZ](z)
is also quasi-affine, it follows that X;,NZ;(z) is O-dimensional. By Lemma[3.3.2below, X;,NZ/(z) C X" # 0.

(Il

Lemma 3.3.2. Let Y C X’ be a 0-dimensional subscheme of X' which is stable under reduced l-power Hecke
correspondences. Then'Y C X',

Conversely if x € X'(F,), then Y?(x) is finite and hence Z'P(z) is 0-dimensional.

Proof. First assume z € X*(F,). Then I, ® Q = G’g ® Q for all I # p by [XZ, 7.2.14] and hence
Il ®Q = G, ® Q. Therefore Y?(x) = I1(Q) N K;\Gger(A?)K’P/K’p is finite by the finiteness of class
groups.

Now we assume Y is finite and z € Y; then Y;(z) is finite. It follows that I}(Q;)\G/.,(Q;) is compact.
The same argument as in [Kis17, Corollary 2.1.7] shows that

LG, oW
and hence

LeoQ=GeQ
since I, and G’S have the same ranks by [Kisl17, Corollary 2.1.7]. But I, ® Q) is a subgroup of J, which
is an inner form of a Levi subgroup of G’g ® Q. Since I, and G’g have the same dimension, J, is an inner

form of G’g. Therefore the Newton cocharacter defined as in is central and hence x is a supersingular
point. ([l

We will need the following two results on the structure of I! for supersingular points.

Proposition 3.3.3. Suppose x € X'*5(F),).
(1) The natural map I} ®q Q, — J1 is an isomorphism.

(2) I} is an inner form of Gly,,. In particular I} is simply connected.

Proof. By |[XZ, Lemma 7.2.14] I, is an inner form of G and I, ® Q, — J, is an isomorphism. Therefore I}
is an inner form of G, and I! ® Q, — J! is an isomorphism.
O

We can now complete the proof of the main Theorem.

Proof of Theorem[3.1.3 We proceed as in [Cha95} Proposition 7]; we will assume Z'7(z) is not equal to X'
and deduce a contradication. By Proposition Z'P(z) contains a supersingular point s € X’*5(F,). We
write Z'P(z) for the completion of ZP(z) at the point s.

Let A; be the abelian variety with O p-multiplication associated to s. The corresponding p-divisible group
(s, A\, t) with D-structure breaks up into a product 4, 1 x --- x ¥, , of p-divisible groups with D;-structure

and there is a decomposition of the deformation space
Defgs))\ = Defgﬁ,h,\1 X -+ X Defgs‘m,\r.
We write Jg for the group of automorphisms of %, respecting the Opg action and polarization, and J! its

intersection with J1. Then J! is a compact open subgroup of J} and there is a product decomposition

T
1~ 1
=]
=1
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Since I} is simply connected and I! ®@g Q, = J! by Proposition 3} the weak approximation theorem
implies that I'(Q) N J! is dense in J.. Since I}(Q) N J! preserves the subspace Z/P(z) C Defg, », it is
preserved by the group J!.

There exists an irreducible component W of the smooth locus of Z'?(z) such that s lies in the closure of
W. By Proposition the tangent sheaf Ty is equal to a product

P T (vi) ®6,, Ow
icw
where w C {1,...,a} is a proper subset since we assumed Z'P(z) # X<, We fix a choice of j € {1,...,a}—w.

Let £ : Spec k[[t]] — Defg, » be a formal curve which generically lies in W and with special fiber s, and
we write & : Spec k[[t]] — Defy, , x, for the p;-component of the map . We write 7 for the generic fiber of
&; then 7 is an ordinary point. It follows that J}! ,.; is a torus by the description in Therefore, there
exist elements u( " oe] s,; such that u § # £ but ( (n )5) is congruent to & modulo arbltrarily high powers
of t as n — oo. For i # j, the p;-component of ug )f is equal to &;. This implies that the tangent space to

W at the point 7 : Spec k((t)) — W contains non-zero p;-component, which is a contradiction. a
We may use this to deduce the following corollary
Corollary 3.3.4. Let z € X' N X""YF,). Then Zj(zx) = X'

Proof. By Theorem it suffices to show that Zj(z) is stable under reduced prime-to-p Hecke correspon-
dences; we use the same argument as in [Cha95l Theorem 1].

By Proposition Z](z) contains a supersingular point s € X%(F,). Since I! is simply connected, the
strong approximation theorem implies I}(Q)I1(Q;) is dense in Il(Ap) ter (A}); in particular IHQ)NK"
is dense in K7, Since I}(Q) N K" is contained in the stabilizer of Z](x) at s, the completion Zl’g(x) at s is
stable under the action of K.

Now strong approximation also implies that Y'?(s) C Y/(s) by the description of the isogeny classes in
Proposition For any reduced prime-to-p Hecke correspondence v we write v(Z](x)) for the image of
Z|(x) under the Hecke correspondence . Then the formal completion of Z](x)U~(Z](z)) at any supersingular
point is equal to the formal completion of Z](z). It follows that Z/(z) Uy(Z](x)) is equal to Z](x) UW where
W is a closed subscheme of X’ stable under reduced I-power Hecke correspondences and which does not

contain supersingular points. This is a contradiction to Proposition [3.3.1]
|

3.4. The result in the quaternionic case. We now explain how Theorem may be used to deduce the
Hecke-orbit conjecture for quaternionic Shimura varieties. The open subscheme X’°™ transfers to an open
subscheme X4 of X, see for example [SZEI We write Gge, for the derived group of G§. Then Gger = G,

For x € X(F,), we may define the reduced prime-to-p Hecke orbit Y?(x) and reduced l-power Hecke
orbit ¥;(z) in the same way as for ’. Namely, we let & denote a lift of  to Shy (Gs,1)(Fp) and we write
YP(z) (resp. Yi(x)) for the Gaer(A%)-orbit (resp Gaer(Q)-orbit) of #. Then YP(x) (resp. Yi(z)) is defined
to be the image of YP(z) (resp. Y;(z)) in X. We write ZP(z) and Z;(z) for the closures of Y?(x) and Y;(x)
respectively.

Recall vg : Gs — T denotes the reduced norm. Then vg induces an isomorphism
mo(X) = Tp(Q)\Tr(Ay)/vs(K)

2It is not a priori clear that the definitions of ordinary locus is independent of the choice of auxiliary PEL data. For the
applications, it is not necessary to know this.
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where Tr(Q)' is defined as in For ¢ in the right hand side we write X' for the corresonding connected
component

Let [ be a prime coprime to p. The following result follows immediately from Theorem [3.1.3] by using the
fact that the unitary Shimura variety and quaternionic Shimura variety have isomorphic geometric connected

components (upon taking the inverse limit over the prime-to-p level) and the fact that G/, = Gaer-

Theorem 3.4.1. Let ¢ € Tr(Q)\Tr(A;)/vs(K) and x € XN X°"4(F,). Then
(1) ZP(x) = X°.
(2) Z)(x) = X°.

Remark 3.4.2. As in Remark [3.1.4] one can use this to deduce that the prime-to-p Hecke orbit of an ordinary

point is dense in X.

4. THARA’S LEMMA FOR SHIMURA SURFACES

In this section we prove a version of Ihara’s lemma for certain quaternionic Shimura surfaces. The

argument combines the arguments of [Dim09)] and [DT94].

4.1. Statement of Thara’s Lemma. Let IT be an irreducible cuspidal automorphic representation of
GLy(Af) of parallel weight 2 defined over a number field E. We write Og for the ring of integers of E
and k) for the residue field of Og at a prime A. Let R be a finite set of places of ' away from which II is
unramified and K is hyperspecial; in particular R contains the ramification set of B . Let Tg denote the
(abstract) Hecke algebra away from R; i.e. the polynomial ring over Z generated by Ty, Sq where q is a prime

away from R. The representation II determines a homomorphism
o : Tr — Og
via the Hecke eigenvalue of II. For every prime A of E there is an attached Galois representation
pry : Gal(F/F) — GLy(Ox, )

unramified outside of R U R where R is the set of primes of F' having the same residue characteristic as A.
It is characterized by the property that for g ¢ R U Ry, the characteristic polynomial of Frob, is given by

X? — ¢x(Tq) X + Nmpq(q)di (Sq)-

We write pyy , for the reduction of pyx mod A.

We now assume p is a prime which is inert in F' and we let p denote the unique prime of F' above p. Let
m :=myx C Tryyp} denote the preimage of the ideal (A\) C Og under the map qbgu{p}; it is a maximal ideal
of Trygpy. For any Tryup-module M, we write My, for the localization of M at the ideal m. We introduce

the following assumptions:

Assumption 4.1.1. Let [ be the underlying prime of .

(1) lis coprime to R, disc(£"), and the cardinality of F*\AL . /A (NI, where we consider Ay ; := F®gAy
as the center of B ®g Ay.

(2)1>g+2.

(3) The representation pry , satisfies the condition LIpap, , in [Dim05, Proposition 0.1].

(4) B splits at all places above [ and the compact open subgroup K factors as K = K, K" where K; C

GLy(Qy) is a hyperspecial subgroup.
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Proposition 4.1.2. Suppose Assumption[].1.1]is satisfied. Then
(1) B (Shg (Gs 1), Opy Jm = 0 unless j = gs := [Zoo — 9|
(2) H% (Shi (Gs,1)g: Ok, )m is a free Og, -module.

Proof. The case of Hilbert modular varieties is proved in [Dim09, Theorem 6.6]. We thus assume Shg (Gs 1)
is compact.

For (1), it suffices to show that HY (Shi (Gs,1)g:kxa)/m =0 for j =0,...,gs — 1 by Nakayama’s Lemma
and Poincaré duality. We let F' denote the Galois closure of F' and Gy its absolute Galois group. For
any irreducible representation 7’ of Gz which appears as a subquotient of Hj(ShK(GS,T)@, kx)/m, the same
argument as in [Liuar, Theorem 3.21] shows that gs appears as a Fontaine-Laffaille weight of p’; note here
we need to use Assumption (2) in order to apply this theory. By Assumption (4), Shi (Gs )F,),
admits a proper smooth model over W (IF;»), where h is the residue degree of a prime in F' above {. There-
fore, by Faltings’” Comparison Theorem [Fal89], we know that gs cannot be a Fontaine-Laffaille weight for
HI (Shg (Gs1)g, ka)/m, j < gs. This proves (1).

For (2) the proof is the same as [Dim05, Theorem 6.6]. O

For the rest of this section we make the following assumption.
Assumption 4.1.3. |, — S| =2 and Bg # GLo(F).

In particular this condition implies that the associated Shimura varieties are compact. We write X, —S =
{71, 72} (note we do not use the convention in so that o(71) is not necessarily equal to 72). The main

theorem of this section is the following.

Theorem 4.1.4. Under Assumptions and[{.1.3, the map
71'1< + W; : HQ(ShK(GsyT)@, k)\)?n — HQ(ShKO(p)(G&T)@, k?,\)m
18 injective.

Remark 4.1.5. In the case of Hilbert modular varieties, this theorem was proved by Dimitrov [Dim09]. In

the case of Shimura curves over Q, it is due to Diamond and Taylor.

We outline the strategy for the proof of this Theorem. Following the idea of Diamond-Taylor, we use
Faltings’ comparison theorem [Fal89] to reduce to proving the injectivity of a certain map between global
sections of line bundles over the mod [ reduction of the Shimura surface (Proposition . The property
that such a global section lies in the kernel of the map implies that the divisor corresponding to this
section is stable under certain Hecke correspondences. The Hecke orbit conjecture proved in the previous
section shows that this divisor (if non-trivial) must be supported on the complement of the ordinary locus.
We then compute the intersection pairing of this divisor with certain Goren—Oort divisors to deduce a

contradiction.

4.2. Intersection numbers. In this section we compute the intersection numbers of certain cycles on the
special fiber of quaternionic Shimura surfaces. Recall we have assumed [ is a prime which is unramified in F’
and such that K is hyperspecial at [; in other words that K = K;K' where K; C Gs(Q;) = GL(F ®g Q)
is hyperspecial. In this subsection we need to consider the mod [ reductions of the quaternionic Shimura
varieties constructed in section Fix an isomorphism ¢; : @l = C we identify Yoo with ¥;. We let X
denote the integral model of Shi (Gs ) over OEg,f where [ is the prime of Eg induced by ¢;; we may use

the construction in §2) upon replacing p by . In this section we will only need to consider geometric special
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fibers, so we do not need to keep track of the fields of definitions as in In particular, the subset T will
not play a role. We write &; for the special fiber of X; over F;.

For a choice of auxiliary PEL data, the Newton stratification on the corresponding unitary Shimura variety
defines a stratification on Xj, see We write Xlord for the ordinary locus of X; and we write Xln_ord for
the complement of Xl‘”d in X;. We would like to understand the intersection numbers of certain cycles
supported on Xlnford. This is possible since in the case of surfaces, we may give an explicit description of the
non-ordinary locus in terms of Goren—QOort cycles. The relationship with Goren—Oort strata follows easily
from an examination of the Dieudonné modules of the universal p-divisible group over the unitary Shimura
variety. Since the calculations are completely analogous to the case of Hilbert modular varieties (see for
example [Sta97| and [LT] for some cases of totally indefinite quaternion algebras), we omit the computations
and just give the statements. We consider the two following cases separately:

Case (1): There exists a prime [ above [ such that 7,7, € ¥y/o.

Case (2): There exists distinct primes [1, [z above I such that 7, € Xy, /oo and 72 € X, /o

We first consider Case (1). Then we have

AP 2 AP = X U X,

where &) -, and A} ;, are the Goren—Oort divisors over F; corresponding to 71,7 € Yoo — Seo. Here APS is

defined as in
By Proposition X, -, and X, ;, are P'-bundles over the discrete Shimura set

Gs (Q\Gs, (Af)/K

and by [TX| Proposition 2.32 (3)] there is an isomorphism

Xy N Xy = G (Q\Gs, (Ay)/Ko(l)

where Ky([) C K denotes the compact open which agrees with K away from [ and with Iwahori level
structure at . Here we consider these finite sets as discrete schemes over F;. We write s;(K) for the
cardinality of Gx_ (Q)\Gx_ (Af)/K and s;(Ko(l)) for the cardinality of Gs_ (Q)\Gs_ (As)/Ko(l). Then
s1(K) and s;(Ko(l)) are related by the equality

si(Ko(D) = (19" + 1)s1(K)

where g; = [F : Q).
By [TX| Theorem 4.3E| the intersection matrix of &; -, and A] ,, considered as divisors on &; is given by

(—%sl(K) (Ko (0) >SZ<K> (‘2”’“ ml)

si(Ko(l))  —20"m=g(K) r+1 —2i"

We write w;, (resp. wg,) for the line bundle on A; defined in corresponding to a choice of lift 73
(resp, 7c) in See. Since X, (resp. Aj,,) is the vanishing locus of a section of (wy,)"" ™ ® (ws,) ™" (resp.

(W)™ ® (wry)~"), applying a change of basis matrix we compute the intersection matrix of w,, and wy,

to be:
0 si(K)
SZ(K) 0

3In |TX], there is a running assumption that the prime p (! in our setting) is inert in F'. This is required for the cohomological
results to hold. However it is easily checked that the computation of the intersection pairing, which is purely geometric, holds
if the prime is only assumed unramified.
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Now we consider Case (2). In this case we have the two Goren—Oort divisors X ,, and X} ., and
X0 = X U X,

By Theorem m, X+, and A} ., are isomorphic to yK(Gs,I,T,I )Fz and yK(GSTz,TW )E respectively;

these are the special fibers of certain Shimura curves. Moreover, by [IX16, Theorem 5.2|, X} ,, and A} -,

intersect transversally and there is an identification of &; -, N &} -, with the discrete Shimura set

GSU{Tl,Tz,[h[z}(Q)\GSU{ThTz,[l,[z}(Af)/KIh[z = Gzoou{h,lz}(Q)\GZU{[h[z}(Af)/K[h[z

where K\, [, is the compact open which agrees with K away from [; and [l and is the unique maximal
compact at the places [; and . We write s;(K, 1,) for the cardinality of this finite set. It follows that the
intersection number X . X} -, is equal to s;(K, 1, ).
For a projective scheme S of dimension d over a field k and F a coherent sheaf on S, we write
d

Xs(F) =Y (1) dimy, H'(S, F)

i=0
for the Euler characteristic of . We write xg(0) for the Euler characteristic of the structure sheaf.
Proposition 4.2.1.
(4.2.1) (" = Dxa,,, (0) = ("2 = D)xa, ,, (0) = si1(Ky,,1,)
Proof. The proof is the same as [DT94, Lemma 6]. O

Let Kcan denote the canonical bundle on Aj. Since &), (resp. A} .,) is the vanishing locus of a section

of (wr,)" ™ =1 (resp. (wr,)!" 1)

2XXl,7-1 (O) = Xl,Tl‘(Xl,Tl + Kcan)

= ()" (@) (w)?)

. 2
= (wn)l ! 1. ((wn)l 1+1) + msl(K[hlz)

where for the second equality we have used Corollary Thus it follows by (4.2.1]) and the fact that { > 4
that w,, .w;, =0, and hence &} -, . X} ;, = 0. Similarly we have X ,,.&; -, = 0.

, it follows by the adjunction formula that

In summary, the intersection matrix of &; ., , & -, is given by

0 SZ(K[M[Z)
sl(K[11[2) 0
and the intersection matrix of wy, wy, is

1 O Sl(Kll,lz)
(lnrl - 1)(lnT2 - 1) Sl(K[h[Z) 0 .

4.3. Connected components. We will need a variant of the above computations for the connected com-

ponents of Aj; this is due to the fact that we will need to apply the strong approximation theorem in the
proof of Proposition and this only holds for the derived group of Gg. Recall vg : Gy — Tx denotes the

reduced norm and this induces an isomorphism

(4.3.1) 70(X) 2 Tr(Q)N\Tr(Ay) /vs(K).
We write Clg(K) for the right hand side. For an element ¢ € Clp(K), we write & for the connected

c

component of X corresponding to ¢. We also write wy ,

wy, for the restriction of the lines bundles w;, , wr,
to A". We would like to obtain the intersection matrix of the line bundles wy ,wy, on Af.

T1?
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There are maps between the Shimura sets

(4.3.2) Gr. (Q\Gx. (Af)/K = Tr(QNTr(Af)/vs (K), in Case (1).

(4.33)  Gs_ 06 @\Gs oy (Ap) /Ky, = Te(QN\Tr(Af) /vs_u(n 61 (K1), in Case (2).

In each of the equations (4.3.1)), (4.3.2) and (4.3.3), Tr(Q)' is identified with the set of totally positive
elements in F' and the images of K and K, r, under the various reduced norms are all identified, therefore we
may identify the right hand sides of (4.3.2]) and (4.3.3) with Clg(K). We thus write (Gx__ (Q)\Gs_ (Af)/K)*

(resp. (G ufi,1,} (Q\Gsu, 3y (Af)/ Ky 1,)¢) for the preimage of ¢ under (4.3.2)) (resp. (4.3.3))), and we
write s;(K)¢ (resp si(Ky, 1,)¢) for its cardinality.

Suppose we are in Case (1). For i = 1,2, we have an identification of the irreducible components of &; .,
with Gx_ (Q)\Gx_(Ay)/K. We may choose this identification compatibly with (£.3.1). In other words, if
we denote by &) the union of irreducible components of &) ;, corresponding to (Gs_ (Q)\Gs . (Af)/K),
then X, =X, &S fori=1,2.

Proposition 4.3.1. In Case (1), the intersection matriz of wi ,ws is given by

Proof. Using the fact that A, N A = A and [IX| Theorem 4.3|, we find that in Case (1) the intersection
matrix of &} -, &} -, is given by
YL TR |
(K¢ ( L ) .
19041 —2["

Applying a change of basis matrix gives the desired result. ]

Now suppose we are in Case (2). For i = 1,2 we may identify
mo(X.r,) = Clp(K)

compatibly with the identification 7o (A7) = Clp(K). In other words if we write Ay, for the component of
X7, corresponding to ¢, we have X = X NA ., fori=1,2.
Applying the argument of [DT94, Lemma 6] to each connected component we obtain the following.

Proposition 4.3.2. In Case (2), there is an equality
(" = Dxag, (0) = ("2 = Dxag_ (0) = si(K7, 1)

¢ ,ws as in the previous subsection.

T1) T2

We can use this to compute the intersection matrix of w

c ¢
Tl7w7'2

1 0 Sl(-K'[1,[2)c
T =D =1 sk 0

Proof. Using the fact that A and & intersect transversally and that there are s;(K\, (,)¢ intersection

Proposition 4.3.3. In Case (2), the intersection matriz of w s given by

points, we see that & -, .1 -, = s1(K|,,1,)¢. Using the adjunction formula applied to each component as in

the previous section and Proposition we find that X XS =0, and hence wf .wf . fori=1,2. O
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We write Shg,(p)(Gs,1) for the Shimura variety with standard Iwahori level at p. We let Xy(p); denote
the special fiber of the integral model for Shg, () (Gs, 1) over F;. We note that, since we have only changed
level away from I, Xy(p); is still smooth.

Recall there are two degeneracy maps
T, T2 @ ShKO(p)(GS,T) — ShK(GS,T).

We also write 71, m : Xp(p); — A} for the corresponding maps on the special fiber; both of these maps are
étale.

Definition 4.3.4. Let x,2’' € X)(F;). We write = ~ 2’ if there exists #, 7 € Xy(p);(F;) such that
711 (%) = z,m(Z') = 2/, and m2(7) = (')
This defines an equivalence relation on &;(F;).
It is easy to see that for x € X(F;), the ~ equivalence class of  may be identified with Y,(z) in the
notation of Note that the roles of p and [ have been switched.

Recall we have the discrete Shimura sets Gx_ (Q)\Gs_ (Af)/K, Gs_ (Q)\Gs_ (Af)/Ko(p) and natural
degeneracy maps

T, w2 Ga (Q\Gs, (Af)/Ko(p) = G (Q\Gs. (Af)/ K.

Similarly to the above we may define an equivalence relation on this set by specifying x ~ z’ for x,2’ €
Gs. (Q\Gs_ (Af)/K if there exists Z,2' € Gx_ (Q)\Gx_ (Af)/Ko(p) such that

’/Tl(.’f) = (E,Wl(ff/) = ZL'/, and 7'('2(‘%) = 7‘[-2(.%/).
We also write Y, (z) for the ~ equivalence class of .
Proposition 4.3.5. For any z € (Gs_ (Q)\Gs_ (Af)/K)*, we have Y,(z) = (Gs_ (Q)\Gx_ (Af)/K)".

Proof. Let Gy, the kernel of vs_ : Gy — Trp. Then Gy is the derived group of Gy and is simply
connected. Let g € Gx__ (Ay) be a representative of (Gs_ (Q)\Gxs_ (Af)/K). It is easy to see that

(Ge (Q\Gso (Af)/K)" = G5 (Q\Gs (Ap)gK /K
= Gy (Q\Gs (Ap)gKg™" /gKg™;
the isomorphism is given by right multiplication by g~!.
Then Y, (z) is identified with
Gy (QNENGy (Qp)gKg™! /gKg™" C Gy (Q\Gy_ (Ap)gKg™" /gKg™".

By the strong approximation theorem, Gy, (Q)Gy,_(Qp) is dense in G, (Ay) and hence

Gy (QNKNGy_ (Qp)gKg™" /9Ky~ = Gy (Q\Gs (Ap)gKg™" /gKg™".

4.4. Thara’s Lemma. We now prove the main Theorem.

Proposition 4.4.1. The map

(4.4.1) m + s (A, Q2

25— B (Ao (p)r, 9

o(p)i/Fy )
18 1njective.
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Proof. Let (f1, f2) be an element of the kernel. We show f; = 0; in fact we will show filxg = 0 for all c.

Assume for contradiction that f1|ch # 0. Suppose fi has a zero at a point z € Xf(F,). Let y,z € X (F,) be
such that

@) Ny ) A0, 1) Nyt (y) £ 0.

Then since 7 (f1) = —m3(f2), f1 has a zero at z. This implies f; vanishes at every point of Y, (x). If fi
vanishes at an ordinary point of &}, then by Theorem filxe = 0.

Therefore div(f1|xs) is supported on the complement of the ordinary locus.

We first consider Case (1). Then div(f;) is supported on A}S.

Let us consider D¢ := div(f1)|x; for some ¢ € Clp(K). Then D¢ is supported on X N A7®. Recall we
may identify X N A with two copies of

(G (Q\Gx. (Af)/K)*

corresponding to 71 and 7. We let D{ (resp. DX, ) be the divisor corresponding to the sum of irreducible
components in X7 = & -, NAf (resp. X, =m0 Xf). We claim there are non-negative integers a, b
such that

Df = aDt, +bD%,.

Indeed if f; vanishes on some irreducible component of X; ;, then by Proposition f1 vanishes on every
irreducible component of X, ,,. We let h,, € HO(X], (wﬁ)lnT1 ® wr, 1) be a section with divisor Ds . The
section h,, can be chosen to be compatible with prime-to-l level structure and so #f(h,,) = 74 (hs, ). Then
(frh7}, f2h7') € ker(n} +75). Repeating the argument we see that there exists a such that fih;*|xs is non-
vanishing on A} . We may use the same argument for X, to obtain b such that f h;;’| x; 1s non-vanishing
on &7 . It follows that the zero-locus of fih *h_] d x¢ has codimension 2 and hence is empty; this proves
the claim.

Now f1 corresponds to a section of the line bundle Qil B which is isomorphic to (w,,)? ® (w5,)? up to
a torsion element of the Picard group by Proposition Furthermore D (resp. D) is the divisor

corresponding to a global section of (w¢, )™ & (ws,) ™" (resp. (wf )™ @ (wf,) ™). Therefore the line bundle
(We)" 7 @ ws) ™)@ (W5)" " ® (W5,) ™) 9% 5
has a non-vanishing section; hence it must be the trivial bundle. It follows that
" —1ya "2 —1yb -2 -2 ~ 19771 —b—2 1772 —q—2
(W6)™ @ () @ ()™ @ (WE) ™) ® (8,) 2 @ (w5,) 2 = (5, © (w5,)

is torsion in the Picard group of A, hence pairs with any divisor to be 0. Since n,,,n,, > 0, at least one of
[onm — b — 2, [*"1 — g — 2 is non-zero.

Recall the intersection matrix for the line bundles w; and w§, on Ay is given by

0 Sl(K)c
Sl(Kv)c 0 .

Thus (w,)"" ™ 702 ® (wE )" ~*=2 pairs with either wf or wf to give a non-zero number. This is a
contradiction
We now consider Case (2). Then div(f1) is supported on Xj ,, U X 5,. Let D¢ := div(f1)|xs for some

¢ € Clp(K), and we write Df! (resp. D5,) denote the divisor &; -, N Af. Then

Df =aD7 +bDy,
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. . ¢ ¢ N . . ¢ PN o
for some integers a,b since Df and Dy, are primitive divisors. Since Df (resp. Ds,) is the vanishing locus

bl T2 —1)

of a section of (wr, )™ ™ =1 (resp. (wWr,) , the same argument as in case (1) shows that

(wr )7 3 @ (o, )7

is a torsion element in the Picard group of Aj. Since [ > 4, if a # 0, intersecting with D,, gives a non-zero

number; hence we obtain a contradiction. Similarly if b # 0. (|

Proof of Theorem[{.1.4 Let
W = H*(Shi (Gs.1)g ka)m, Wo(p) := H?(Shi (Gs.1)g, k)i

The image Tg/u{p} of Trufpy in Endg, (W) is a local Artinian ring and m'W is a finite decreasing filtration
of W. By the freeness result in Proposition (2), each graded piece m'W/mi*1W is a quotient of two
Tru(py[97)-lattices in H2(Shx (GS,T)@, Ok, )m- By Lemma [Dim05, Lemma 6.5] and the Eichler—Shimura
congruence relation proved by Nekovar [Nekl8 A.6], the irreducible subquotients of W are all isomorphic
as Galois representations of Gz. The same statement holds for the irreducible subquotients of Wy(p). Using
Faltings’ comparison theorem [Fal89], we may therefore check the injectivity on the last graded pieces of the
Fontaine-Laffaille filtration. By the degeneracy of the Hodge-de Rham spectral sequence proved in [DI87],
this follows from the assertion of .41l

|

5. ABEL—JACOBI MAP AND GEOMETRIC LEVEL-RAISING

In this section we will use the results from the previous sections to construct classes in the motivic
cohomology of quaternionic Shimura varieties. We begin by recalling the definition of higher Chow groups

and the associated cycle class maps.

5.1. Higher Chow groups and /-adic cycle class maps. Let X be a smooth variety over a field k£ and
let A™ denote the standard n-simplex Spec k[zo, ..., zn]/(} ;o i — 1). For integers n,r, we define 2" (X, n)
to be the free abelian group generated by the integral closed subvarieties Z of X x A™ such that for any face
F C A™ we have

codimxxp(ZN(X x F)) >

The groups 2" (X, n) fit into a complex
(5.1.1) =2 Xn) = 2" (X,n—-1)— ... > 2"(X,0) >0

where the differential is given by taking the alternating sum of the induced face maps. The higher Chow
group Ch” (X, n) is the defined to the be n*" homology of the above complex. It is easy to see that Ch”(X,0)

is the standard Chow group of codimension r cycles on X. By [Voe02], we have an isomorphism
Ch (X, 2j — i) = Hj (X, Z(5))

where H'y,(X, Z(j)) is the motivic cohomology group of [SV00).

We may also consider a variant of this construction by introducing coefficients. Let R be any ring and
we let Ch"(X,n, R) denote the n*® homology of the sequence tensored with R. As before there is an
isomorphism Ch?(X,2j — i, R) = Hy\,(X, R(j)); see [Voe02, Corollary 2]. From now on, we will work with
higher Chow groups.

Let [ be a prime which is invertible in k, then there is an [-adic cycle class map

Chj (X7 2.7 - Z) - Hiont (X7 Zy (]))
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i
where H/

(X,7Z,(4)) is the continuous étale cohomology defined by [Jan88]. This coincides with the usual
cycle class map when i = 2j.

Similarly if k) is a finite extension of I, there is a cycle class map
Ch (X, 25 — i, ky) — H(X, kx(4)).

Let Y — X denote a fibration with connected smooth fibers of dimension s and R any coefficient ring.

Then taking preimages of cycles under the projection ¥ x A™ — X x A™ induces a map
(5.1.2) Ch"(X,n,R) — Ch"(Y,n,R).

Finally let Z — X be a closed immersion where Z is smooth and of codimension ¢ in X. Then pushforward

of cycles along Z x A™ — X x A" induces a map
(5.1.3) Ch"(Z,n,R) — Ch"t'(X,n, R).

5.2. Motivic cohomology of surfaces and dual graphs. We are particularly interested in the case of
surfaces. In this case, the motivic cohomology H3,(X,Z(2)) = Ch*(X, 1) is given by the homology of the
following sequence (see [Sch00] for example):

(5.2.1) Ko(k(X)) S Bsexk(S)* 1Y @rexZ

Here the middle sum runs over the set of irreducible curves S C X and k(X) (resp. k(5)) denotes the field
of rational functions on X (resp. S). The term K5(k(X)) denotes the second Milnor K-group of the rational
function field k£(X) and the S-component of the map 9 is the tame symbol associated to the valuation ordg.
The map div sends a rational function f on S to its divisor div(f).

There is a special case where we can understand a part of Ch? (X,1) in a purely combinatorial way. If k’/k
is a finite extension, we write IP}C, Jk for the projective line P}, over k' considered as a k-scheme. Therefore
P}, /x ® k can be identified with [k’ : k] copies of P} corresponding to the embeddings k" — k. Let Y C X
be a codimension 1 subvariety satisfying the following conditions:

(1) Each irreducible component S of Y is isomorphic to ]P’}CS /i, Where kg is a finite extension of k.

(2) Any two irreducible components of Yz intersect transversally and no three components have a common
intersection point.

The non-smooth points of Yz are the intersection points of the components in Yz and it is naturally a
closed subscheme of X defined over k. We note that by (1), the irreducible components of Y;- are isomorphic
to IP%.

Definition 5.2.1. We define Ch? (X, 1) to be the subgroup of Ch?(X,1) supported on Y. In other words,

X

it is generated by elements of the form @g -y fs where fs € k(S)* is trivial unless S C Y.

We now describe how Ch} (X, 1) can be interpreted in terms of the combinatorics of the configuration of
]P%’s on Y7.

Definition 5.2.2. The dual graph & associated to Y% is the unoriented graph defined by the following:

(i) The set of vertices ¥ is identified with the set of irreducible components of Y. For i € 7, we let S;
denote the corresponding irreducible component.

(ii) The set of edges & is identified with the set of intersection points of two divisors in Yz, where an edge
e connects 7,7 € ¥ if e € §; N S;.

The Galois group Gal(k/k) naturally acts on @& and hence on the homology H;(®,Z) of the graph &. We
will define a map B
O : Hy(&,2)*/F) 5 chi(X,1).
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To do this, we first calculate H;(&,Z). Consider the bouquet of circles & given by contracting all the
elements of #. For each e € & we choose an orientation of e, i.e. an ordering (v'(e),v?(e)) of the two vertices
adjacent to e. This choice determines an isomorphism

Hy(6,7) = 78
We may then identify H;(®,Z) as the subgroup of Z¢ corresponding to the kernel of the map
d:z% —-17”
given by
e — vi(e) —va(e).
The map © can then be defined as follows. Fix a basis of the free Z-module Hl((’j,Z)Gal(E/ k) and let

m = (Me)ecs € Hy(6,Z)%F/F) be an element of this basis. Let i € ¥. We let Z(i), P(i) C ¥ be the two
subsets of ¥ defined by

Z(i) ={e e ¥|vi(e) =i}
P(i) ={e € ¥|va(e) = i}.
By definition, Z(¢) and P(%) are identified with subsets of points on S;.
Lemma 5.2.3. There exists an element (f&")scy € @scyk(S)* such that its image (f")icy € Dicvk(S;)*

satisfies

div(f) = 30 mele) = Y mele)

e€Z(t) ecP(i)

Proof. Let S = ]P’k Ik be an irreducible component of Y. Let ¥ C ¥ denote the set of irreducible components

Yo me) =Y D mele)

i€YVs e€Z(i) i€YVs e€ P (i)

of S%. We consider the divisor

on Sy. Since m € ker(d), this divisor has degree 0 on every component S;. Moreover, it is Galois invariant,
hence there exists a function fg* € k(S)* with this divisor (we note that k(S) is isomorphic to the field of
rational functions in one variable kg(z) over kg). Repeating the argument for all components S C Y proves

the lemma. O

Let (f&)scy be an element as in the lemma above. Then we have

> div(fg) =Y div(f")

SCY eV
Y Y Y Y mlo
i€V e€Z(3) i€V e€P(3)
= Zme (e) — Zme(e)
ecs ec&
=0.

Thus by (5.2.1)), the tuple (f2*)scy gives an element of Ch3, (X, 1) and we define ©(m) to be this element.
Repeating for the other basis elements and extending linearly gives the definition of ©.
In fact the map O is “essentially” surjective in the following sense. Note that the choice of fg' is well-

X

defined up to multiplication by an element of k(S)* whose divisor is 0, i.e. an element of kZ. It follows that

© induces a map

(5.2.2) (@ kX ) @ Hy(6,7)%Fk) 5 chd (X,1).

SCY
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Proposition 5.2.4. The map O is surjective.

Proof. Let (fs)scy € ®scyk(S)* be a representative of an element of Ch} (X, 1). We write (f;)icy for its
image in @;cyk(S;). Since gy div(fs) = Y,y div(f;) = 0, the divisor div(f;) can only be supported on
the intersection of S; with some other S;, i.e. on points corresponding to elements of &.

For each e € &, let S; denote the divisor corresponding to vi(e) and define m. € Z to be the order of the
zero of fi at e. Reversing the above argument, we see that m = (m.).cs defines an element of H; (&, Z)
which is Galois invariant since div(fg) is.

By definition the S*"-component of ©(m) has the same divisor as fg, thus we may modify ©(m) by an
element of @ gy kS to get the element (fs)scy- O

We will consider an analogue of this construction with torsion coefficients. Indeed upon tensoring with

k» we obtain a map

(5.2.3) O, : (@ kX ®z kk> & Hy (&, ky) 921 E/K) — Ch2 (X, 1, ky)
SCY

and same proof as Proposition shows that (:);€A is surjective. Here we consider the abelian group

Dscy k% as a Z-module in taking the tensor product, and in defining Ch(X, 1, k) we may take the homology

of the sequence tensored with ky; the subgroup Chy (X, 1,k)) is then defined in the same way as

Definition B.2.11

5.3. Motivic cohomology and level-raising. We keep the notations of but now F' will be a totally
real field with [F : Q] = g even and p be a prime which is inert in F'; we let p denote the unique prime of F'
above p. We let B be a quaternion algebra over F' whose ramification set does not intersect with ¥, U X .
We will apply the construction of the previous subsections for the case X = /x(G)r,,. Specifically we are

interested in the cycle class map:
(5.3.1) ChO 2 (ke (G)ryor 1 Kn) = BT (S (G, hir(9/2 + 1)),

Recall we have the prime-to-R Hecke algebra Tg and we let II be an irreducible cuspidal automor-
phic representation of GLy(F) defined over E as in We assume p ¢ R and we write mg C Tg
(resp. m C Tgryyyy) for the maximal ideal given by (¢f)*(X) (resp.(d)gu{p})*l()\)). Then Tgryypy acts on
Chg/zﬂ(yK (G)r,9,1,kx) and the map is equivariant for this action. Localizing at m, we obtain

ChY > (I (G)ry s Lok )m = BT (T (G, Kir(9/2 + 1))
By the Hochschild-Serre spectral sequence and Proposition there is an isomorphism
H' (Fpo, B (S (G5, ka(9/2 + 1))m) 2 B (K (G)s,0, ka(9/2 + 1)),
where H!(F,s, —) denotes the Galois cohomology. We let
AJw : Ch2 T (S (G)pyy o 1, Kr ) — Hl(IFpg,Hg(fK(G)ﬁW Ex(g/2+1))m)

denote the induced map which we call the Abel-Jacobi map.

We would like to show that AlJy, is surjective modulo m. In fact we will identify a certain subgroup
Chf/* (S (G)py0. 1, k) © ChY 2 (Fe(G)r,, 1, k)

such that AJ,, restricted to this subgroup already surjects. Moreover as suggested by the notation, this
subgroup is related to level-raising. The group Chfr/ 2+1(YK(G)FW ,1,ky) is defined using the geometry of

Goren-Oort cycles as follows. We note that we may take ko = FJ in this section.
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Let B := B(0,g/2 — 1) as in thus |B| = (9/2971). Let a € B, then by the discussion in the
Goren-Oort cycle Zy(a) is a (g/2 — 1)-iterated P*-bundle over the Shimura surface .k (G, T,)r
T = (. We have | — 0] = 2 and we write Yoo — 0 = {7, 75}

The Goren—Oort divisors Sk (Gy, 1. )F,0,7> LK (Goy,10)F,9,7; aT€ P!-bundles over the discrete Shimura

Lo Where

sets yK(G@a,rivTu,ri)Fw and YK(G@C‘JJ_ Ta., )F,s Via maps 7., 7, respectively. These Shimura sets are

isomorphic over Fj,s and their IF)-points are isomorphic to

Gy . (Q\Gx. (Ay)/K.

By Proposition the intersection of these two divisors S, (Go, T,)F,q {r:,r} 15 identified with the

discrete Shimura set () (Go, .. 1., )F,, and the induced diagram

p9

Tz, OTr

Ty
IE(Gpy o Tar s S TEo0) (G0, T Py —— TE(Go, . T, )Py

p9

is identified with the Hecke correspondence for .k (Gy, ., T, . ¥

p9 "’

We may apply the construction of §5.2]in this setting to obtain a map
Hy (&, ky )G Fr/Foo) Ch*( Sk (Gy,)E,0, 1, k),

where & is the dual graph associated to the configuration of P!’s in YK(GQMTG)E 0 K (GV)mTa)FP 5, We
may describe H; (&, ky) more explicitly as follows. For any finite set S, we write I'(S, k)) for the abelian

group of ky-valued functions on X. The maps 7, and 7,, o 7, induce maps

Torins Ny © 77 )it D( Lo () (G a2 e (Fp) s kx) = T(Fx (G, L v, )Fp0 (Fp), Er)

Then H;(®, ky) is identified with
(5.3.2)
K(a) := ker ((Wri*’ (1r; 0 )w) : T(F ko (9) (G, T, JEpe (Fp) s kx) = T(IK (G, 1, )5 (), kA)Q) :

We write ©(a) for the map

(5.3.3) O(a) : K(a) ! /%) 5 Ch*(Sc(Go, 7, )m,0, 1, 2

which is equivariant for the action of Tryy,y. Using (5.1.2)) and (5.1.3) we obtain a map

(5.3.4) Ch2(Sx (G, v, )sg. 1 k) C1*(Zy(a), 1, k) Ch?/ > (S (@eg, 1, k)

Composing (5.3.4) and (5.3.3) and taking the direct sum over a € B we obtain a map:

(5.3.5) P K(a)CF/For) 5 L2 ( S (G 1, )
aeB

Definition 5.3.1. We define the level raising subgroup
b/ (S (@, 1) € CH PP (S (G 1K)
to be the image of (5.3.5]).
Localizing (5.3.5) at m and composing with the map AJ,, we obtain a map:
Vo D K@) o B (Fpe, B (S5 (G, ka(9/2 4+ 1))

acB
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Definition 5.3.2. A prime p is a A-level raising prime (with respect to F, B,II, K) if the following four
conditions are satisfied:

(1) p is inert in F and coprime to R UR.

(2) LTI, (0% — 1)

(3) PR(Tp)*> = (p? +1)? mod X and ¢} (Sp) =1 mod A, where p is the unique prime of F above p.

(4) 11 (p9"#e — 1) where nk__ is the order of o acting on Sk (Gy, . T, . ), (Fp)-

Remark 5.3.3. As in LT, Remark 4.6], it can be shown that there are infinitely many A-level raising primes

as long as there are rational primes inert in F' and A satisfies assumption

Lemma 5.3.4. Assume p is a A\-level raising prime. Then Gal(F,/F,q) acts trivially on K(a)m.

Proof. This follows from the definition of the Galois action in and Definition (3). g
We will need to make the following additional assumption:

Assumption 5.3.5. H9(Shg (G)g, kx)/m has dimension 29dim(TI3)* over ky, where II5 denotes the Jacquet-
Langlands transfer of IT to B ®q A.

Theorem 5.3.6. Let p be a A\-level raising prime and suppose that Assumptions[[.1.1] and[5.3.5 are satisfied.
Then the induced map

(5.3.6) D K(a)/m — H'(Fpo, B (S% (G)5,, kal9/2 + 1)) /m)
ac’B

18 surjective.

Remark 5.3.7. In the case when [F': Q] = 2 and B = GLy(F'), the surjectivity of Uy, implies level-raising for
Hilbert modular forms. Indeed in this case there is a unique a € % and the description of K(a) in shows
that it is identified under the Jacquet—Langlands correspondence with the space of mod ! Hilbert modular
forms of parallel weight 2 and level Ko(p) which are new at p. In particular Tgy(,) acts on K(a) via the
p-new quotient as in [Rib88|, whereas it is well known Tryg,y acts on H! (Fpo, HY(Fk (G5, , ka(g/2 + 1))
via the p-old quotient.

Before embarking on the proof, we state an immediate corollary of Theorem [5.3.6] which is Theorem [T.1.1]

of the introduction.

g/2+1
Ir

Corollary 5.3.8. The map AJ, mod m restricted to Ch (K (G)F,o, 1, kx)/m is surjective.

5.4. Proof of Theorem The rest of this section will be devoted to the proof of Theorem [5.3.6]

For notational convenience, we will write ., (Gy, )r,, for what was denoted 7, (Gy, 1, )r,, in the previous

p9
subsection.

Recall for a € B(0, g/2 + 1) we have the correspondence:

Ik(Go,)F,0 <= Zy(a) = Sk (G)r

p9 p9

where 7, is a (g/2 — 1)-iterated P!-bundle. This induces a Gysin map:
Gys(a) : H(Sk (Go, )5, kr(2)) — H*+g—2(§ﬂK(G)Fp, ka(g/2 +1)).

Then the map @ cq K(a)m — Hl(IE"pg,Hg(yK(G)E, kx(g/2 4+ 1))m) factors as
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OB/ (S5 (G, ey LK) —— HY (B HI( (G, br(9/2 4+ 1))

T TZOE% Gys(a)m

Daen K(@)m Daex B (Fpo, H (L (G, )5, kx(2))m)

where the bottom map is the composition of the direct sums of the maps ©(a),, and the Abel-Jacobi maps

AJ(@)m : CO* (S (Gy, )5, 1 B )m = B (Fpo, (S5 (G g, ka(2))m)-
We write ¥(a)y : K(a)m — H' (Fpe, H*(k (Gy, ), kr(2))m) for this composition.
Proposition 5.4.1. The map ) .o Gys(a) mod m is surjective.

Proof. The proof is the same as in [LT), Proof of Theorem 4.7]. The idea is to show that ) s Gys(a)
mod m is injective; the surjectivity then follows by a dimension count. O

Remark 5.4.2. The proof of Proposition uses Definition [5.3.2] (2), Assumption [£.1.1] (4) and the freeness
result in Proposition in an essential way.

Thus it suffices to prove the following Proposition.
Proposition 5.4.3. For each a € B, the map
U(a)m : K()m — H' (Fpo, B (Sx (G, ), kr(2))m)
18 surjective.

Fix a € B. We let Yo, — Soo = {73, 7;}. To ease notation, we write X = S, (Gyp,)r,, and we write
7y = Sk(Gp, )Fpe i Z2 = LK (Gy,)F,q,7; for the Goren—Oort divisors. We let Z;2 denote the intersection
71 N Zy and we write X°™ for the complement of Z; U Z5 in X.

The first observation is that the map ¥(a),, factors through a certain cohomology group with supports.

Proposition 5.4.4. The map ¥ (a)y factors through Hgéluz2 (X, kx(2))m. Moreover the induced map

K(a)m — H321u22 (X, kx(2))m

18 surjective.

Proof. The factoring property follows from the definition of the cycle class map. Indeed we have the following
diagram with exact columns and rows

0 0
0 L HY(Zy N Zo — Zi2, ka(1)) ——> HO(Z19, k)

a Tb
div®zk

00— K —— HO(Z1 NZy — le,Gm) Rz ky — HO(Zlg,k‘)\)

Here HO(21 N Zy — Z12,G,y,) is identified with the group of rational functions on Z; N Zy with zeros and
poles only at the points in Z;5, and the map div ®z k) is induced from the map taking such a function to
its divisor. The groups L and K are by definition the kernels of the maps on the right. The map b comes

from the Kummer sequence and its surjectivity follows from the fact that Z; U Zy — Z15 is a union of open
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subsets in A% W /Fog for g|h hence all have trivial Picard group. Here we write A% W /Fog for the affine line A'
ph/%p ph/Lp
over Fn considered as a [F,,s scheme. The map div ®z ky factors through b, hence we obtain the map c.

By purity, we may identify the top row of the exact sequence with the exact sequence of the triple
(X, Zlg, Z1 U ZQ)S

HY (X, Ex(2)) = 0= HY, 4, (X, kA(2))
= HY Uz 2, (X — Z12,ka(2)) = HE (X, ka(2)).

It is easy to see from the definition that the group Ch2Zlu 7,(X,1,ky) is a quotient of the group K. Then the
cycle class map is induced by

K — L>H} ;. (X,k\(2) = H* (X, kx(2)).
To deduce the moreover part, we note that the map
K(a)m — ChzZIUZQ (X, 1, k7 )m
is surjective. Indeed by the map

( P ke kx> @ K(a)SE/For) 5 ChY o, (X, 1,k)
SCZ1UZ>

is surjective. But kg ®z kx = 0 for all S by Definition m (4). It therefore suffices to show that the map
a is surjective. We write
A:=Im (HO(Z1 NZy— Z12,Gy) — HO(Z125 kA))
B :=1Im (H'(Z1 N Zs — Z12,k\(1)) = H*(Z12,k))) -
The map A — B is injective, hence by the snake Lemma, a is surjective. O
Thus in order to prove Proposition [5.4.3] and hence Theorem [5.3.6] it suffices to show that the map
Ory s HY, Gz, (X kA (2)m — HP (X, kA (2))m

is surjective.

By the Hochschild-Serre spectral sequence, this map fits into the following diagram with exact rows:

0 — HY (o, H2, 5 (X5 Ka(2))m) — H3, 7 (X, ka(2))m —— HO(Fpo HY, g (Xz Fir(2))m) —> 0
i | i

0 ——— H'(Fpo, H* (X5, ka(2))m) ——— H}(X, kx(2))m ——— HO(Fpo, H} (X5, kr(2))m) —— 0

Since H3 (XF,,’ kx(2))m = 0 by Proposition we have an isomorphism

H (X, K (2))m 2 H' (B, H2(Xg K (2))m).
The diagram above then induces a map
D HO(Fpo, HZ, Uz, (X7, ka(2))m) = B (Fpo, B2 (X5, kA (2))m) /HY (Fpo, H, 0z, (X5, kA (2))m)

and surjectivity of ®/ is equivalent to the surjectivity of ®y,. It therefore suffices to prove ®,, is surjective.
We may dualize the above to obtain a map

@+ (H (o, B2 (X, (2))m) [ (B, B, 0z, (X, n (2))m) ) — B0 (B, HE, 7, (X Jor (2)) )
Consider the exact sequence of cohomology

H' (Xz ,ky) = B (Zjg, U Zoz k) — Hi(XF‘);d, ky) = B2 (X5 ky) = HY(Z5 U Zyz k)
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arising from the triple Z; U Z5 4 X & X4, When X is the special fiber of the Hilbert modular surface

(hence non-compact), we abuse notation and write H?:(X%rd,l@\) for H2(X@p,j1k)\). Upon localizing at
P

m, H! (XFp,k:A)m = 0, and we obtain the following boundary map for the long exact sequence of Galois

cohomology:
(5.4.1) Ker (HO(Fpo, H2(Xz s ka)m) = HO(Fpo, H2(Zy5, U Zag , adm) ) = HY (o, H (Zy5, U Zgg, ).

By Poincaré duality and the duality of Galois cohomology over finite fields, (5.4.1) is identified with ®},. We
mention that in the case of Hilbert modular surfaces, we need to use the canonical isomorphism

HQ(XF,,’ ka)m = Hg(Xﬁpa Ex)m,

which follows from [LS18, Corollary 4.6] and the fact that the cuspidal part of the cohomology of Hilbert
modular surfaces is the same as the cuspidal part of the cohomology with compact support, see [Dim09,
Theorem 2.3].

Let Xo(p) be the special fiber .7k (»)(Gs,T)F,, for the Shimura variety with Iwahori level structure at p
constructed in Appendix @ We claim @}, can be related to a certain map relating the geometry of X and

Xo(p).
By Corollary there is a decomposition

Xo(p)g, = X5, U Aos, U g,

where Xz and X, are the two copies of Xi corresponding to the essential Frobenius and Verschiebung
P P P

isogenies respectively and Xﬁp is the “supersingular locus.” For k,l,m € {1,2,3} distinct, we write
ir : s, — Xo(p)g,
ik Xy, N X, — Xo(p)g,
ikim Mg, N X, VX5 — Xo(p)?p
for the closed immersions. Then we have an exact sequence of sheaves on X (p)ﬁp:
0= ka Lo iraky @ douky @ dsukn — dogukin ® i15.kx @ dagakin L i123.kn = 0,
Here the maps are induced by (pushing forward) the usual unit maps of the adjunction. We define
C' := coker(f) = ker(g).

Then the above exact sequence breaks up into two short exact sequences of sheaves on X (p)FP.
(5.4.2) 0= Ex L i1k @ donks @ iguky — C — 0

(5.4.3) 0 = C — i93+k) D i13+kx D o3k i) 1123:kx — 0
Taking cohomology of the sequence ([5.4.2]), we obtain:

(i1593,73)

0 R H?(Xo(p)g, . kx)m ——— H?(Xg . ka)f @ H* (g5, kd)m

where R = Hl(Xo(p)ﬁp7 C’)m/Hl(XS?p, kx)m. Now consider the map
T 4wy s B (X, k) — B2 (Xo(p)g, , Ba)m
induced by the degeneracy maps mq, 7o : Xo(p) — X. We consider the kernel S of the composition

i
H?(Xo(p)s, . k) 72 HA(Xp kw2 H2(Xo (p)g, k)% & H2 (g, k.
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We obtain a map S — R which fits into the diagram:

(i1 43,13)

0 R H?(Xo(p)g,, kx)m ——— H?(Xg . k)i ® H?(Xgz k)

W Tﬂf-‘rﬂ;

S——M— HZ(XFP, k:)\)ﬁ1

By Theorem [£.1.4] and proper base change, the map Wy, is injective when B is not totally totally split. For
Hilbert modular surfaces, it is also injective by [Dim09, Theorem 3.1] and [LS18| Corollary 4.6]. Therefore
in order to prove Proposition [5.4.3] it suffices to prove the following Proposition.

Proposition 5.4.5. The map Uy, can be identified with the map @ .

Proof. We first identify the groups S and R with the corresponding domain and codomain for the map ®3,.
First note that the composition

2 9 ™ TS (i1,i3)
H (XF,)’k)\) —

H?(Xo(p)g, » a)m H(Xg k)

induces the endomorphism

1 B
5.4.4
( ) (Fr/Sp1 1 > ’

where Ft’ is the essential Frobenius as defined in By Definition m (3), this is the same as the

endomorphism
1 F
o1

By Proposition and Definition m (3), Fr’? = Fry, the p?-Frobenius, thus we may identify the kernel
of (5.4.4) with the image of the injective map

=1 (—Fr',id
HO(Fpo, B2 (X5, b)) & B2 (X ha)m® ™ - B2 (X5 k)2

Therefore we have an identification
S = ker (HO(IFpg,HQ(XFP, kx))m — H?(Xo(P)g, » kx)m A, H? (Xyz k,\)m) :
This map factors as
HO(Fpo, HA( Xz, ka))m = HX(Z5, U Zog , kn)m = HA(Xp Ko )m
Here the second map is an injection by [Liuar, Lemma 3.26 (2)] since Xgp, = Zy5, U Zy5, where Zi5  and
Zﬁp are P'-fibrations over Zﬁp and Zﬁp respectively and the intersection Zﬁp N Zﬁp is 0-dimensional.

Therefore we may identify S with the domain in the definition of &},

Consider the following commutative diagram of Gal(F,/F,s)-modules with exact rows:
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(5.4.5)
Hg(X@O;da k) )m —— H*(Xg . ka)m

* * / * * ’
iﬂb —niFr lﬂé —niFr
-

Fo k) )m ——— HAXE kx)f — H2(Xo(p)g, » ko )m ——— B2 (X, ka)m

lA lum;) lA

5] 5B
0 —= H(Zyz, U Zyz , hn)2 —> HXZ k) — B2 (X, ba )y ——— H2(Zy5, U Z5,, o)

0 —— H(X,

Here the middle row is the exact sequence of cohomology arising from the triple

X3 ~ Xord L Xord.

XsF, = Xo(p)g, < Xo(p)g F, —

-
The maps A and A’ are induced by the inclusion maps 712,713 restricted to Zﬁp U Zﬁp.

Now recall @7 is identified with the coboundary map after taking cohomology of the short exact sequence:
(5.4.6) 0= H'(Zyp, U Zyp , kx)m = H‘g‘(Xg;d, Ex)m — coker(y) — 0

To identify R with the codomain H!(Fs, H:L(Zﬁp UZoF, kx))m, note that by definition we have a canonical

identification
R = ker <coker(a) Litnsae), coker(y ® 7)) :

We then use the snake lemma applied to the diagram:

0 B} (X, eaJn —— = H2(X2, k), —— coker(a) —— 0

L e |

0—— Hl(Zlﬁp U2y, kx)m —— HE(X%);d» kx)m — coker(y @) —0

to deduce an isomorphism
R=H (Zy5, U Zs5,, kx)m = H (Fpo, H' (Zy5, U Zog K )m)

where we have identified coker(A) with Hl(Zﬁ UZs,, kx)m via projection onto the second factor and the
second isomorphism follows from Definition (3) which implies Gal(F,/F,q) acts trivially on Hl(Zﬁp U
Zﬁp, Ex)m. Using these identifications, we may now compare the maps ®}, and U,,.

Letx € S C HO(IFpg,HQ(XE, kx))m. We will compute ¥, (z) € R considered as an element of coker(A) =2
Hl(Zﬁp U Zﬁp, kx)m and show that it coincides with the image under the coboundary map of .

To compute ¥, (z) we let & € H? (X%d, Ex)m be a lift of , which exists since x maps to 0 in HQ(Zﬁp U
Zﬁp, kx)m. Moreover we may assume Z is fixed by S, since S, acts semi-simply on Hi(X%;d, kEx)m- Then
73(%) — i F () € Hz(Xﬁd, kx)2 is an element lifting 73 (x) — 77 Fy/(x) € ker(i,i3), hence comes from an
element

o(#) € H(Zz, U Zyz  ka)in-
By definition, W, (z) is the image of 75 (z) — m7Fr/(z) € ker(i},4%) in coker(A). Therefore the image of (%)
is identified with Wy, (z).
However we also have
75(%) — MR (2) = (Sp_lFr’(i), z) — (Fr'(z), Fry (7)) =2 (0, (1 — Frp)(2)).
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By definition of the coboundary map, the image of this element in coker(A) = Hl(Zﬁp U Zﬁp , AN)m is equal
to ®F (z). O

We finish by stating the following corollary.

Corollary 5.4.6. Let p be a A\-level raising prime and suppose that Assumption[{.1.1)is satisfied. Then the
cycle class map
H3 (i (Gp, o ka(2))m — B2 (Lx(Go, g5 A(2))m

is an tsomorphism.
Proof. The surjectivity follows from Proposition The injectivity is [Voelll, Theorem 6.17]. O

APPENDIX A. BAD REDUCTION OF QUATERNIONIC SHIMURA SURFACES

In this section we give a global description of the special fiber of certain quaternionic Shimura surfaces
with Twahori level structure at p. These are associated to the group Gg with | Yo —Seo| = 2. The idea is that
only the two places ¥, — S should contribute to the geometry, and thus the structural results we obtain are
completely analogous to the result of Stamm [Sta97] in the case of the Hilbert modular surface. Indeed the
proofs are also completely analogous, with some extra technical difficulties since we must transfer the results
from unitary Shimura varieties. The key difference is that we must replace the notion of the usual notion of
Frobenius and Verschiebung in the case of Hilbert modular surfaces with the notion of essential Frobenius
and Verschiebung. For this reason, we will refer to [Sta97] for the some of the computations, because they

are exactly the same.

A.1. Moduli interpretation and local models. We keep the notation of In particular B/F is a
totally indefinite quaternion algebra and S C ¥, U ¥ a set of even cardinality. In fact in this section we
will make the following further assumptions:

(1) g :=[F : Q] is even and the prime p is inert in F'. We write p for the unique prime of F' above p.

(2) p ¢S and [Ze — Seo| = 2.

We will also exclude the case B = GLy(F) and g = 2, i.e. the case of the Hilbert modular surfaces as this
case is already covered in [Sta97]. In particular this assumption implies the Shimura varieties we consider
are compact. We fix an identification £, = {m,..., 74} such that o(r;) = 7,41 and Yoo — Seo = {71, 7} for
some ¢ € {2,...,g}.

Let T C So which in this appendix we will assume satisfies 2|T| = |S| and let K, be the standard
hyperspecial subgroup of B ®@p Fj, = GLo(O F,)- We also define Ky, to denote the following compact open

Ko(p) = (‘c’ Z)GGLQ(OFN'C 2)(0 i) mod p}:

it is an Iwahori subgroup of GLa(Fy).
For K7 sufficiently small, we define K = K,K? and K(p) = Ko, K?. We then have the Shimura varieties
Shg,(p)(Gs, 1), Shi(Gs 1) defined over the common reflex field Eg . These are equipped with finite étale

subgroup

maps
71, T2 : Shi(p) (Gs,1) — Shi (Gs,T).
Using a similar procedure as in we may define an integral model for Shg, (,)(Gs, 1) as follows.
We fix a choice E/F of CM-extension and a pair S = (S,S,.) as in §2.2 in particular E is split over the

prime p and we write q and q for the primes above p. We make the following assumption on S.

Assumption A.1.1. Let 7 € X /q be alift of 7 € & Then 7 € S if and only if 7 € T.
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We let Dg := Bs® E and W := Dg considered as a right Dg-module of rank 1. Then W is equipped with
a pairing 1 of (2.2.2). Recall the associated groups G’S and G’S' which fit in the diagram

Gs + Gs x Tp — G + Gy

We let K, denote the image of Ko x Kgp in GZ(Qp).
To define the level structures for G%

5, note that an element g, € G’S(Qp) corresponds to an element of
End(W ®q Qp) such that

¢(U9p,w9p) = C(gp)qu(vﬂu)a Vv,w eWw ®Q @P‘

Here we abuse notation so that 1 also denotes the base change of the pairing ¥ to Q,. We fix an isomorphism
Ops ®r F, = Mato(Op, ) which induces an identification

ODS Rp Fp = Matg((’)Eq) X Matg((’)E?).
We then define the following lattice chain A; C Ay of Op, @ F,-modules where
_ _ =1 _
A = Oq 1 & Oz O5 Ay — Oq 04 © ﬂ,l Og
Oq q Oﬁ Oa Oq Oq q Oa

Let Kg, C G5(Qp) denote the compact open subgroup stabilizing the lattice chain Ay C A;. For a

K=}

sufficiently small compact open subgroup of K" C Gj (A?) (resp. K'"P C G’S’(A’;)), we write K| (p) (resp.
K{/(p)) for the compact open subgroup Kg K" C Gg(Ay) (resp. Kj,K"7 C GZ(Ay)). We then have the
associated Shimura varieties Shr (y)(G§), Shiy (p) (G%) and the inverse limit schemes:

ShK()(p)(Gé), ShK{)’m (Gg) = @ ShKéf(p)(Gg)

K''p

Shic, (G5) := Iim

ke

As in the quaternionic case, there are finite étale maps

Wi,ﬂé : ShKé(p)(Gé) — ShK/(G/S)

71'3/,71'/2/ : ShKé’(p)(Gg) — ShK//(Gg).
As before we also have the identification of neutral components:
Shx, , (Gs,T))%p “~ ShK(/]/,p (Glé/)%p = ShK{],p (G’S%p

ur

» > and this will allow us to transfer the integral models that we will

In fact these isomorphisms descend to
construct.
In order to define integral models, we follow the procedure in [RZ96] adapted to our situation.

We first make the following definition.
Definition A.1.2. Let A/S be the abelian variety associated to some point of &K,(G’g). A cyclic isogeny
p:A— A

is an isogeny of abelian varieties over S such that the kernel of p is an Opg-stable subgroup Hy ® Hy of

Alq) @ A[q] of order |kp|* such that H, and Hg are dual to one another under the pairing
Hq X HH — Up

induced by the polarization. Moreover we require that the induced action of Op, on A’ to satisfy the

condition ([2.3.1)).
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We now consider the moduli problem &Ké(p)(Gé) that associates to an Ogg  -scheme S the set of iso-
morphism classes of tuples (p: A — A’, 1, A, €x») where :

® (4,1, A €exw) is an S-point of Shy. (Gg).

e p: A— A is a cyclic isogeny.

Then S—hKé(p) (G/S) is representable by a quasi-projective variety over OEM and it is an integral model for
ShKé(p)(G'g). The two degeneracy maps extend to maps also denoted 7y, o of OESj—schemes:

T, T2 @ &Ké(p) (G/S) — &K/(GIS)

These maps can be described explicitly in terms of the moduli interpretation as follows. m; sends the
tuple (p: A — A’ 1, N\ exm) to (A,t, A\ exw). To define 7o, note that given a tuple (p: A — A’ 1, A\ exm),
since Hq @ Hy := ker(p) is Opg-stable, the action of Opg on A extends to an action of A’. Moreover the
polarization A and level structure ex» induce a polarization X and level structure €., on A’. It is easy to
check the tuple (A’,4', X, €., ) satisfies the conditions defining a point of &K,(Gé). This defines the map
.

In order to transfer the integral model to the quaternionic side, we can use the construction in [TX16]
§2]. Note however that since the models we construct do not satisfy the correct extension property, there is
a subtlety in defining the G®4(Q)*-action on the integral model. We may instead use a direct description of
this action as in [KPar, §4.4] by twisting abelian varieties; the rest of the argument then goes through and
we obtain an integral model Shy ) (Gs 1) for Shg, () (Gs 1) over Og, .

Remark A.1.3. Alternatively, we may use [TX16l Corollar 2.13] to define a universal p-divisible group with
De-structure over Sh (GS>T)OE§Y1., in the sense of Definition We may then define Shy, (,)(Gsr) as
classifying cyclic isogenies of this universal p-divisible group. We refer to [Car86] for the details in the case
of Shimura curves. We prefer to transfer the results from the unitary Shimura variety since in this case we

may directly apply theorems which are known for certain PEL type Shimura varieties.
The integral model &Ko(p)(GS,T) is equipped with degeneracy maps
m1, 72t Shy () (Gs,1) = Shg (Gs 7).

Note also that we are not interested in any canonicity properties of these models. The only thing we use is
the existence of such a model with the necessary geometric properties that we will describe in this section.

The integral model Shy (,)(Gs, T) is constructed from the connected component
Shye, , (Gsm)3 = Shye, (G5)3

and the action of a certain group Egg . p, cf. [TX16] 2.11].

For ease of notation, we shall write X’ for the special fiber of Shy, (G%) and Xg(p) for the special fiber
of &Ké(p)(Gé). We will also write X and Xo(p) for the special fibers of Shy (Gsr) and Shy, () (Gs 1)
respectively.

We begin with a few basic facts concerning these moduli spaces.

Proposition A.1.4. (1) Shy,)(G) is a flat normal scheme over Ogg  with reduced special fiber.
(2) Each irreducible component of X(\(p) is smooth of dimension 2.

Proof. Both these properties follow from the corresponding properties of the local models; see [Gor01]. O
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A.2. Group theoretic preliminaries. Let G be a reductive group over Z,; in particular its generic fiber is
quasi-split and splits over an unramified extension of Q,. Let £ an algebraically closed field of characteristic
p, L= W(k)[%] and Oy, = W(k). We write o for the Frobenius element of Aut(L/Q,). We fix a maximal
Qp"-split torus 7" and a Borel subgroup B containing G. We let X, (T') (resp. X*(7')) denote the group of
cocharacters (resp. characters) of T', and X, (7)1 (resp. X*(T')+) the submonoid of dominant cocharacters
(resp. characters) with respect to the choice of Borel subgroup B.

For b € G(L) we let [b] = {g~1bo(g) € G(L)|g € G(L)} denote its o-conjugacy class in G(L) and we write
B(G) to denote the set of all o-conjugacy classes. The set B(G) has been classified by Kottwitz in [Kot97],
[Kot92].

For b € G(L) we let 7, € X.(T)g , denote its dominant Newton cocharacter; it depends only on the
image of b in B(G). We let

kg G(L) = 71 (G)r

denote the Kottwitz homomorphism, where 71 (G)r denotes the I'-coinvariants of 71 (G). This induces a
map, also denoted k¢ from B(G) to m1(G)r.
By [Kot92] §4.13], the map

B(G) — X*(T)([éﬂt X 7T1(G)F7 [b] = (vb”iG(b))

is injective.
We define a partial order on the set X, (T)(‘@+ x 71 (G)r by setting (v1,k1) < (12, k2) if K1 = ko and
Vo — V7 IS a non-negative rational linear combination of positive coroots.

Ezample A.2.1. (1) Let G = GL,,. Then we have a bijection
B(G) <« {isocrystals over k of height n}

given by taking [b] € B(G) to the isocrystal (L™, bo). We may take T to be the diagonal matrices and B
the upper triangular matrices. There is an identification X, (T) = Q™ and we have 71 (G) = Z. The first
isomorphism identifies

XiMig+ & {(v1,...,vn) €Qn > ... > 1,) €Q"

and kg takes b € G(L) to the valuation of its determinant. For [b] € B(G), the element 7, corresponds under
the above identification to the Newton slopes of the associated isocrystal. In this case kg (b) is determined
by the 7}, and Kottwitz’s classification recovers the Dieudonné-Manin classification of isocrystals by their
Newton slopes.

(2) Let F denote a finite unramified extension of Q, of degree d and let G = Resp,/z,GL,. As in
the previous example, the association [b] — (F ®q, L,bo) defines a bijection between B(G) and the set of

isocrystals of height dn with an action of F. Given such an isocrystal N, we have a decomposition

N= [ ™

T:F—L

where N is the subspace of N over which F acts via the embedding 7 : F — L. As N, is fixed by b € G(L)
and o induces a bijection between N, and N, it follows that (bo)? takes N, to itself. This gives N, the
structure of a o%isocrystal which is easily seen to be independent of the choice of 7. One checks that the

association N +— N, induces a bijection between.

{isocrystals of height dn with an action of F} <> {o%isocrystals of height n}.
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We let T denote the diagonal torus and B the Borel subgroup of upper triangular matrices. We have an
identification
X.(T)3 = Q"
identifying
Xo(T)g {1, vl > oo > v}
For [b] € B(G), the Newton cocharacter 7, corresponds under the above identification to the slopes of the
od-isocrystal (N, (bo)?).

By the Cartan decomposition we have an identification
GLy= [ GOLupGOL)
reX(T)+

Now fix a cocharacter p € X.(T)+. We define t € X, (T) to be the Galois average of . More precisely we
take a Galois extension E/Q,, over which p is defined and we define

B 1
=0 S (.

T€Gal(E/Q,)

We also define p* to be the image of u in m (G)r.
Proposition A.2.2 (JRR96, Thm. 4.2]). Let b € G(Or)u(p)G(Or). Then we have
(7, 5 (D)) < (. 1)

A.3. p-divisible groups with O-structure and Dieudonné theory. In this section we recall the notion
of p-divisible groups with an action of the ring of integers of a finite unramified extension of Q.

Let F be a finite unramified extension of Q, of degree d with ring of integers O. We let ¢ = p? denote the
cardinality of its residue field.

Definition A.3.1. Let S be a scheme. A p-divisible group with O-structure over S is a pair (¢,t¢) where ¥
is a p-divisible group over S and ¢ : O — End(¥) is a homomorphism.

For any p-divisible group with O-structure (¢, 1), we write 4[p"] for the kernel of multiplication by p".
Then there exists an integer h := htp%, the O-height of ¢, such that ¢[p"] has rank ¢"". It is easily verified
that we have the equality

ht¥ = [F : Qp|hto¥

where ht¥ is the usual height of ¢ as a p-divisible group.

Let S be a scheme in which p is locally nilpotent. For ¢4 a p-divisible group over S, we write D(¥) for
the contravariant Dieudonné crystal of &. This is a locally free crystal on the crystalline site of .S, equipped
with a map o*D(¥¢) — D(9).

Now suppose ¢ is a p-divisible group with O-structure over an algebraically closed field k of characteristic p
of O-height n. Then we identify D(¥) with its Dieudonné module (i.e. D(¥) evaluated at O, := W (k)) which
is a finite free Op-module of rank dn equipped with an injective o semi-linear map ¢ : D(¢) — D(¥) and a
action of O. Fixing an O ®z, Or-basis of D(¥), we obtain an element b € G(L) where G = Resp;z, G Ly,
such that ¢ = bo under the identification D(¥) = (Op ®z, Or)". The element b is well-defined up to
o-conjugation by G(Oyp).

We define the Hodge polygon of ¢ to be the element p € X, (T)* such that

be G(OL)o(u(p)G(OL).
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By Proposition it follows that (v, kg (b)) < (f, uf). If S is a scheme of characteristic p, its Hodge
polygon (resp. Newton polygon) is the function assigning to any geometric point s of S the Hodge polygon
(resp. the Newton polygon) of the base change of ¢ to 3.

We now describe how the study of p-divisible groups which arise naturally from the moduli problem in
the last subsection can be reduced to the case of p-divisible groups with O-structure. Recall we have the
integral PEL datum (Dg, %, W,1, Opg, A2 C A1) and we write D for the base change of this datum to Z,.
Recall g = [F : Q]. Let Dg, denote the completion of Dg at the place p and F), (resp. E,) the completion
of F' (resp. E) at p. Then F, = F, and E, = Ey x Eg; we write O for the ring of integers Op,. Fixing
isomorphisms Ey; = F, and Eg = F},, we obtain an isomorphism

Dsg p, = Maty(Ey) x Maty(Eg) = Mato(Fy) x Maty(Fy).
Let Opg, denote the maximal order Maty(O) x Maty(O). Then the involution * on Ds, can be identified
with
(a,b) = (b',a").

Recall we have defined the notion of p-divisible group with D-structure in Definition [3.2:1] It follows easily
from the definitions that if (A,¢, A, €x») is an S-point of &K,(Gé), then the associated p-divisible group
A[p™] together with the induced Op,  -action and polarization is a p-divisible group with D-structure.

We write W1 for the sub F, vector space over which Dg, acts via the first factor, and we write W° for

1 0
subspace eW! where e is the idempotent (O O>' We define an integer s, € {0,1,2} for 7 € S, by

0 ifreT
S =42 ifreS,—-T.
1 otherwise

Definition A.3.2. Let S be scheme over Og, _. A p-divisible group with D°-structure is a p-divisible group
¢ with O-structure such that for a € O, we have an equality:

(A.3.1) char(i(a)[Lie®) = ] (T = 7(a))*".
TESwo

In particular this implies that htp¥ = 2.

Let 4/S be a p-divisible with D-structure. Then we have a decomposition
G =9 xY

where Op ,, acts on ¥, via the projection to Maty(Ey) and on %5 via the projection to Mats(Eg). Moreover
by [HamIB, Lemma 4.1], there exists a p-divisible group ¢’ with O-structure such that ¢, = ¥'2. The
condition ([3.2.1) and the Assumption implies that ¢’ is a p-divisible group with D°-structure.

The following Proposition follows from the discussion above and [HamI5, Corollary 4.5 (2)].
Proposition A.3.3. The association 4 — 4’ induces an equivalence of categories
(A.3.2) {p-divisible groups with D-structure} — {p-divisible groups with D°-structure}
PTESETVING 1S0genies.

Let ¢’ be a p-divisible group with D°-structure over an algebraically closed field k of characteristic p.

Fixing a trivialization of D(¥)(W (k)) respecting the O-structure, we obtain an element b € G(L) where

G = Resp,z,G L. Let T be the diagonal maximal torus of G, then we may identify X.(7") (resp. X.(T)q)
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with g copies of Z? (resp. g copies of Q?) and X.(T)+ (resp. X.(T)g,+) with the subset such that for each
factor of Z?2, the terms (a,b) are decreasing. The condition implies that the Hodge polygon u of 4
corresponds to [(a;, b;)]i=1,..., 4 where

1 ifi=1l,corm; €Se —T
a; =

0 ifrneT
, _J1ifnese T
"o ifi=lcormeT

We write u € X,.(T) for this cocharacter.

Proposition A.3.4. (1) There exists exactly two elements [b] € B(G, u)
(2) For the mazimal element [u(p)], there exists a unique p-divisible group with O-structure with these

Newton slopes.

Proof. (1) It is easy to check using the explicit description of u that under the identification X, (7T = Q?,
that the only two elements of B(G, {u}) correspond to v°*d = (251, 91y and v = (£, 4). Here we use the
fact that 2|T| = |S|.

(2) This is [Moo04, Theorem 3.2.7]; note in this case the Newton cocharacter is v°". ]

We say a p-divisible group ¢ /k with D°-structure is ordinary (resp. supersingular) if the corresponding

Newton vector is equal to v°™ (

resp. v*). Similarly a p-divisible group ¢4 with D-structure is ordinary (resp.
supersingular) if the corresponding p-divisible group with D°-structure is. For k an algebraically closed field
of characteristic p, we write ¢°™ for the unique isomorphism class of ordinary p-divisible groups from part
(2) of Proposition

If Ax, denotes the universal abelian variety over X', we write X’ (resp. X'°™) for the locus where
Ax/[p™] is supersingular (resp. ordinary). Similarly if A — A’ denotes the universal cyclic isogeny over
X0 (p), we define X} (p)* (resp. X{(p)°™®) as the locus where A[p>] (equivalently A’[p>]) is supersingular
(resp. ordinary). It is easy to see that X' is the union of the Goren—Oort divisors corresponding to 7 and

T, see [LT, §3] for example.
Proposition A.3.5. Let x € X\(p)°>"4(F,). Then x is a smooth point of X{(p).

Proof. The local model in this case has a stratification by the p-admissible set Adm({x}) and this induces a
stratification of X (p)va cf. [HZ, §9]. The strata corresponding to translation elements are all smooth. By
[ANT7, Theorem 2.6], X{(p)°® is contained in these strata, hence x is a smooth point of X} (p). Note that
the Axioms of [HR17| for these Shimura varieties have been verified in [HZ] so that [HN17, Theorem 2.6] is
applicable. O

Definition A.3.6. Let (¢, 1) and (¢’,),.) be p-divisible groups with D-structure over S. A cyclic
1sogeny between ¢ and ¥’ over S is an isogeny f : 94 — 4’ such that

e [ is compatible with the actions ¢,:" and the polarizations A, \'.

o ker(f) = Kq & Kg C 9,[q] ® %]q] is of order |ky|* and K is dual to K5 under the pairing induced by .

Similarly, for p-divisible groups with D°-structure 4 and ¢’ over S, a cyclic isogeny between ¢4 and ¥4’ is
an isogeny f : ¥ — ¢’ such that:

e f is compatible with the action of O on 4 and ¥’.

o ker(f) C 9[p] is of order |k, .
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It is easy to check that under the equivalence of categories in Proposition the cyclic isogenies
correspond to one another. Moreover if (A, ¢, A, exw) is an S-point of &K,(G’S), then a cyclic isogeny

A — A’ corresponds precisely to a cyclic isogeny of the associated p-divisible group.

A.4. Essential Frobenius and Verschiebung isogenies. In this section we define two canonical cyclic
isogenies associated to a point in X’. These isogenies will define sections to the projections 71, 7o : X{(p) —
X' analogous to the Frobenius and Verschiebung isogenies in the case of the Hilbert modular surface (see
[Sta97, §4]). For this reason we will call these isogenies the essential Frobenius and essential Verschiebung
isogenies respectively.

We let ¢ = p? and let (A, ¢, \, €xr) be an S-point of X’ where S is a smooth F -scheme. We first define the
essential Frobenius isogeny A — A’. Note that in order to define a cyclic isogeny it suffices to define a cyclic
isogeny of the associated p-divisible group ¢ := A[p™]. Let 4 = (4')? x (4'V)? denote the decomposition
of 4 coming from Proposition then it suffices to define a cyclic isogeny of ¢’. In order to do this we
introduce some notation.

Let k& be a perfect field of characteristic p and R a smooth k-algebra. By a frame for R we mean a
p-adically complete and separated flat W (k)-algebra lifting R together with a lift of Frobenius o : #Z — Z.

A Dieudonné F-crystal over R is a quadruple (M, F,V, V) where

e M is a finite locally free Z module.

e F:0"M — M and V : M — o*M are injective #Z-linear maps such that F'V =p and VF = p.

e V is a topologically nilpotent integrable connection such that F' is parallel for V.

By [dJ95], D(¥)(#) is a Dieudonné F-crystal and the association ¥4 +— D(¥)(R) induces an anti-
equivalence of categories between p-divisible groups over R and Dieudonné F-crystals. Similarly the associ-
ation induces an anti-equivalence of categories between p-divisible groups with O-structure and Dieudonné
crystals with an action of O.

It will follow from the canonicity of the construction that we may assume S is affine, since we may glue
the construction over an affine cover. Thus let § = Spec R be a smooth F,-scheme and % a frame for R as
above. Then in order to define a cyclic isogeny, it suffices to find an Z-lattice M C D(¥)(Z) satisfying the
following conditions:

(1) M is stable for the action of O

(2) M is stable under F,V, V.

(3) We have the inclusions pD(¢)(Z) C M C D(4)(Z%).

4) holds for the module M/V M.

We now construct such a subgroup. For 7 € ¥, we identify this with an embedding 7: O — W(F,) and
we let D(¥)(Z#), the submodule where O acts via 7. Similarly to we define the essential Verschiebung
to be

Vessr : D@)(#)7 = D@)(B) g1

to be the usual Verschiebung if 071(7) ¢ S or 07 1(7) € Soo — T and the inverse of Frobenius otherwise.
For 7 € ¥, let n, be the smallest positive integer such that ¢~"" (1) ¢ Soo. We define M, € D(¥)(Z%)- to
be the preimage of pID(¥)(%#)s-n-(r) under the map V7. Then we define M := P M,. Then M is a
locally free Z-submodule of D(¥) (%) of full rank.

TEX

Proposition A.4.1. M C D(9)(Z) satisfies the properties (1), (2), (3), (4), above.

Proof. (1) is clear since M is a direct sum of locally free submodules of D(¥4)(Z),. To show M is stable

under F', we must show F(M;) C My, . We consider the separate cases 7 € Soo and 7 ¢ Seo. If 7 € So,
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we have

Ves" ™ ln() (), = V™ 0 Ves.o(m)
and Vi 5 (7 is the usual Verschiebung or the inverse of Frobenius. Since VF' = p, we have Vg 5(r)F'M; C M
and hence FM, c V.1 M, = Mo, (7).

es,o(T)
In the second case we have

My(ry = Vg o1y (D(D) (%)) = F(D(F) (X))

es,0(7)
Since
M = (Vi )" (pD (D) (B) e () € D(D)(R)-,
we have F'(M;) C M,(,). The verification of the stability for V' follows similarly.
The stability under V follows from the stability of pID(¥)(%), under V and the fact that F and V are
horizontal for V. It follows that (2) is satisfied.
(3) follows from the inclusions

PVD(G)(Z)o(ry C PD(Z)(R)r C VID(G)(R)o(r)

for 7 € Yoo — Seo.
(4) is equivalent to the condition

1 ifre¥ —Se
dim(M/VM); =40 if7€Sex—-T
2 ifreT

which follows similarly. O

It follows that M corresponds to a p-divisible group ¢ (") equipped with a cyclic isogeny Ft' : 4 — ¢ @,
We define ) to be the essential Frobenius twist of ¥ and F' to be the essential Frobenius isogeny.

Similarly we may define the essential Verschiebung
Ver' : 9®) 5

to be defined by the submodule
pD(4)(#) € M
It follows from the definition that Fr’ o Ver’ = p and Ver’ o Ft’ = p.
Let A be the universal abelian scheme over X’. Taking a cover of X’ by smooth affine opens and gluing

the construction we obtain isogenies
Fr'y: A— A(”/), Ver/y : A®) 5 4.

Proposition A.4.2. Let A be an abelian variety with D°-structure over a scheme S of characteristic p.
Then
(A(p’))(p/) — AW)

where A®) is the usual p?-Frobenius twist. Moreover the composition Fr’' o Fr' considered as a map X' — X'

)

corresponds to Sp*(g/Zfl Fr, where Sy, is the standard Hecke operator at p and Fry, is the p?-Frobenius.

Proof. We may reduce to the case S = Spec R a smooth affine scheme. Moreover, it suffices to prove this
for the p-divisible ¢’ associated to A[p>°] by Proposition
The submodule F9eD(¥9')(%#) C D(¥')(#) corresponds to the p9-Frobenius isogeny. We let M C

D(4’)(Z) be the submodule corresponding to ¢'*") and M’ c M the submodule corresponding to (4/(®))®"),
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Then by the definition of M’, we have that p? ' M’ = FID(¥')(#). In particular, FID(4') (%) C M’ cor-
responds to the isogeny

(A.4.1) pil (@)@ 5 (g @D),

Therefore (4'#))#) and 4®) are isomorphic and the moreover part follows. O

Proposition A.4.3. Let ¢ be an ordinary p-divisible with O-structure over a reduced and irreducible IFq-
scheme S. Let f : 9 — 9’ be a cyclic isogeny, then f = Fr' or f = Ver'.

Proof. First assume S = Spec k where k is an algebraically closed field of characteristic p. Then ¢ = @°rd
by Proposition The same proof as in [Stad7, Proposition 4.3] shows that f = Fr’ or f = Ver./

Let S™ (resp SV*') denote the subscheme of S where f coincides with Fr’ (resp. Ver’). Then S™' and
SVer' are closed subschemes of S, since the locus where two subgroups of ¢ coincide is closed. For each
closed s point of S, we have by the case above that f, = Fr’ or f, = Ver’. Therefore S¥ " USVer’ = . hence
by irreducibility § = SVer' or § = %',

O

The association (A, ¢, A, €xp) — (A(pl)7 V', N, €hp) induces a map
X - X
By Proposition we have Fr’ o Fr’ = Sp_(g/Q_l)Frp. These isogenies induce maps
F,V: X' — X[(p)
which are defined by
F(A, 0, N\ exm) = (Fry : A= AP L X egom)
V(A 1, \ exm) = (Ver'y : AP 5 4, N ).
By definition we have the following properties
7o F =idx/, mpoF =Fr
T oy = SglFr/, mp o) =idx.
We have the following proposition regarding these maps.

Proposition A.4.4. (1) F and V are closed immersions.
(2) Let (p: A— A’ 1, )\ exw) be an S-point of Xo(p)°™9, then x € F(X)UV(X).

Proof. (1) We prove the result for F, the case of V is analogous. First note that F is injective on points
since m; o F = idx. Therefore it suffices to show F is proper; the valuative criterion in this case follows from

standard properties of Neron models.
(2) Follows directly from Proposition O

A.5. Global structure of quaternionic Shimura surfaces with Iwahori level structure. In this
subsection we prove the main theorem. We first need to study the fibers of the maps ;.

Let ¢4 /F, be a supersingular p-divisible group with D°-structure. We will define a universal cyclic isogeny
of ¢; this will parameterize the fiber of the projection m : X (p)?p — X%p. As in vve may define a
version of essential Verschiebung for any p-divisible group with D° structure ¢ over an [Fp-scheme S. We

have the exact sequence of sheaves over S

(A51) 0— W@ r; — D(g)(s)ﬂ - wg;v,n —0
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for each i = 1,...,g, where ¥V denotes the Cartier dual and wg (resp. wgv) is the sheaf of invariant
differential forms on ¢ (resp. ¥V). If & arises from an abelian variety with D-structure A, then wgv ., =
w9y - as in @ where 7; € X o /4 lifts 7;. We obtain sections

sTé

®p"Ti ®—1
h., € T(S, W yrryr, @ Weg, )

g ™
for i = 1, ¢, using the same construction from here we need to use the essential Frobenius to define
these sections since we are using contravariant Dieudonné theory. Applying this to the universal p-divisible
group with D°-structure on X', these may be identified with the partial Hasse invariants defined in
Let %/E, be a supersingular p-divisible group with D°-structure. We separate the following two cases:
(1) Both h., and h,, vanish.
(2) Exactly one of h,, or h,, vanish.
The following Proposition can be proved in the same way as [Sta97, §5] where the analogous calculations

are carried out for the Hilbert modular surface.

Proposition A.5.1. Let Op, := W(F,).
In Case (1), there exists an Orp-basis {e;, fi} of D(4)(OL), fori=1,...,g such that
p(ei) = firr,0(fi) = peiy1, fori=1,c
plei) = eip1,9(fi) = fir1, for 71 € Seo = T
p(ei) = peiv1, o(fi) = pfiv1, for7; €T
In Case (2); we assume without loss of generality h,. # 0. Then there exists an element u € F — Fpe and

Op-basis {e;, fi} of D(Z)(OL), such that

g—c+1 .
P | fiy1, fori=1

plei) = fivr + [uleirr, o(fi) = peipr, fori=c
p(ei) = eir1, (fi) = peir1, for 7 € Soo =T
p(ei) = peir1, o(fi) =pfiyr, for 7 €T
where [u] € O, denotes the Teichmuller lifting.

plei) = fixr, o(fi) = peiy1 — [u

We now define the universal cyclic isogeny of ¢. In the two cases above we fix a basis of D(¥4)(OL)., as
in the previous Proposition.

Case (1): In this case we will define a cyclic isogeny of 4 x T where T is the scheme consisting of two
copies of P! intersecting transversally at an Fp—point. To do this we first introduce some notation.

Let S = Spec R be a smooth F,-scheme.

Let # = Op{x) denote the ring of restricted power series over O, equipped with the lift of Frobenius
given by the usual Frobenius on Oy, and x + 2P. Then £ is a frame for R = F,[z].

We let M be the Z-module D(¥4)(0L) ®o, %, equipped with the induced Frobenius, Verschiebung and
the trivial connection

V:i=1®d,

where d : # — 91% /0L is the universal derivation. Then (M, F,V, V) is the Dieudonné F-crystal associated
to ¢ @ %. We now define the submodule My C M to be the submodule generated by generated by pM and

<€7; +xpiicfi|i =c+ 1""ag71> U <.fl|Z = 27"'3C>'
One checks that My is stable under F. ,V and V hence corresponds to a cyclic isogeny

ﬁozngpecR—%éo
50



where 4, is a p-divisible group with O-structure over R.
Similarly letting 2’ = O (y), we define the submodule M}, of M’ := D(¥)(O1) ®ov, %' to be generated
by pM’ and
WP Ceit fili=c+1,...,. ) U{fili=2,...,¢c)

As before this corresponds to a cyclic isogeny
pb 94 x Spec R — 9.
Using the identification x <> %, we see that gy and 5} glue to give an isogeny
Po g x ]Pl — g().
Similarly we may define an isogeny
p9xPl 59
by gluing the isogenies corresponding to submodules M, C M and M{ C M’ where
(fili=c+1,...,g. 1) Ule;+a” fili=2,...,¢).
and
<f1|Z =c+ ]-7 ce 79,]—> U <yp1_1ei + f7,|z = 27' c >C>'
Let 29 = (1:0) and z; = (0 : 1). Then pols, : 4 — %2, and p1]., 1 4 — %, agree and hence we may
glue pg and p; to give an isogeny
p:GxT =9,
Case (2): Assume h,, # 0.
As in case (1), we let Z = Op () and M = D(¥)(%). We define the submodule M of M to be generated
by pM and
(ei+aP “fili=c+1,.,9, ) Ufili=2,..0).
Similarly M’ is the submodule generated by pM and

WP et fili=c+ 1,0, ) U(fili=2,..,c).

As in Case (1), these submodules correspond to isogenies which glue along x «» %

G xPl 9.
If h,, # 0, we may switch the roles of 1 and ¢ to obtain an isogeny ¥ x P! — ¢’

and define an isogeny

Let z € X'(F,) lie in the intersection of the two Goren—Oort divisors X ; F X 7’_ 7 corresponding to T
Ep cylf'p
and 7.; we write A, for the associated abelian variety and ¢, for the p-divisible group with D°-structure

associated to A,[p™] as in Proposition Then we are in Case (1) and have defined a cyclic isogeny
P9 xT—9'

where T is the union of two copies of P! intersecting transversally at point. This induces a cyclic isogeny
A, x T — A’. We therefore obtain a map

B:T — Xy(p)g,

whose image lies in the fiber of x under the degeneracy map 7.

Similarly if # € X’(F,) lies in a unique Goren-Oort strata for 7 or 7., then we are in Case (2) and we

obtain a cyclic isogeny A, x P' — A’. This induces a map
a Pl — Xé(p)?p

whose image lies in the fiber of z under .
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Proposition A.5.2. In Case (1), the map 8 : T — 7y *(x) is a bijection on F,-points.
In Case (2), the map o : P* — w7 (2) is a bijection on F,-points.

Proof. This follows from the same calculation as in [Sta97, Proposition 6.5] O

Theorem A.5.3. (1) X{)(p)ﬁp can be decomposed as
V(X5 )UF(Xg ) U Xo(p)7

where each term is a union of irreducible components of X (p)E of dimension 2. Any irreducible component
of X¢(p)g, is contained in exactly one of the terms and V(X%P) N ]:(X%P) is 0-dimensional.

(2) For each irreducible component C' of Xﬁs, there is a unique irreducible component R of X} (p) such
that i (R) = C. Moreover the projection m : R — C ezhibits R as a P-bundle over C = P! and for any

other irreducible component C" of X£°, we have:
P

(pt} ifCNC #0

0 otherwise

RNR =

Similarly, the result holds if we replace my by ma.

The rest of this subsection will be devoted to the proof. We refer to [Sta97, p409| for a pictorial repre-

sentation of the geometry.

Proof. (1) By the theory of local models every irreducible component of X (p) has dimension 2. Now since F

and V are closed immersions, V(X%p) and F (Xi,) are unions of irreducible components of X}, (p)?p. Let Z be

an irreducible component of X (p)E not contained in F (X%p) U V(X%p) and let © € Z(F,). If x corresponds
to an ordinary abelian variety, then x € F (X%p) UV(X%I)) by Proposition hence it lies in more than one
irreducible component of X}, (p)ﬁp. In particular z is not a smooth point of X p)?p contradicting Proposition
therefore z is supersingular.

To show V(X%p)ﬂ]-" (X%p) is 0-dimensional, we note that by the closure relations of the Kottwitz-Rapoport
stratification on the local model, the intersection is contained in the minimal stratum which is 0-dimensional.
Part (1) follows.

(2) Let R be an irreducible component of Xg(p)g . Then since | X0z is surjective with one dimensional
fibers, there exists a unique irreducible component C' of Xﬁs such that 71 (R) = C. Now Proposition
implies the fibers of | Xp(0)g are irreducible over a dense subset of C, hence R is the unique irreducible
component of X(')(p)%i mapping to C.

To show R is a P'-bundle over C, we first show the morphism 7 |g is smooth. Since R and C are both
smooth and Fp is algebraically closed, it suffices to show the map is surjective on tangent spaces. This follows
in the same way as [Sta97, Proposition 6.7].

For z a smooth point of X%S’:7 we have a map P! — wfl(:r) which is bijective on Fp—points by Proposition
Since 71 ! () is smooth, it follows that P* 2 77 (z). Thus it suffices to show that for # a non-smooth
point of C' C X’ we have 77 *(z) N R = P'. In this case there is a map T — 7~ '(z) which is bijective
on Fp—points by Proposition where T is the transversal intersection of two copies of P'. Since each
component of 771(x) is smooth, the same argument as above shows that 7' = 7~ !(z).

Since 77 *(z) N R is smooth and one dimensional, it follows that =, *(z) N R = P'.

O

Transferring to the quaternionic side, we obtain the analogous results for quaternionic Shimura varieties.
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Corollary A.5.4. (1) Xo(p)?p can be decomposed as
V(X?p) U ]:(X?p) U Xo(p)%bp

where each term is a union of irreducible components of Xo(p)?p of dimension 2. Any irreducible component
of Xo(p)s, is contained in exactly one of the terms and V(X5 ) N F(Xg ) is 0-dimensional.

(2) For each irreducible component C of X2°, there is a unique irreducible component R of Xo(p) such
that m1(R) = C. Moreover the projection my : }3 — C ezhibits R as a P-bundle over C = P! and for any

other irreducible component C’' of X2, we have:
P

{pt} ifCNC £0

0 otherwise

RNR =
Similarly, the result holds if we replace m by m.
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