MOD-p ISOGENY CLASSES ON SHIMURA VARIETIES WITH PARAHORIC
LEVEL STRUCTURE

RONG ZHOU

ABSTRACT. We study the special fiber of the integral model for Shimura varieties of Hodge type
with parahoric level structure constructed by Kisin and Pappas in [KP]. We show that when the
group is residually split, the points in the mod p isogeny classes have the form predicted by the
Langlands—Rapoport conjecture in [LRST7].

We also verify most of the He—Rapoport axioms for these integral models without the residually
split assumption. This allows us to prove that all Newton strata are non-empty for these models.
The verification of the axioms in full is reduced to a question on the connected components of affine
Deligne—Lusztig varieties.
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1. INTRODUCTION

An essential part of Langlands’ philosophy is that the Hasse—Weil zeta function of an algebraic
variety should be a product of automorphic L-functions. In [Lan76], [Lan77], [Lan79], Langlands
outlined a program to verify this for the case of Shimura varieties for which an essential ingredient
was to obtain a description of the mod-p points of a suitable integral model for the Shimura variety.
Such a conjectural description first appeared in [Lan76], and was later refined by [LR&7], [Kot97] and
[Rap05]. To explain it we first introduce some notations.

Let (G, X) be a Shimura datum and K, C G(Q,) and KP C G(A%) compact open subgroups where
Afc are the finite adeles with trivial component at p. We assume K, is a parahoric subgroup of G(Q,).
For K? sufficiently small we have the Shimura variety Shi,k»(G, X') which is an algebraic variety over
a number field E known as the reflex field. We will mostly be considering Shimura varieties of Hodge-
type in which case Shk,k»(G, X) can be thought of as a moduli space of abelian varieties equipped
with some cycles in its Betti cohomology (at least on the level of its complex points). Let p be a prime
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and v|p a prime of F, then conjecturally there should exist an integral model prKP(G,X)/OE(U)
for Shx, k» (G, X) satisfying certain good properties. When the group Gz, is unramified and K, is
hyperspecial there is a characterization of such an integral model using a certain extension property;
see [Mil92, Proposion 2.8]. For general parahorics such a characterization is not known. However as
long as the integral model has good local properties (more precisely, one desires that its nearby cycles
are amenable to computation) and one can obtain some global information about the Fy-rational
points, then this is already enough for many applications such as the computation of the (semisimple)
local factor of the Hasse—Weil zeta function of the Shimura variety; see for example [Hai05] §11].
We consider also the inverse limit of integral models

Jx, (G, X) = liIél Sk, (G, X).
+—KP
Then conjecturally there should be a bijection (see [LR87], [Rap05], [Hai05]):

Fx, (G, X)(F,) = [ S(#)
¢

where
S(9) = lim L(Q)\X,() x X7 (9)/KP.

When .k k»(G, X) arises as a moduli space of abelian varieties, this represents the decomposition
of the special fiber into disjoint isogeny classes parametrised by ¢. The individual isogeny class S(¢)
breaks up into a prime-to-p part X?(¢) and p-power part X,(¢), and the I4(Q) is the group of self-
isogenies of any member of the isogeny class S(¢). For general G, the objects appearing are approriate
group-theoretic analogues of the objects described.

The bijection should satisfy compatibility conditions with respect to certain group actions on either
side. For example, on S(¢) one can define an operator ®, and this should correspond under the above
bijection to the action of Frobenius on .k, (G, X)(F,). Using this, one obtains a completely group
theoretic description of the F,-points of the Shimura variety.

The first major result in this direction was obtained by Kottwitz [Kot97] who gave a description
of the F,-points for PEL-type Shimura varieties (more precisely the moduli spaces he considered are
actually a union of Shimura varieties, but for the application to computing the zeta function, this
was not an issue). In this case, the integral models of Shimura varieties are indeed moduli spaces
of abelian varieties with extra structure, so one ends up counting such abelian varieties. Then after
constructing good integral models for Shimura varieties of abelian type in [Kis10], Kisin [Kis17] proved
the conjecture for these integral models. In that case the Shimura varieties and their integral mod-
els are no longer moduli spaces of abelian varieties with any obvious additional structure and many
new ideas were needed. In both these works, the authors worked with hyperspecial level structure
at p; in particular this meant the Shimura varieties had good reduction at v, i.e. the integral mod-
els .7k, k» (G, X) were smooth over Og,,,- In constrast, when considering arbitrary parahoric level
structure, the integral models will not in general be smooth and this presents many new difficulties
in proving such a result. However, if one is to get a complete description of the zeta function of the
Shimura variety, then knowledge of the places of bad reduction is still needed. Moreover, understand-
ing the cohomology of these spaces at places of bad reduction has many other important applications
such as the local Langlands correspondences; see [HT01].

We assume now that p > 2. Let (G,X) be a Shimura datum of Hodge type such that Ggq, is
tamely ramified, p { |71 (Gaer)| and K, is a connected parahoricﬂ (we will refer to these assumptions as

1A connected parahoric is one which is equal to the Bruhat—Tits stabilizer scheme
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(*)). Under these assumptions Kisin and Pappas have constructed good integral models %k, (G, X))
for the Shimura varieties associated to the above data. These integral models satisfy the correct local
properties in the sense that there exists a local model diagram as in [Hai0OIl §6]. The main result of
this paper is the following.

Theorem 1.1. Let (G, X) be a Shimura datum of Hodge type as above. We assume Gq, is residually
split at p. B
(i) The isogeny classes in Sk, (G, X)(F,) have the form

lim I,(Q)\X,(¢) x X7(6)/K".
(ii) Each isogeny class contains a point x which lifts to a special point in Shk, (G, X).

Let us first explain what we mean by an isogeny class. We assume for simplicity that K, = G(Z,),
where G is an Iwahori group scheme for the rest of the introduction. It follows from the construction
of the integral models that to each z € %k, (G, X)(F,) one can associate an abelian variety A, with
G-structure. This means A, is equipped with certain tensors in its étale and crystalline cohomology
whose stabilizer subgroups are related to the group G. This leads to a natural notion of the isogeny
class of z, which breaks up into a prime-to-p part and a p-power part. We then obtain a decomposition
of the special fiber into disjoint isogeny classes as in the conjecture. To prove the conjecture in full one
needs therefore a description of the points in an individual isogeny class and then also an enumeration
of the set of all isogeny classes. In this paper we focus on the first problem. The key ingredient needed
for the enumeration of the set of all isogeny classes is part (ii) of the above theorem; this allows one
to relate the set of isogeny classes to some data on the generic fiber where one has a good description
of the points. Note that some results in the direction of part (ii) of the Theorem has also been proved
in [KMPS]; here we provide a different proof more along the lines of [Kis17, §2]. To go from the above
theorem to the conjecture in full requires some technical computations involving Galois cohomology,
which the author intends to return to in a future work. The above then can really be thought of as
the arithmetic heart of the conjecture of [LR87].

Let us now give some details about the theorem and its proof. The general strategy follows that
of [Kis17]; however there are many obstructions to adapting the proof over directly for the case of
general parahorics. As was mentioned above, each isogeny class decomposes into a p-power part and
a prime-to-p part. Describing the p-power part is the most difficult part of the problem.

To an x as above we can associate an X,(¢) which is a union of affine Deligne-Lusztig varieties
(see §5.2 for the precise definition). By the construction of these integral models, one has a map

Fx(G,X) = S (GSp(V), S*) ® O,

where .7 (GSp(V), S*) is an integral model for the Siegel Shimura variety Shx: (GSp(V), S*), de-
fined as a moduli space for abelian varieties with polarization and level structure. Using Dieudonné
theory it is possible to define a natural map

%m : X;D(qs) - yK’(GSpu Si)(Fp)
and one would like to show this lifts to a well-defined map
iz : X;D(¢) - yK(G7X)(FP)

satisfying good properties. The image of the map will then be the p-power part of the isogeny class
for z. This is carried out in two steps. One can show that X, (¢) has a geometric structure as a closed
subscheme of the Witt vector affine flag variety of [Zhul7] and [BS17]. In particular there is a notion
of connected components for the X,(¢). The two steps are as follows.
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(1) Show that if i, is defined at a point of X, (¢) then it is defined on the whole connected component
containing the point.

(2) Show that every connected component of X,(¢) contains a point at which 4, is well-defined by
lifting isogenies to characteristic 0.

For part 1), one uses an argument involving deformations of p-divisible groups. The analogous
argument in [Kis17] uses Grothendieck-Messing theory. In our context this is not possible since the
test rings one needs to deform to are no longer smooth. Hence we use a new argument using Zink’s
theory of displays.

To carry out 2), an essential part is to get a description of (or at least a bound on) the connected
components of X, (¢). Such a bound is obtained in [HZ]. The bound obtained there is somewhat more
complicated than the description for the case of hyperspecial level. This necessitates an improvement
in the argument for lifting isogenies to characteristic 0. The main new innovation here is that one can
move about through different Levi subgroups of G using characteristic 0 isogenies.

Note that the bound obtained in [HZ] is only good enough to carry out the argument for groups
which are residually split at p. More generally, we will describe how one can get rid of the residually
split condition in the statement of Theorem if one assumes a natural conjecture (Conjecture
on the set of connected components of affine Deligne-Lusztig varieties. Indeed, the bound on the
connected components obtained in [HZ|] can thought of as a reasonable substitute for this conjecture
in the residually split case. However, without assuming Gq, residually split, part (1) of the argument
goes through unconditionally. This already allows us to deduce the following interesting corollary.

By construction of .7k, (G, X), we have a well-defined map

§: %, (G, X)(Fy) = B(G, )

which induces the so-called Newton stratification on the special fiber of .7 (G, X). Here p is the
inverse of the Hodge cocharacter and B(G, u) C B(G) consists of the set of neutral acceptable o-
conjugacy classes as in [RV14]; it is the group-theoretic analogue of the set of isomorphism classes of
isocrystals satisfying Mazur’s inequality. In the case G = GSp, the integral model is a moduli space
for polarized abelian varieties and this map sends an abelian variety to the isomorphism class of the
associated isocrystal. The following result can then be thought of as a generalization of the classical
Manin’s problem, which asks whether a p-divisible with Newton slopes between 0 and 1 symmetric
about % arises from an abelian variety up to isogeny.

Theorem 1.2. Let (G, X) and K, satisfy the assumptions (x). Then § is surjective.

This is proved by verifying some of the He—Rapoport axioms for integral models of Shimura varieties
in [HR17]. We cannot yet verify all of the axioms. However, we are able to reduce the verification of
the axioms in full to Conjecture [5.4} for the application the non-emptiness of Newton strata, this is
not needed.

In recent work [KMPS], the authors have shown surjectivity of this map for groups which are
quasi-split at p using a different method. There is an obstruction to their technique working for
certain non quasi-split groups. In contrast, our proof works for non quasi-split groups. For this it is
essential to be able to work at Iwahori level. The key part is to prove non-emptiness of the minimal
Kottwitz—Rapoport stratum at Iwahori level; this shows the surjectivity at Iwahori level. This allows
one to deduce the surjectivity statement for all parahoric levels by using suitable comparision maps
between models with different levels. However, one major input to the proof is the non-emptiness of
the basic locus, which is proved in [KMPS].

Let us give a brief outline of the paper. In section 2 we recall some preliminaries on Bruhat—Tits
buildings and Iwahori Weyl groups associated to a p-adic group. In section 3 we recall the construction

4



of the local models of Shimura varietes in [PZ13] and prove certain results about their embeddings
into Grassmannians. In section 4 we recall the construction in [KP] of the universal p-divisible group
over the completion of an F,-point of the Shimura variety. We construct in Proposition a specific
lifting which will be needed in the lifting isogenies argument. Section 5 is the technical heart of the
paper. We recall the notion of affine Deligne-Lusztig varieties and state a conjecture (Conjecture
on their connected components. We then recall the bound on the connected components of affine
Deligne-Lusztig varieties obtained in [HZ|] and show that for the basic case, or when Conjecture
holds, enough isogenies lift to characteristic 0. In section 6 we put the results together to deduce the
existence of the required map from X, (¢) into the integral model when the level K, is Iwahori; this
is Proposition This allows us to deduce part (i) of Theorem for the case of Iwahori level at p;
this is the most pertinent case. In section 7 we deduce the existence of good maps between Shimura
varieties of different level which allows us to use the case of Iwahori level to deduce the result for other
parahorics. This also verifies one of the He-Rapoport axioms for these integral models. The rest of
the axioms are verified in section 8 which allows us to deduce the non-emptiness of Newton strata.
Finally in section 9 we prove part (ii) of the main theorem.

Acknowledgements: It is a pleasure to thank my advisor Mark Kisin for suggesting this problem to
me and for his constant encouragement. I would also like to thank George Boxer, Xuhua He, Erick
Knight, Chao Li, Tom Lovering, Anand Patel, Ananth Shankar, Xinwen Zhu and Yihang Zhu for
useful discussions. The author was supported by NSF grant No. DMS-1638352 through Membership
at the Institute for Advanced Study.

2. PRELIMINARIES

2.1. Let p > 2 be a prime. Let F be a p-adic field with ring of integers O and residue field F,. Let
L be the completion of the maximal unramified extension F'"* of F' and Oy, its ring of integers. Fix
an algebraic closure F of F and let T' := Gal(F/F). We write I for the absolute Galois group of L
which can be identified with the inertia subgroup Gal(F/F%) of I'. We let o € Gal(F*™/F) denote
the Frobenius automorphism which extends by continuity to an automorphism of L.

Let G be a connected reductive group over F. We assume G splits over a tamely ramified extension
of F. Let B(G, F) be the (extended) Bruhat—Tits building of G(F'). For any z € B(G, F), there is a
smooth affine group scheme G, over Op such that G,(Op) can be identified with the stabilizer of x in
G(F). The connected component G2 of G, is the parahoric group scheme associated to 2. We can also
consider the corresponding objects over L. Then for x € B(G, L), we have G2(Or) = G, (Op) Nker kg
where

Ra : G(L) — 7T1(G)[

is the Kottwitz homomorphism, cf. [HRO8| Prop. 3 and Remarks 4 and 11]. Thus if € B(G, F),
G2(OF) = G.(Op) Nkerkg. We say a parahoric subgroup G2 is connected if G2 = G,. If G is
an unramified group (i.e. G is quasi-split and split over an unramified extension of F'), then every
parahoric subgroup is connected; see [KP 4.2.14 b)]. For ramified groups there does not seem to be a
nice characterization of which parahorics are connected. For some examples of cases when connected
parahorics arise in the study of Shimura varieties we refer to [PR09, 1.b.3] for the case of ramified
unitary groups and [PRO5] for cases of groups associated with restrictions of scalars.

Let S C G be a maximal L-split torus defined over F' and T its centralizer. Since G is quasi-split
over L by Steinberg’s theorem, 7' is a maximal torus of G. Let a denote a o-invariant alcove in the
apartment V associated to S over L. The relative Weyl group W, and the Iwahori Weyl group are
defined as

Wo = N(L)/T(L) W = N(L)/T5(Ox)
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where N is the normalizer of T and 7 is the connected Néron model for T. These are related by an
exact sequence

(2.1.1) 0—X.(T)r > W — Wy —0.

For an element A € X,.(T); we write t) for the corresponding element in W; such elements will be
called translation elements.

Let S denote the set of simple reflections in the walls of a. We let W, denote the affine Weyl group,
it is the subgroup of W generated by the reflections in S. Then W, fits into an exact sequence

0= Xu(Tse)r > W, = Wy =0

where Ty, is the preimage of T in the simply connected cover of the derived group of G. The Iwahori
Weyl group and affine Weyl group are related via the following exact sequence:

0—->W, =W —m(G)—0.

The choice of a induces a splitting of this exact sequence and 71(G); can be identified with the
subgroup 2 C W consisting of length 0 elements. W, has the structure of a Coxeter group and hence
a notion of length and Bruhat order which extends to W in the natural way using the splitting above.
As in [HROS], there is a reduced root system 3 such that

W, = QY(S) x W(3)

where QV(X) is the coroot lattice of ¥ and W (X) is its Weyl group. The roots in ¥ are proportional
to the roots in the relative root system of G over L, however the root systems themselves may not be
proportional. As explained in [HR17], this induces a pairing { , ) between X, (T); ® R and the root
lattice of 3.

2.2. Now let {u} be a geometric conjugacy class of homomorphisms of G, into G. Let p denote the
image in X, (T); of a dominant (with respect to some choice of Borel defined over L) representative
of p € X, (T) of {u}. The p-admissible set (cf. [Rap05} §3]) is defined to be

Adm({n}) = {w € Wlw < t,(,) for some x € Wy}.

Note that the p-admissible set has a unique minimal element denoted 7y,}; it is the unique element
of Adm({u}) N Q.

Now let K C S and let Wy denote the subgroup of W generated by K. We write WX (resp. KW)
for the set of minimal length elements of the cosets W/Wy (resp. Wi \W). If K’ C S we write &' WX
for the set of minimal length elements in the double cosets Wxn W/Wg. If K C S is o-stable and
Wi is finite, then the fixed points of K determines a parahoric subgroup G which is defined over Op.
We set Admpg ({p}) to be the image of Adm({u}) in Wx\W/Wg. This subset only depends on the
parahoric G and not on the choice of alcove a. We sometimes write Adm$ ({¢}) if we want to specify
the group G we are working with.

We have the Iwahori decomposition; for w € W, we write w for a lift of w to N(L). Then the map
w +— w induces a bijection

Wi\W/Wk = G(OL)\G(L)/G(OL).
Finally we recall the definition and some properties of o-straight elements. The Frobenius ¢ induces
an action on W and W, which preserves S.

Definition 2.1. We say an element w is o-straight if nl(w) = l(wo(w)...o" Y (w)) for all n € N.
If the action of o is trivial, we simply write straight for o-straight in this context.
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For w € W, there exists m € Z > 1 such that 0™ = 1 and wo(w)...c™ *(w) = t, for some
A€ X, (T);. We define v, € X.(T); ® Q to be % and 7,, to be the dominant representative of v,
with respect to some choice of Borel B defined over L. Then it is known that w is o-straight if and
only if (T, 2p) = I(w) where p is the half sum of positive roots in X.

For w,w’ € W and s € S we write w ~, w’ if w’ = swo(s) and l[(w) = I(swo(s)). We write w ~ w’
if there exists a sequence w = wy,...,w, € W, s1,...,8,-1 € S and 7 € Q such that w; ~;, w;41 for
all i and we have 7~ !w, (1) = w’. The following result is [HNT4, Theorem 3.9].

Theorem 2.2. Let w,w’ € W be o-straight elements such that there exists x € W with z ™ wo(z) =
w'. Then w =~ w'.

Remark 2.3. By [Heldl Theorem 3.7], for w, w’ o-straight, the condition that there exists x € W such
that 2~ lwo(x) is equivalent to the existence of g € G(L) such that g~lio(g) = u'.

We will also need the following property of the Iwahori double coset corresponding to straight
elements.

Theorem 2.4 ([Held] Proposition 4.5). Let w be o-straight and T the Twahori subgroup correspondig
to a. Then for every g € Z(Op)WI(OL) there exists i € T(OL) such that i~ 1go(i) = 1.

3. LOCAL MODELS OF SHIMURA VARIETIES

3.1. In this section we recall the construction of the local models of Shimura varieties and prove
certain results concerning their embeddings into Grassmannians. Let F' denote a finite unramified
extension of Q, and L/F the completion of the maximal unramified extension of F. We write k for
the residue field of Of.

We start with a triple (G, G, {u}) where:

e (G is a connected reductive group over F' which splits over a tamely ramified extension of F.

e G is a connected parahoric group scheme associated to a point x € B(G, F)

e {1} is a conjugacy class of minuscule geometric cocharacters of G.

We assume G is the parahoric group scheme associated to a subset K C S.

Let E be the field of definition of the conjugacy class {u}. In [PZ13] there is a construction
of a reductive group scheme G over Or[u™] := Op[u,u"!] which specializes to G' under the map
Op[u*] — F given by u — p. There is also the construction of a smooth affine group scheme G over
Oplu] which extends G and which specialises to G under the map Op[u] — Op given by u — p.
Moreover the specialization of G, of G under the map Op [u] = E[[t]] given by u — ¢ is a parahoric
subgroup of Gy (1)) = G ®opu+) k((t))-

Using these groups, there is a construction of the global affine Grassmanian Grg x over X :=
Spec (Op[u]) which, under the base change Op[u] — F given by u +— p, can be identified with
the affine Grassmanian Grg r for G. Recall Grg r is the ind-scheme which represents the fpqc
sheaf associated to the functor on F-algebras R — G(R((t)))/G(R][[t]]) (the identification is given by
t=u-—p).

Let P,-1 be the parabolic corresponding to pu~! (we use the convention that the parabolic P,
defined by a cocharacter v has Lie algebra consisting of the subspace of the Lie algebra of G where v
acts by weights > 0). The homogeneous space G@p /P,~1 has a canonical model X, defined over E.

We may consider p as a Q,((t))-point u(t) of G which gives a Q,, point of Grg,p. As p is minuscule,

the action of G(Q,[[t]]) on u(t) factors through G(Q,[t]]) = G(Q,) and the image of the stabilizer of
u(t) in G(Q,) is equal to P,-1. Thus the G(Q,[[t]])-orbit of x(t) in Grg,p can be Gg-equivariantly
identified with X ,.
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Definition 3.1. The local model Méoi is defined to be the Zariski closure of X, in Grg x x x Spec Og,
where the specialization map X — Spec Op is given by u +— p

We will usually write Méoc for Mg’z when it is clear what the cocharacter p is. By its construction

Mg’c is a projective scheme over Op admitting an action of G ®p, Og. The following is [PZ13]
Theorem 8.1].

Theorem 3.2. Suppose p does not divide the order of m1(Gger). Then the scheme Méoc is normal,
the geometric special fibre is reduced and admits a stratification by locally closed smooth strata; the
closure of each stratum is normal and Cohen—Macaulay.

This theorem is proved by identifying the geometric special fiber with an explicit subscheme of
the partial affine flag variety Fﬁgk“tn for Qk[[t]]. This is an ind-scheme which represents the fpqc

sheaf associated to the functor R — Qk((t))(R((t)))/gk[[t”(R[[t}]) for a k-algebra R. We have an
identification

FLg, , (k) = Gy (k((0)) /G (KE])-

By [PZ13], §3.a.1], there is an identification of Iwahori Weyl groups for G and Gi(@y)- Thus for
w € Wg\W/Wg we obtain a point ) € }"Egk[[t” corresponding to the image in Fﬁgkm” of a lift
of w to Gy (1)) (k((t))). We let Cy, denote the Gy Orbit of Wiy in Fﬁgkm and S, its closure, both

of which are independent of the lift w. C, and S,, are respectively known as the Schubert cell and
Schubert variety corresponding to w. Then by [PZ13| Theorem 8.3] there is an identification

M§ ®o k= ) Cu
weAdmpg ({p})

Example 3.3. Let G = GL, and let i be the cocharacter a — diag(a(™,1("=")). Let e1,..., e, be
the standard basis for F™. For a sequence of integers 0 < mg < ... < mp < n — 1, let GL be the
parahoric subgroup of GL,,(F') stabilizing the lattice chain

Ao DA, D--- DA,

where
A, = span(peq, ..., Dem, s Emit1s- -5 €n)-
The local model in this case agrees with that considered in [RZ96], as mentioned in [PZ13] §6.b.1].

In this case there is the following description. Given an Op-scheme S, we let M5 (S) denote the set
of isomorphism classes of commutative diagrams:

Apps<~—Apys<~— ...~ Apis
Fmeo Fna Fonn

where Ay, 5 = A, ®o, Os and Fy,, is a locally free Os-module of rank r and F,,;, = A, s is an
inclusion which locally on § is a direct summand of A, s. Let us explain how this description is
related to the Mg’f considered by [PZI3] which was described in the last section.

We use the following convention for a filtration defined by a cocharacter. Let V' be a finite dimen-
sional vector space over F or a finite free Op-module. Then a cocharacter p : G,, — GL(V) induces
a grading V = @._, V; where G,,, acts on V; by the character z — z%. It induces the filtration on V'

8
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given by F' := P ;i Vj- The stabilizer of this filtration is given by the parabolic subgroup P, C GL,
associated to p.

From the description of Mlé’z above, its generic fiber can be identified with the homogeneous space
GL, /P,. Indeed when p is inverted, all the A,,, coincide and the choice of F,, C Ay, r determines
the other F,,.

This implies that in the construction of the local model Méog, we must therefore take the defin-
ing cocharacter to be p~!. In this case the stabilizer of the point of GLy,(Q,((t)))/GLn(Q,[[t])
corresponding to ! is P, hence the generic fiber of Mé",i,l is identified with GL,, /P, as above.

The identification of Mg (k) and MEF (k) is given as follows. The group GLy ) 1s the parahoric
subgroup in GL,,(k((t)) stabilizing the lattice chain

ALy DDA

mg

in k((t))™ where A, := span(ter,...,tem;,em;+1,---,€n). We may identify the special fibers of

mg
loc

Apm, and A7, by the choice of standard basis. Given a point of Mgz (k), we obtain a subspace
F™i C A7, ®k via the above identification, where F'™ is of dimension r. The preimages L,,, of F'™
in A7, corresponds to a lattice chain of the same type as A, D --- D Aj, . Asin [Gor01} 3.1.3], there
exists an element g € GL,(k((t)))/GL(K[[t]) such that L,,, = gA;,. for all m;. The corresponding
point of MES (k) is given by xt~1 (here we consider k((t))* C GLy,(k((t))) via the scalar matrices).

3.2. We recall the construction of certain lattice chains of Op[u]-modules from [PZI3, §4.b.1]. Let
W = Op[u]® and W = W ®0pulu—so O = OF. Write W = &7_,V; and let U; = &;>;V;. For
i=0,...,7 — 1 we let W; C W denote the inverse image of U; under W — W; the sequence W;
satisfies

uW CW,_1C...C Wy=W.
We extend the sequence to Z by letting Wi, x, = u*W; and we write W, for the resulting chain indexed
by Z.

Now let p : G — GLg, be a closed group scheme immersion over F' such that p o y is in the
conjugacy class of the minuscule cocharacter a ~ diag(1(™, (a=')™)). Suppose also that p satisfies
the following conditions:

e p extends to a closed group scheme immersion G — GL(W,), where W, is a lattice chain in
Or[u]®™ as in [PZ13}, 4.b.1] and which was recalled above.

e The Zariski closure of Gy, ((,)) in GL(We ®0,.[u) k[[u]]) is a smooth group scheme P’ whose identity
component can be identified with G k([u]]’

Then it is shown in [PZI3] Proposition 7.1] that extending torsors along G — GL(W,) induces a
closed immersion:

L: Mé‘fz — Méoﬁc,pw ®o, OF
where GL is the parahoric subgroup of GLs, corresponding to the lattice chain We ®z, ) Op. We
will need a more explicit description of this map on the level of k-points which we now explain.

3.3. For the rest of this section we assume G is quasi-split. By Steinberg’s theorem, this can be
achieved upon making a finite unramified base extension F’/F. For later applications it will suffice
to make such a base change which is why we are allowed to make this assumption. We remind the
reader that S is a maximal L-split torus of G defined over F.

Let p: G — GSp(V) be a local Hodge embedding in the sense of [KP, §2.3], in particular we assume
G contains the scalars in GL(V). As explained in [KPL Proposition 2.3.7], there is an embedding
G — GL(W,) satisfying the above conditions and hence an embedding of local models. Base changing
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to Or[u*] we obtain an embedding G — GL(A) where A is a free module over O [u®] and is the
common generic fibre of W,. The fiber over L of this embedding is given by p and we denote the
fibers over x((u)), where k = k, L, by pe((u))- As shown in [KP, §1.2], these maps induce embeddings
of buildings

(3.3.1) B(G, L) — B(GLay, L)

(3.3.2) B(G, k((u))) = B(GLay, ((u))).

These embeddings satisfy the following property: There is a choice of a maximal Oy [u*]-split torus
S of G and a choice of basis b for A such that the embeddings of buildings (3.3.1)) and (3.3.2)) induce
embeddings of the corresponding apartments

(3.3.3) A(G, S, L) = A(GLyy,, S, L)

(3.34) A(Q,g((u)yﬁn((u))a k((u))) = A(G Lap, s, K((u)));

here the choice of b determines an isomorphism of GL(A) with GLg, and S’ is the diagonal torus
of GLy,. Indeed taking S to be the torus associated to S by the construction in [PZI3, 2.c|] and
taking the choice of b as in [PZ13] Proof of Proposition 2.3.7, Step 1], we see that the embedding
G — GL(A) takes S to the standard torus. By [PZ13l 3.a.2], the base change S, is a maximal
torus of G, (). This gives the embedding of apartments by the construction of the corresponding
embedding of buildings.

The choice of S and b also give identifications

(3.3.5) A(G, S, L) = A(Gr((u)) Sa((uy)» £((1))
and
(3.3.6) A(GLon, S, L) = A(GLan, S', 5((w)).

Moreover there is an identification of Iwahori Weyl groups for the different groups over the fields L
and k((u)) and the identification of apartments is compatible with the actions of these groups, see
[PZ13] §3.a.1]. The maps (3.3.1) and (3.3.2) are compatible with these identifications.

Let z € A(G, S, L) be a point corresponding to the parahoric and let

Trs((u)) € AG((u))s S((uy)» £((1)))

be the image of x under the identification 1) Then the group scheme QNM] is identified with
the parahoric group scheme corresponding to . (()). The images of x (resp. Z((u))) under the

embeddings (3.3.1) and (3.3.2) give points y (vesp. Y. ((u))) Whose corresponding parahoric GL (resp.
%n[[u“) is the stabilizer of the base change of W, to L (resp. x((u))).

3.4. The image of the alcove a under the embedding of apartments A(G,S,L) — A(GLs,,S’, L)
is contained in (the closure of) an alcove in the apartment for GLg,. We fix such an alcove and
let S’ denote the corresponding set of simple reflections. Then GL corresponds to a subset K/ C §'
and we may apply the constructions in §2 to G£ to obtain Adm$ 2" ({u}ar,,), this is a subset of
Wi AW’ /Wy, where W’ denotes the Iwahori subgroup for GL,, and {u}cr,, denotes the GLo,-
conjugacy class of cocharacters induced by {u}.

We identify

ME(R) © Gk(()))/G g ][]
10



with the union over the Schubert varieties S,, where w € Admg ({¢}). Similarly

Mg£ (k) © GLan(k((w))/GL(K[[u]])

is the union of the Schubert varieties S&5*" in G Ly, for w' € Adm$ " ({u}aL,,)-

On the level of k points the embeddings M§{¢(k) < Mg, (k) is induced by the map G(k((u))) —
GLay(E((u))). On the other hand, the choice of basis b gives an embedding

(3.4.1) MEE (k) € GLan(L)/GL(OL).

Indeed the choice of basis gives an identification between the special fibers of the lattice chains W, ®
k[[u]] and W, ® Or. Then as in Example [3.3|a k-point of MF corresponds to a filtration on each of
the k vector spaces Wy ® k. If ¢ € GLy,(k((u)))/GL(K[[u]]) lies in MEF(k), the filtration is induced
by reducing the image of the lattice chain ug’'W, ® k modulo u. Taking the preimage of this filtration
in W, ® O, we obtain a lattice chain of type W, ® O, which is given by p~lgW, ® O, for some
g € GLoyp(L)/GLoy,(Of). The embedding is then given by ¢’ — g. We may thus use to identify
My (k) with a subset of GL,(L)/GL,(Op).
Note that the embedding identifies Mg (k) with

(3.4.2) U GL(OWGL(OL)/GL(OL)

weAdm'; " ({u})

where w denotes a representative of w in G(L) (see for example, [Hai05], §11]). Then this identification
is equivariant for the action of GL(k), where GL(k) acts on (3.4.2)) by left multiplication. Indeed since
1 is minuscule, left multiplication by GL(Op) factors through GL(k).

3.5. Recall we have assumed G C GL(V) contains the scalars. We let A : G,, = G denote the
cocharacter giving scalar multiplication.

Proposition 3.4. Let g € G(L) with
9 € 9(0L)wG(OL)

for some w € W \W/Wg. Then the image p(g) of p(g) in GLay(L)/GL(OL) lies in MP©(k) if and
if and only if w € Admpg ({u}).

Proof. Let gi1gs in the Bruhat decomposition G(Or)wG(Opr). Since G(Op) maps to GL(OL), we
may assume g = g1w.

Now Méoc is equipped with an action by G xp, O and Mg’ﬁc with an action of GL. Over the
special fiber this action is identified with the one given by left multiplication by G(Op,) on Méoc(k) C
GL,(L)/GL(Or), which as above, factors through G(k). Thus, modifying g by g1 on the left, we may
assume g = .

Since the embedding of apartments (3.1) and (3.2) over L and k((w)) is compatible with the
identification of apartments

A(G, S, L) = A(Gh((u))s Sk, K((w)))

respecting the action of Iwahori Weyl groups, we see that p(g) corresponds to the point pj((u)) (Wi(u))) €

GLa2n(k((u)))/GL(K[[u]]). Thus by the description of M§°(k) above, we see that p(g) € MFe(k) if

and only if w lies in Admg ({u}). O
11



Corollary 3.5. Let g € G(Op)wG(Oy) with w € Admg ({u}), then

p(g) € GL(OL)W'GL(OL)

for some ' € Adm$ " ({u}ar,,)-

Proof. This follows from Proposition and the description in (3.4.2) of Méof(k) as a subset of
GLan(L)/GL(OL). O

3.6. As explained in [KPl 2.3.15], we may compose p : G — GSp(V, V) with a diagonal embedding
to obtain a new minuscule Hodge embedding p’ : GSp(V', ¥’) with dim V’ = 2n such that there is
a self-dual lattice VZ’p C V' and the above embedding of buildings takes z to the hyperspecial point
y € B(GL(V'), L) corresponding to VZ’p ®z, OL. VZ’p is constructed by taking the direct sum of the

lattices in the lattice chain corresponding to GL. Then p’ factors through a diagonal embedding
GL(V) — GL(V'). In this case we obtain an embedding of local models:

Méoc — GT(VZIP) ®Zp OE

where GT(VZ/p) is the smooth grassmannian parametrizing dimension n’ sub-bundles F C VZ'p ®z, Os
for any Z,-scheme S.
Choosing a basis b as above, we obtain an embedding

Mg (k) < GLan (L)/GL (Or)
where GL' is the hyperspecial subgroup stabilising VZ’p. Let T/ C GL(V') denote a maximal torus

whose apartment contains the hyperspecial vertex corresponding to G£' and such that p maps S to
7.

Corollary 3.6. Let g € G(OL)wG(Or) C G(L) with w € Admg ({u}), then
plg) € GL(OL)neL (P)GL (Or)

where iy is a representative of {u}arvry-

Proof. Under the diagonal embedding GL(V) — GL(V"), we have that Admi,L(V)({,u}GL(V)) maps to
Admfﬁ(vl) ({#}cr(vry). This follows by the equality Adm({su}) = Perm({u}) for general linear groups,

see [HC02]. Since GL' is hyperspecial, Admi,L,(V,)({M}GL(V/)) is just the single coset corresponding
to t,,, hence the result follosw from Corollary O

4. p-DIVISIBLE GROUPS

In this section we review the theory of G-modules and their applications to deformation theory of
p-divisible groups equipped with a collection of crystalline tensors. The main result is the construction
of a certain deformation of such a p-divisible group in Proposition[£.§ which is needed in the arguments
of §5.

4.1. We now let F' = Q, so that L = W(Fp)[%]. For K/L a finite totally ramified extension, let T'x
be the absolute Galois group of K. Let Rep,,;, denote the category of crystalline I" x-representations,
and Repg,;, the category of I'k-representations in finite free Z,-modules which are lattices in some
crystalline representation of I'x. For V' a crystalline representation of I'k, recall Fontaine’s functors
Dris, Dyr:
Deis(V) = (V ®q, Beris)'™  Dar(V) = (V ®q, Bar)" .
12



Fix a uniformizer = for K and let E(u) be the Eisenstein polynomial which is the minimal poly-
nomial of 7. Let & = Op[[u]], we equip this with a lift ¢ of Frobenius given by the usual Frobenius
on Or, and u — uP. We write D* for the scheme Spec & with its closed point removed. Let Mod%
denote the category of finite free G-modules 9t equipped with a -linear isomorphism:

1® ¢ : Mee., S[1/E(u)] — M[1/E(u)].

Let BT¥ denote the subcategory of Modg consisting of 9, such that 1 ® ¢ maps ¢*(91) into M
and whose cokernel is killed by E(u).
Given M € Mod& we equip ¢*(9M) with the filtration

Fil'o* (M) = (1® @)~ (E(u)" M) N *(M).

Let O¢ denote the p-adic completion of &,); it is a discrete valuation ring with uniformizer p and
residue field k((u)) and let € denote its fraction field. We equip Og with the unique Frobenius ¢
which extends that on &, and let Modg‘S denote the category of finite free Og-modules M equipped
with a Frobenius semilinear isomorphism

1Qp:"(M)—> M

There is a functor Modg — Modp,_ given by
M= M Rs O¢.

with the Frobenius on 9 ®g Og¢ induced by that on 91.
Let Ogz denote the p-adic completion of a strict Henselization of Og. The following is contained
in [Kis17, Theorem 1.1.2] and [KP, Theorem 3.3.2]:

Proposition 4.1. There is a fully faithful functor
9 : Repgyjs — Mod®

which is compatible with the formation of symmetric and exterior products and is such that A —
M(A)|px is exact. If A is in Repgys, V i= A ® Q, and M = M(A)
(i) There are canonical isomorphisms

1
Deyis(V) = sm/uzm[;] and Dar(V) =2 ¢* (M) s K
the first being compatible with ¢ and the second being compatible with filtrations.
(i) There is a canonical isomorphism

A@Zp Ogl; M Rs O@.

4.2. For an R-module M, we let M® denote the direct sum of all R-modules obtained from M by
taking duals, tensor products, symmetric and exterior products.

Let A € Repg,;, and suppose s, ¢ € A® are a collection of I'x-invariant tensors whose stabilizer is
a smooth group scheme G over Z, with reductive generic fiber G. Since the s, ¢ are I' x-invariant, we
obtain a representation

p: FK — (](Zp)
We may think of each s, ¢ as a morphism in Repg;, from the trivial representation Z, to A®.

Applying the functor 9 to these morphisms gives us ¢-invariant tensors 3, € MM(A)®.
13



Proposition 4.2. Suppose that the special fiber of G is connected and H*(G,D*) = 1. Then there
erists an isomorphism.

A Rz, G = m(/\)
taking sq st t0 3q.

Proof. This is a special case of [KP| 3.3.5], indeed with our assumptions G = G°. (]

4.3. For a p-divisible group ¢ over a scheme where p is locally nilpotent we write D(¥) for its
contravariant Dieudonné crystal. For ¢ a p-divisible group over O, we let T,%4 be the Tate module
of ¢4 and T,¢" the linear dual of T,¢. We will apply the above to A = T,%".

Let R be a complete local ring with maximal ideal m and residue field k. We let W(R) denote
the Witt vectors of R. Recall [Zin01] we have a subring W\(R) = W(k) ® W(m) C W(R), where
W(m) C W(R) consists of Witt vectors (w;);>1 with w; € m and w; — 0 in the m-adic topology. Then

W (R) is preserved by both the Frobenius ¢ and Verschiebung V on W(R). We have Iy := VW(R)

is the kernel of the projection map W(R) — R. Fix a uniformizer 7 of K and write [7] € W(Ok) for
its Teichmuller representative. Recall the following definition from [Zin01].

Definition 4.3. A Dieudonné display over R is a tuple (M, My, ®, ®;) where
(i) M is a free W(R)-module.

—

(ii) My C M is a W(R)-submodule such that
IrM C M, CM
and M /M is a projective R-module.

(iii) ® : M — M is a y-semilinear map.

(iv) &1 : My — M is a p-semilinear map whose image generates M as a W(R) module and which
satisfies -

Oy (V(w)m) = wd(m), for w e W(R),m € M.

Let ¢ be a p-divisible group over R. Then D(¥ )(W(R)) naturally has the structure of a Dieudonné
display, and by the main result of [Zin01] the functor 4 — D(¥)(W(R)) is an anti-equivalence of
categories between p-divisible groups over R and Dieudonné displays over R.

4.4. If¥ is ap-divisible group over Ok, then by [KP, Theorem 3.3.2] there is a canonical isomorphism
D(#)(W(Ox)) = M@, W(O)
where 9 = M(T,4") and the tensor product is over the map given by composing the map & —
W(Ok),u — [r] with ¢. Moreover the induced map
D(9)(Ok) = ¢*(M) @s Ok — Dar (1,9 ®z, Qp)
respects filtrations and we have a canonical identification
D(%)(Or) = ¢* (M/ud)
where %) =9 R0, k.
If $q.e0 € Tp9""® are a collection of I'x invariant tensors, we let
Sa,0 € Dris (Tpgv Rz, Qp)

denote the p-invariant tensors corresponding to s,¢; under the p-adic comparison isomorphism. We
assume from now on that the stabilizer of s, ¢ is of the form G, for x € B(G,Q,,), where G is a tamely
ramified reductive group containing no factors of type Es. The following is [KP} 3.3.8]
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Proposition 4.4. s,0 € D(%)(OL)® where we view D(%)(OL)® as an Or-submodule of the L
vector space Deis(Tp9Y @z, Q,)®. Moreover the sqo lift to p-invariant tensors 5o € D(4)(W(Ok))®
which map to Fi’D(4)(Ok)®, and there exists an isomorphism:

D(@)(W(0k)) = T,%" @z, W(Ox)
taking 5o to Sqét. In particular, there is an isomorphism
D(%)(Or) 2 T,%9" ®z, OL
taking sq,0 10 Sq.ét-

4.5. Now let % be a p-divisible group over k and suppose (s4,0) € D®, where D := D(%))(Op), are
a collection of @-invariant tensors whose image in (%) (k) lie in Fil”. We assume that the stabilizer
Go, of the s, is a connected Bruhat-Tits parahoric group scheme, i.e. Go, = G, = G for some
x € B(G, L) as above and also that G contains the scalars.

Let P C GL(D) be a parabolic subgroup lifting the parabolic Py corresponding to the filtration on
D(4) (k). Write M'°¢ = GL(D)/P and SpfA = M the completion at the identity. We write M for
the universal filtration on D ®n, A. Let K’/L be a finite extension and y : A — K’ be a map such
that s4.0 € Fil’D ®p, K’ for the filtration induced by y on D ®p, K’. By [Kisl0, Lemma 1.4.5], the
filtration corresponding to y is induced by a G-valued cocharacter p,,.

Let G.y be the orbit of y in M'°° ®, K’ which is defined over the field of definition E of the
G-conjugacy class of cocharacters {1, }, and we write MéogL for the closure of this orbit in M'°¢. By
IKPl Proposition 2.3.16], Mé‘gL can be identified with the local model for Go, and the conjugacy

class of cocharacters {u,; '} considered in §3.

Definition 4.5. Let ¢4 be a p-divisible group over Ok whose special fiber is isomorphic to 4,. We
say ¥ is (Go, , y)-adapted if the tensors s, o lift to Frobenius invariant tensors §, € D(¥ )(/W(OK))®
such that the following two conditions hold:

(1) There is an isomorphism D(%)(W (Ox)) 2 D ®0, W(Ox) taking 34 to S0.,0-

(2) Under the canonical identification D(¥4)(Ok) ®o, K = D ®p, K coming from [KP, Lemma
3.1.17], the filtration on D ®p, K is induced by a G-valued cocharacter conjugate to fi,,.

Remark 4.6. It can be checked from the construction in [KP], that the notion of (Go, , f)-adapted
liftings only depends on the G-conjugacy class of 1, and the specialization of the filtration induced
by fiy.

Proposition 4.7. Let SpfA denote the versal deformation space of 4. Then there is a versal quotient
Ag of A®o, Op such that for any K as above, a map w : A ®p, Op — Ok factors through Ag if
and only if the p-divisible group 9 induced is (G, py)-adapted.

Proof. This is essentially [KP, Prop. 3.2.17]. It follows from the construction that the p-divisible
group ¥ induced by a map w : Ag — Ok is (G, puy)-adapted. Indeed by the construction of the
versal p-divisible group in [KP) §3.2.12], the Dieudonné display M, of the versal p-divisible group
base changed to Ag is equipped with Frobenius invariant tensors s, 0.4, € Mj?g and there is an
identification .

6 : MAg — D ®0L W(Ag)
taking sq,0,44 t0 54,0. Base changing to W\(OK), we obtain s, and the identification 8 gives condition
(1) of Definition For the second condition, by [KP, Lemma 3.2.13], the canonical map
(4.5.1) v:D®o, K2D(%,)(0Ok) R, K
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induced by [KP| Lemma 3.1.17] sends Sq,0 t0 Sa.,0,0,, Where s, 0,0, denotes the base change 5a,0,A¢
to Og. Note that this map is not necessarily the same map induced by the identification S~!|x. By
[Kis10, Lemma 1.4.5], the filtration on D(%0, )(Ok) ®o, K is induced by a G-valued cocharacter
conjugate to p, under the identification with D ®o, K coming from 3|, see also [KP} §3.2.5]. Since
the map v respects s, the map Bk oy : D ®p, K — D ®p, K is induced by an element of G(K)
and hence the filtration on D ®p, K coming from the map « is induced by a G-valued cocharacter
conjugate to f,. This proves condition (2).

The converse is [KPl, Prop. 3.2.17]. O

4.6. Now assume there is a Zy-module U and an isomorphism U ®z, Or = ID such that s, € U ®,
Then the stabilizer of s, in U® is a group G over Z,, such that G Rz, Or = Gp,. We assume G is
of the form G, for some x € B(G,Q,). Since the s, are g-invariant, ¢ is of the form bo for some
be G(L).

Under these assumptions one can make the following construction of a certain (Go, , ity )-adapted
lift, which will be needed in §5 for the reduction to Levi subgroups argument.

Proposition 4.8. There exists a (Go, , jty)-adapted deformation of % such that sq0 € D correspond
to tensors sqe € 19" under the p-adic comparison isomorphism and such that there exists an
isomorphism:

Tpg\/ ®Zp O, =D
taking sq st 10 Sa0-

Proof. Let M := D ®y-1.0, 6, then o*(IM) = D ®p, &. Note that the map y : A — K’ necessarily
factors through Ok since A is a power series ring over Or; we abuse notation and also write y for
the map A — Og. Let y*(M1) C D ®p, Ok denote the filtration induced by y : A — Ok and let
F C ¢*("M) denote be the premiage of y*(M;). By [KP, Lemma 3.2.6], F is a free &-module and
5,0 € I, moreover the scheme Isﬂsa,o,G(R o*(M)) of G-isomorphisms which respect the s, 0 is a G
torsor. The Frobenius ¢ on D) induces a map

D; 5D oD,

Here D is the preimage of the filtration on D(%)(k); the first arrow is given by o~1(b/p) and the
second isomorphism is induced by the identity on U. The specialization of F' at uw = 0 is identified
with ;. Then since G contains the scalars, o~ (b/p) preserves s, o and hence corresponds to a point
Isom, | &(F,0"(MM))(W). By smoothness of G, this lifts to an isomorphism

O:F = o* (M)

respecting s,0. Let ¢ = pgigg . The morphism

ot (M) =5 F 2 or (M) - M

where the last map is induced from the identity on U, gives 91 the structure of an element of BT%
such that o*(M/uM) is identified with D, and hence corresponds to a p-divisible group ¢ over O
deforming %.

Since ¢ preserves sq 0, these give rise to Frobenius invariant tensors in 5, € D(¥) (W\(OK))®, and
by construction there is an isomorphism

B D(G)(W(Ok)) 2D @0, W(Ok)
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taking 5, to S4,0. Moreover under this isomorphism, the filtration on D ®p, K is given by p,. The
canonical isomorphism

(461) D Koy K= D(g)(OK) Kok K

induced by [KP) Lemma 3.1.17] takes 8, to sq 0 by [KP, Lemma 3.2.13]. As in the proof of Proposition
the map in is not necessarily identified with 5'~!|x. However both the maps respect tensors
and hence by the same argument of the filtration on D ®p, K coming from is induced by a
G-valued cocharacter conjugate to p,. Thus ¢ is a (G, u,)-adapted deformation, and since 5, € M,
we have s, ¢ € Tp,%" by the fully faithfulness of 9t in Proposition

We now show that there exists an isomorphism 7;,%" ®z, Or = D respecting tensors. It will suffice
to show that P is a trivial G-torsor. Let

P C Isom(T,4" @z, O, D)
be the isomorphism scheme taking s, ¢t t0 54,0. By construction there is an isomorphism
Sm(Tpfév) E2D®y-10, 6 =D ®o, 6
taking 8, to so,0. By Proposition there is a canonical isomorphism

Tpgv Rz, Og:; = im(Tng) Rs Ogu\r

and this isomorphism takes s, ¢ to 5. Thus there is an isomorphism
Tpgv ®z, Og@ =2D®o, Ogl;

taking sq ¢t t0 Sa,0, i.6. P @w Ogs is a trivial G-torsor. Since O — O is faithfully flat, P is a
G-torsor which is necessarily trivial since G is smooth and Oy, is strictly henselian.

]

5. AFFINE DELIGNE-LUSZTIG VARIETIES

This section forms the main part of the local argument for the description of the isogeny classes. It
is used for the argument in §6 for lifting isogenies to characteristic 0. An essential part is a bound on
the connected components of affine Deligne-Lusztig varieties obtained in [HZ], which is recalled here.
We also state a conjecture on the connected components of affine Deligne—Lusztig varieties of which
the results of [HZ|] can be thought of as a special case.

5.1. Let G be a reductive group over Q, which splits over a tamely ramified extension. Recall S is
a maximal L-split torus defined over Q, and T its centralizer. We have fixed a o-invariant alcove a
in the apartment corresponding to .S which induces a length function and ordering on the affine Weyl
group W, and hence on the Iwahori Weyl group W. We also fix a special vertex s (not necessarily
o-invariant) contained in the closure of a. This induces an identification A(G,S,L) = X, (T); @ R
by sending s to 0. This also determines a dominant chamber C; in X,(T); ® R by taking the one
containing the alcove a. We let B denote the Borel subgroup over L corresponding to this choice of
dominant chamber. The choice also determines a splitting of the exact sequence SO we may
think of Wy C W. It is generated by the simple reflections Sy corresponding to the special vertex s.

Under the identification A(G, S, L) =2 X.(T); ® R induced by s, o acts by affine transformations
on X,.(T); ® R and we write ¢ for the linear part of this action. We write oy for the automorphism
of X, (T); ®R defined by o := wo¢ where w € Wy is the unique element such that wo¢(Cy) = C,.
We call this the L-action on X, (T); ® R; it preserves C..
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Let b € G(L), we denote by [b] = {g~1bo(g)|g € G(L)} its o-conjugacy class. Let B(G) be the set
of o-conjugacy classes of G(L). We let ¥ be the Newton map

7:B(G) = (X (T)f o)

where X, (T)r,0 = X.(T)r ®z Q and X*(T)?,Q is its intersection with the dominant chamber C..
Following convention, we denote by 7, the image of the o-conjugacy class of b under the map v. We
let
RG : B(G) — 7T1(G)1'*
denote the map induced by composition of the Kottwitz map kg : G(L) — 71 (G) with the projection
m1(G); — m(G)r.
By [Kot97, §4.13] the map

(7, ka) : B(G) = (X.(T)} o) x m1(G)r

is injective.
We say a o-conjugacy class [b] € B(G) is basic if 7, is central.

5.2. Let K C S be a o-invariant subset and Wy the group generated by the reflections in K. Let G
denote the associated parahoric group scheme over Z,. For b € G(L) and w € W \W/Wk the affine
Deligne-Lusztig variety is defined to be

Xiw(b) == {g € G(L)/G(O1)lg™"bo(g) € G(OL)wG(Or)}-

It is known that X ,,(b) arises as the k-points of a perfect scheme over k, for example by [BS17] (see
also [Zhul7]). When K = () and G = 7 is an Iwahori subgroup, we write X,,(b) for the corresponding
affine Deligne-Lusztig variety.

Let {u} be a geometric conjugacy class of cocharacters for G and let u be the image in X, (T) of
a dominant representative p in X, (7). Recall we have associated to this data the u-admissible set
Admg ({p}) C W \W/Wk.

Let

X({u} ) : ={g € G(L)/G(Or)lg " bo(g9) e |J  G(Or)iG(Or)}

weAdmpg ({p})
= U Xg.w(b).
weAdmpg ({p})

As before, when G is the Iwahori subgroup we write X ({u},b) for this union of affine Deligne-Lusztig
varieties. For notational convenience we will also consider the unions

X(J({N})ab)K = U XK,o(w)(b)'
weAdmpg ({p})

It can be identified with X ({o’(11)},b) where o/ € Gal(Q,/Q,) is a lift of Frobenius. The map

g — bo(g) defines an isomorphism from X ({u},b) to X(o({u}),0).
We recall the definition of the neutral acceptable set B(G, {u}) in [RV14]. For A\, \ € X*(T)}iQ,

we write A < X if M — )\ is a non-negative rational linear combination of positive relative coroots. Set

B(G, {n}) = {[t] € B(G) : ke([b]) = 1,7 < p°}

where £ is the common image of 1 € {u} in 71 (G)r, and u° € X.(T)1 o denotes the Galois average
of p € X,(T); with respect to the action of oy.
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The following result on the non-emptiness pattern of the X ({u}, b)x was conjectured by Kottwitz
and Rapoport in [KR03|] and proved by He in [Hel6].

Theorem 5.1 ([HelG, Theorem 1.1] ). (i) The set X ({u},b)x # 0 if and only if [b] € B(G, {u}).
(it) Let K' C K with K' also o-invariant and let G’ be the associated parahoric. The natural
projection G(L)/G'(Or) — G(L)/G(Op) induces a surjection

X({,u}, b)K/ - X({/j'}v b)Ko

We write J, for the reductive group over Q, whose points in a Q,-algebra R is defined to be
Jo(R) = {g € G(L ®g, R)|g~"bo(g) = b}.
Then J,(Q,) acts on X ., (b) and X ({u},0).

5.3. We now state a conjecture on the connected components of affine Deligne-Lusztig varieties. For
[b] € B(G), we let My, denote the standard Levi subgroup of G corresponding to 7. A standard
Levi subgroup M C G defined over L is said to og-stable if it is the centralizer of a cocharacter
v € Xi(T)1 o = X.(T)! ®z Q which is stable under og. Such a Levi determines a subroot system
Py C X

Definition 5.2 ([GHN| Definition 2.1 (1)]). Let M C G be a proper og-stable standard Levi subgroup.
We say that [b] € B(G,{u}) is Hodge-Newton decomposable with respect to M if My, C M and
MO -y € RZOCI)VM.

It is Hodge-Newton indecomposable if no such M exists.

Lemma 5.3. Let [b] € B(G,{p}) be Hodge-Newton indecomposable and assume Gaq is Qp-simple.

Then either b is o-conjugate tot,, and p is central (meaning (1, ) = 0 for all a € ), or the coefficient
of each simple coroot of ¥V in u® — vy is strictly positive.

Proof. The proof is the same as [CKV15, Theorem 2.5.6]. Suppose the coefficient of some simple
coroot oy € XV vanishes in pu® — 7y, we claim that this implies 4® = 7,. Assuming this we can prove
the Lemma as follows. Let M = My,, then M is op-stable and if it is proper, [b] is Hodge-Newton
decomposable with respect to M. Therefore My, = G, i.e. T} is central in G. Since kg(t,) = kg (b)

and v, = 1 =Ty, bis o-conjugate to iﬁ. Let a € X be a positive root. We have

(5.3.1) 0=(u a)= % i(aé(g), a) = % i(g, ap(a))
=0 =0

where n is the order of oy acting on 3. Since oy preserves the positive roots in ¥, and p is dominant,
(1, 04(r)) > 0 for all 4, and hence (u,o§(a)) = 0 for all i by .

It suffices therefore to prove the claim. Let o be a simple coroot in ¥V; we show by induction
on the distance between «“ and the og-orbit of o in the Dynkin diagram that the coefficient of
oV in p® — vy also vanishes. Suppose this is known for some simple coroot ", then it is known
for any element of the og-orbit of o since u® — vy, is op-invariant. If (a,7,) # 0 then the standard
op-stable Levi subgroup M corresponding to the op-orbit of « satisfies My, C M contradicting the
Hodge—Newton indecomposability assumption. Here M is generated by T and all the relative root
subgroups Ug for  not proportional to an element of the og-orbit of a.. Therefore (o, 7p) = 0. It
follows that

(1 0) = (1° = 7o, 0) = Y Ag(B”, @)
B
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where Ag is the coefficient of 8¥ in u® — 7, and the sum runs over neighbors § of « in the Dynkin
diagram of o. Since (1®,a) > 0 and Ag > 0, this implies Ag = 0 for all neighbors § of . This proves
the induction step and the lemma. (|

If b] € B(G,{u}) is Hodge-Newton indecomposable and the coefficient of each simple coroot of
XV in p® — vy is strictly positive, then we say that [b] is Hodge—Newton irreducible.

For b € G(L) with [b] € B(G,{u}), we let ¢, € m1(G)r be an element such that (¢ — 1)(¢p ) =
(] — Ra(b). Here [p] is the common image of {1} in 71 (G)r, and the existence of ¢, is guaranteed
by the property rg([b]) = pf defining B(G, {u}).

Conjecture 5.4. Suppose [b] € B(G,{u}) is Hodge—Newton irreducible. Then the map kg : G(L) —
m1(G)1 induces an isomorphism

mo(X({1},0)) = cb,um(G)7,

Remark 5.5. (i) There is also a version of this conjecture for arbitrary parahoric subgroups. Suppose
K C Sis a o-stable subset with Wi finite. Then we may conjecture that kg : G(L) — 71 (G) induces
an isomorphism
mo(X({n},0) k) = cb,um (G)7.

By the surjectivity in Theorem the conjecture for arbitrary parahorics follows from Conjecture
b4

(ii) Suppose Gaq is Qp-simple. If [b] is Hodge—Newton indecomposable but not Hodge—Newton
irreducible, then it is easy to see that X ({u}),b) is discrete and there is an identification

G(Qp)/T(Zp) = X ({1}, ).
Thus together with the above conjecture, this gives a description of mo(X ({u},d)) in the Hodge-
Newton indecomposable case in this case. The description of mo(X ({1}, b)) when G,q is not assumed
simple can easily be deduced from this using standard reductions; see for example [HZ, §6.1].

In the case the group G is unramified and when K corresponds to a hyperspecial subgroup of G,
this conjecture has been proved in [CKV15]. Recently, the case when G is split and K corresponds to
any parahoric has been settled in [CNT7].

5.4. The motivation for the above definitions comes from the following Theorem which is proved in
[GHN].

Theorem 5.6 ([GHN| Theorem 3.16]). Let [b] € B(G,{u}) and suppose that [b] is Hodge—Newton
decomposable with respect to M C G. Then

(5.4.1) ST | S S A7)
M'N'=P’'cRe

Moreover the terms in the union are open and closed.

The notation in the Theorem is as follows. We write P for the parabolic subgroup of G containing
M and the Borel B. B denotes the set of o-stable parabolic subgroups of G which contain 7" and are
conjugate to P. For P’ € B?, N’ denotes the unipotent radical of P’ and M’ the semistandard Levi
subgroup contained in P’ (here semistandard means containing the maximal torus T'). [bp/] denotes
the o-conjugacy class of M’(L) constructed in [GHN| Proposition 3.8]. To define the M conjugacy
class of cocharacters {up/}, we write J C Sg for the og-stable subset corresponding to the standard
Levi subgroup M. We write Wy for the set of minimal length representatives of the cosets Wy /W .
As P is conjugate to P’ there is a unique zpr € W such that zp/(P) := ,ép/Pz";/l = P'. we take
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€ X.(T) a dominant representative of {u}, then {up/} is the M’ conjugacy class of cocharacters
containing ppr = zp/ ().

Since M’ is o-stable, it is defined over Q,, and M’'(L) N Z(Or) is the Op-points of an Iwahori
subgroup Zy;s of M'(L) defined over Z,. The choice of Iwahori Z; induces a Bruhat order on the
Iwahori Weyl group W (defined in terms of the torus T') assocated to M’ and hence there is a notion
of pp/-admissible set Adm™’ ({pp'}). We then define XM ({pp/},bpr) to be the affine DeligneLusztig
variety for the data (M’, Znsr, {up:}, bp:).

Lemma 5.7. Let [b] € B(G,{u}) then there exists a unique og-stable M C G such that for each P’
appearing in the decomposition , [bp/] € B(M',{up'}) is Hodge—Newton indecomposable.

Proof. Let M denote the smallest og-stable standard Levi subgroup of G such that M; C M and
such that u® — 7, € <I>X/I. Indeed a smallest such Levi exists since if M7 and M are such, then so is
My N M.

Let P’ € B2 and M’ its semistandard Levi subgroup. Then P{)\;{, = zp/(Up) (see [GHN Proposition
3.8]) and p,, = zp/(p). We write od” for the L-action on X, (T); g corresponding to M’. Then it

can be checked that O'éw/ = ZP'O'()Z};,I. Suppose H C M’ is a proper oé\/[/—stable Levi subgroup of M’
such that [bp/] € B(M',{up'}) is Hodge-Newton decomposable with respect to H. We will show that
[b] is Hodge Newton decomposable with respect to zp, (H), which contradicts our choice of M.

First note that z;,l (H) is a og-stable Levi subgroup of G which is (properly) contained in M. Then

M

PbPi — u%, € @Y, implies that 7, — u® € @Z;}(H). This is a contradication.

O

Theorem and Lemma shows that in order to understand X ({u},b) is suffices to under-
stand the Hodge-Newton indecomposable case. Using Lemma the understanding of connected
components is essentially reduced to Conjecture

For later arguments we will need the following Lemma.

Lemma 5.8. Let P',P" € B°. Then there exists v € W7 (i.e. o(v) = v) such that following
properties are satisfied:

(i) vAdm™ ({pp })o~" = Adm™ ({upr})

(ii) DZpr (Op)0™t = Iy (OL).

Proof. Let u = zpn z};,l; then @ P'u~! = P". By definition u(up/) = ppr, so u maps the M’ conjugacy
class of cocharacters {up/} into the M” conjugacy class of cocharacters {pp}.

The Iwahori weyl group Wy for M’ is a reflection subgroup of W. Therefore by [Dye90], Corollary
3.4], each coset W/Wp has a unique element of minimal length; we write W " for the set of such
elements. Since Wy, is o-stable, so is WM ", We let v denote the element of WM’ corresponding to the
coset containing u. Since uP’u "' = P"” and P’ is normalized by Wy, it follows that vP'v~! = P”.
Since P’ and P are o-stable, it follows that v 1o (0)P'o(v) 19 = P’ and hence v™lo(v) € Wyy.
Since v,0(v) € WM’ it follows that o(v) = .

Since v € WM’ we have Iy (Op)o~' = Z},,(Or), and hence the isomorphism Wy — Wy
induced by conjugation by v preserves Bruhat order. Moreover, since conjugation by v takes {up:}
to {upr} (since v € uWyy), it follows that vAde/({up/})v_l = Ade//({/J/PH}). O

5.5.  As a first step towards Conjecture we have the following two Theorems which are proved in
[HZ].
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Theorem 5.9 ([HZ, Theorem 0.1, Theorem 4.1] ). (i) Let Y C X ({1}, ) be a connected component,
then Y N Xy, (b) # O for some o-straight element w € W.

(i1) Assume Gaq is Qp-simple and that b corresponds to a basic o-conjugacy class in B(G). If p is
not central, then the Kottwitz homomorphism induces an isomorphism:

mo(X({u} 7)) = m(G)T
and if p is central, X ({u},b) is discrete and there is a bijection

X({u},b) = G(Qp)/G(Zp).

Remark 5.10. (i) The condition [b] € B(G, {u}) basic in part (ii) of the Theorem implies that [b] is
Hodge—-Newton indecompsable. So one can think of the Theorem as a special case of Conjecture [5.4

(ii) A version of part (ii) of this Theorem can also be proved for arbitrary parahorics; see [HZ,
Theorem 8.1].

Now assume G is residually split; we recall that this means G and G ®q, L have the same split
rank, or equivalently that o acts trivially on W. In this case, the results of [HZ|] give a bound on
mo(X ({u},0)) in terms of affine Deligne—Lusztig varieties for Levi subgroups. This bound will be a
sufficient substitute for Conjecture needed for later applications.

To any element w € W one may associate a vector v, € X, (T); g as in its non-dominant
Newton vector. We write M, for the associated semistandard Levi subgroup which is generated by
T and the root subgroups U,, where a is a relative root such that (1,,,a) = 0. Alternatively, if we
consider v, € X,.(T)1,g = X.(T){, as a fractional cocharacter of G, then M,,, is just its centralizer.

We now assume w is a straight (equivalently o-straight since o is trivial) element. As in
the Iwahori Z determines an Iwahori subgroup of M, , namely Zy;, (Or) = Z(Or)N M, (L). This
induces a Bruhat order and length function on the Iwahori Weyl group Wy, =~ for M, . Then it is
known that w lies in Wy, —and is a length 0 element, i.e. wZy, (Op)iw~! =TIy, (Or), cf. [Nieldl
Theorem 1.3] for the case of unramified groups and [HZ, Theorem 5.2] in general. Hence w is a basic
element in M, (L). The following is [HZ, Theorem 7.1].

Theorem 5.11. There is a map
I1 XM (A, @) = X({p},0)

weW,w a straight element with we[b]

which induces a surjection

11 mo(X ™M ({Awtar,,, @) = mo(X ({4}, 0))-

weEW,w a straight element with we[b]

Here {\y}ar,, is a certain M, conjugacy class of cocharacters of M,,, which maps to {u}. Since
w is basic in M,,,, we may use Theorem to describe the connected components of the terms on
the left (again using [HZl §6.1] to reduce the general case to when G,q is Q,-simple).

5.6. Now let % be a p-divisible group over k = F,, and write D(%) for D(%)(OL). Let sa.0 € D(%)®
be a collection of @-invariant tensors such that s, lie in Fil’D(%)(k) and let Go, € GL(D(%))
denote their stabilizer. Assume that there is a free Z,-module U together with an isomorphism
U ®z, O = D(%) such that s, € U®. Assume also that the stabilizer G C GL(U) of these tensors
has generic fiber G and is a connected parahoric group scheme corresponding to KX C S. Then we
have an isomorphism G ®z, Op ~ Go, so that Go, is also a parahoric group scheme over Op. If U'is
another such Z,-module, the scheme of isomorphisms U’ = U taking 54,0 t0 Sq,0 is a G-torsor which
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is necessarily trivial since G is smooth and has connected special fiber. Let G denote the generic fibre
of G which is reductive group over Q.

Since the s4,0 are ¢ invariant, we can write ¢ = bo for some b € G(L), and the choice is independent
of the choice of U up to o-conjugation by an element of G(Op). Let K'/L be a finite extension. We
pick a filtration on (%) ®e, K’ lifting the one on D(%)(k) as in §4.1 (this means that Fil’D ®0,
K'ND®op, Ok lifts the filtration on D(4)(k)) so that s, 0 € Fil"D®e, K’. This filtration is defined
by a G-valued cocharacter u, and we have the embedding of local models

1 1

where the defining cocharacter for Méoc is pu, L

The filtration on D(%) ® k = D(%)(k) is by definition the kernel of ¢, thus the preimage of the

filtration in D(%) is given by
{v eD(%)|bo(v) € pD(%)}.
This is precisely the sub Op-lattice in D(%) corresponding to o~1(b=1)pD(%4). By Proposition
we have
o 'b Y e U G(OL)wG(0y)
weAdmg ({py*})
ie,l1e X({o(uy)},b)k.

We let ¢ be a (Go, , py)-adapted lifting to O for some K/L finite such that if s, ¢ € 7,97 ®®Q,
denotes the tensors corresponding to s, 0 under the p-adic comparison isomorphism, then we have
Sast € Tp¥9V>®. By Proposition such a (Go, , ity)-adapted lifting & always exists. Then we have
an isomorphism

T,9" @z, & = M(T,9")
taking sq.é¢ to 54. This induces an isomorphism
T,9" ®z, O, ~D(%)
taking sq ¢t t0 5q,0. As in §4, §, denotes the functor 9 applied to sq 4.

5.7. Now suppose M C G is a closed reductive subgroup defined over @Q, such that b € M(L).
Suppose that M (L) N G(Oy) is the set of Op-points of a parahoric subgroup M of M, then M is a
defined over Z,. Since b € M(L), we may extend the tensors s, € U® to p-invariant tensors ¢g o
whose stabilizer is M. We make the following assumption:

Assumption 5.12. The filtration on D(%) ®oe, k lifts to a filtration on D(¥%) ®e, K which is induced
by an M-valued cocharacter u; which is conjugate p, in G.

We have the local model M}&C _, which is defined over O where E’ is the local reflex field for

{my}. Then there is an embedding

M 1 = M§F ®op Opr

Hy
which factors through a closed embedding M/l\‘jlcu,,l s Mé‘);,l ® OFg.
sHy sHy

Now we let 4 be a (M, ,u;)—adapted lifting such that if t, ¢ € 7,4'® @ Q, denotes the tensors
corresponding to t, o under the p-adic comparison isomorphism, then ¢, ¢ € Tp,%¥'®. By Proposition
such a lifting exists. Then there is an isomorphism
(5.7.1) T,9" @z, & = M(T,9")
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taking to ¢t to to. In particular since t,,0 extends s, it takes s, ¢4t to 5,. Note that since u'y
is G-conjugate to p,, any (M, u,)-adapted lifitng is also a (G, uy)-adapted lifting of . Fixing
an isomorphism , we may take U to be T,¢". Since the notion of (G, p,)-adapted lifting only
depends on the G-conjugacy class of p, and its specialization, we may replace p, with ,u; (see Remark
. We relabel this p,; thus p, is an M-valued cocharacter inducing the filtration on D(%) ® K.

58. Let g € G(Q,), then there is a finite extension K’/K for which ¢~'7,% is stable by I'fg
in 7,4 ®z, Q, hence corresponds to a p-divisible group %’ over K’ which is isogenous to %. Let
M := M(T,9") and M := M(T,¥"), then the quasi-isogeny 6 : 4 — ¢’ induces an identification
0: M(T,9"™)[1/p) = M(T,9Y)[1/p]
so that I = M for some g € GL(M[1/p]).
Proposition 5.13. (i) § can be taken to be in G(S[1/p]) under the above identification
Tpgv Bz, S 5.
(i) We have g € M(Oz)99(0z).

Proof. (i) Since s4 ¢ are fixed by G(Q,), we have s, ¢ € T,%’V®, and the stabilizer of s, ¢ in 7,%4"V®
is a parahoric subgroup of GG. Thus by Proposition 3.2. there is an isomorphism:

(5.8.1) T,9" @z, & =M

taking sq.¢t to 5. Under the identification Tpgv ®z, & = I, g is given by the composition:

(5.8.2) T,9" @z, & L T,9" @5, & - W L M[1/p] - T,9" @2z, S[1/p).

Here, the second map preserves tensors of type s, and the fourth map preserves tensors of type t,.
Thus the composition preserves 3, and so g € G(&[1/p]).
(ii) Over O there are canonical identifications

(5.8.3) 1,9 @z, Oz =M @e Oz

(5.8.4) T,9" @z, Oz 2 M @e Oz

ﬁ &Lur

the first one taking t, ¢ to to and the second taking Sa,ét t0 8. Thus, if we identify 7,%" with T,9"Y

via g, these isomorphisms differ from the isomorphisms (5.7.1) and (5.8.1) by elements of M(O ;)
and G(Og:) respectively. Since g is identified with the map

. (5.8.4)
Tpgv ®z, Oz= EN Tpglv ®z, Oz !> M @ Oz

é/m — - . —_
_sur, M Qa1/p E™ T,%9" ®z, &,
we obtain § € M(O0z)9G(0z).

We will apply the above Proposition in the cases when M C G is a Levi subgroup or if we are in
the situation of Proposition [5.17] below.
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5.9. Using the canonical identification D(%) with *(9/u9N), we see that 6! induces an isomor-
phism

D(%)[1/p] = D(%)[1/p]-
Then D(¥}) can be identified with goD(%) for go = 07 1(g)|u=0 € G(L).

Proposition 5.14. The association g — go induces a well-defined map.

G(Qp)/9(Zp) = X(o({11y}); ) i
and we have k(g) = k(go) € m1(G)r.

Remark 5.15. go and b € G(L) both depend on the choice of lifting 4 as well as on the choice of
the isomorphism . However if we fix the lift ¢, then modifying the isomorphism by an
h € G(&) which lifts o(h) € G(OL) conjugates go by h and o-conjugates b by h. We then obtain a
map G(Q,)/G(Z,) — X(o({py}),b') k where b’ = h='bo(h), which fits into a commutative diagram:

X(o({py}), 0k -

/

G(Qp)/6(2Zyp) ~

T

X(o({ny}), 0k

Here the vertical isomorphism is given by go — h™1go.
We will need the following Lemma.

Lemma 5.16. Let u and p’ be cocharacters of G which induce the same filtration on D®e, K. Then
w and p' are conjugate in G.

Proof. The proof is the same as in [Kis17, Lemma 1.1.9]; for the reader’s convenience we recall the
argument. The cocharacters p and ' define the same parabolic P C G ®p, K and induce the same
P/U valued cocharacter by the proof of [Kis10, Lemma 1.1.5] where U is the unipotent radical of P.
Note that the proof of this Lemma only uses the property that the group is reductive which is true
for G. Let H and H’ denote the centralizers of p and u'; these are Levi subgroups of P and hence are
conjugate by an element of U. Hence p’ is conjugate to a cocharacter u” : G, — H which induces
the same P/U valued cocharacter as u. Since H = P/U, u” = p. O

Proof of Proposition[5.1] We identify D(¥)) ®0, L with D(%) ®0, L, so that we consider

D(go/) = goD(go) C D(g()) Ko, L.
Under this identification, we have s, € D(%))® and the stabilizer of these tensors in D(¥) can be
identified with goGo, g5 '

By [KP, Corollary 3.3.10], there exists a G-valued cocharacter j; defined over a finite extension
K" /L such that ¢’ is a (g0G0, g5 ' t,) adapted-lifting of 4’ ®o,. k. Upon enlarging K (but with K/L
still finite) we assume all the cocharacters above are defined over K. Then we have three filtrations on
D ®e, K: the one induced by p,, the canonical filtration corresponding to the Galois representation
T,9Y @z, Q, = T,9" ®z, Q, and the one induced by p;. The second filtration is induced by a
G-valued cocharacters g and p/ which are conjugate to j, and ,ufy respectively. By Lemma [5.16} u
and p’ are G-conjugate.
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Thus gal,u;go induces a filtration on D ®p, K corresponding to a point in Mé‘);;l(K) The
specialization of this point gives a filtration on D(%)) ®o, k which lies in M éolcfl (k). This filtration
sHy
is given by the reduction of galo_l(b_lgo)p mod p, hence by Propositon we have

9o 0o (g0) € G(OL)o(w)G(OL)

where w € Admg ({py}), i-e. go € X(o({y}),b).

To show k(g) = kc(go), note that g gives a k[[u]]P**I-point of Grg, where Grg is the Witt vector
affine flag variety of [Zhul7], [BS17], and the superscript perf denotes the perfection of a ring in
characteristic p. For k a perfect field of characterstic p, the Kottwitz homomorphism induces a map

kg : Grg(k) = m(G)
and this induces an isomorphism mo(Grg) = 71(G);. In particular, k¢ is a locally constant function.

Let h € Grg(k((w))) be the generic point of g, then by Proposition (ii) we have &g (h) = Ra(g),
hence #g(071(go)) = kg (g). Since g is o-invariant, we hav £g(go) = Fc(9).

O

Proposition 5.17. Let H be a parahoric subgroup scheme of some reductive group H over Q.
Suppose [ : G — H is a surjection such that the following conditions hold:

(i) The composition of f with the map T'x — G(Z,) coming from the action of the Galois group
I'x on 1,9 factors through the center Zy of H.

(ii) The connected component G' of the identity of f=*(Z») has reductive generic fiber G' and G'
s a parahoric subgroup of G'.

(i1i) The kernel of f is a smooth group scheme over Z,.

Then we may choose the isomorphism such that for every g € G(Qp), we have

flg) = f(g0) € H(L)/H(OL),

Proof. By assumption G’ is a parahoric subgroup of its reductive generic fibre G’. Upon replacing
K Dby a finite extension, we may assume 'y — G(Z,) factors through G'(Z,), and we may extend
Sast € Tp9V'® to a set tge of I'k-invariant tensors whose stabilizer is G’. By Proposition
we obtain tensors tg0 € D(%)® whose stabilizer G, can be identified with G’ ®z, Or. By [KP,
Corollary 3.3.10] there is a G’-valued cocharacter ju, such that the filtration it induces lifts the one on
D(%) ®o, k and is G’ conjugate to a G'-valued cocharacter p' inducing the filtration on D(%) ® K.
There is a cocharacter p of G which induces the filtration on D(¥%) ®», K, which is G-conjugate to
y. Since p and p' are G-conjugate by Lemma iy and ,u; are conjugate in G. In other words,
p, satisfies the conditions in Assumption hence we may apply the construction in We fix
the G-linear bijection
T,9" @z, & = M(T,9")

so that it takes t5 ¢ to 5.

Let g € G(Q,), applying the previous construction we obtain § € G(&[1/p]) and by Proposition
we have § = hgi where h € G'(Oz) and i € G(O:). Since G’ C f~1(Zy), we have f(g~'hg) = f(h),
SO

p:=g thgh™! € 7)(5‘;)
where P :=ker(f : G — H) is a smooth group scheme over Z, by assumption. Thus

f(g) = f(gphi) = f(g)f(hi)
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and we obtain
f(hi) € H(Ogw) NH(S[1/p]) = H(S).

The induced map on points f : G(&) — H(S) is surjective. Indeed the cokernel injects into
H'(&,P) = 0since P is smooth and & is strictly Henselian. We let m € G(&) such that f(m) = f(hi).
Thus f(phim~') = 1, and we have

phim™ € P(&") N G(S[1/p)).
But this last group is just P(&[1/p]). Thus § = g(phim=1)m € gP(&[1/p])G(S), and hence
90 =0 (§)lu=0 € gP(L)G(OL)
so that f(go) = f(o(9)) = f(g9) € H(L)/H(OL). O

Lemma 5.18. (i) The map fcla(,) : G(Qp) — m1(G)T is surjective.
(i1) Let gaq € Gad(Qp). Suppose the image of gaa under kg, lifts to an element of m1(G)9, then
the image of gaa in G(Qp)/G(Zy) is in the image of

G(Qp)/g(zp) — Gad (Qp)/gad(zp)

Proof. (i) By [HRO08, Lemma 5|, the Kottwitz homomorphism induces an exact sequence:
0— T°(01) = T(L) 2% 7, (G); — 0
where 7° is the connected Neron model of T'. Since H'(Z,,T°) = 0 we have
Falr,) : T(Qp) = m(G)7

is surjective, hence Eg|G(Qp) is surjective.

(i) By part (i), there exists g € G(Q,) such that ~g(g) € m1(G)7 lifts Re,,(gaa). Replacing gaq
with g.ag™!, we may assume &g, (gaq) is trivial.

By the Iwahori decomposition there exists waq € W2y, g1,92 € Gad(Z,) such that gaq = g1Wadg2,
with Wag € Gaa(Qp) a lift of w,q. Changing our choice of torus T to T” := nggl_1 we may assume
Jad = Wadge. Since Rg,,(g) is trivial, waq lies in the affine Weyl group W, aq of Gaq. But the natural

projection induces an isomorphism W, = W, .q hence, w,q lifts to an element w of WJ. Thus we
may take w € Gaer(Q,) lifting w, and the image of w in G(Q,)/G(Z,) gives the required lifting. O

With the above notations we have the following.

Proposition 5.19. Assume b = o(7(,,}). Then for any (G, u,)-adapted lifting 4 such that s, €
T,%9V® C T,9V® ® Qp, the map

G(Qp)/9(Zp) = mo(X (e ({py}) o (Tgu,3))k)s 9 g0

defined above is surjective.

Proof. We let ,uzd denote the cocharacter of Gaq induced by p,. Let Gaa = G1 x G2 where uzd
induces the trivial cocharacter of G; and induces a non-trivial cocharacter in every Q,-factor of Gs.
We write G,q for the parahoric in G,q corresponding to G; it decomposes as G; X Go where G; and G,
are parahorics of G; and G respectively. By Theorem (see also [HZl Theorem 8.1] for the case of
general parahorics) and using [HZl §6.1], there is an isomorphism

(5.9.1) mo(X (o ({1 ), o (Frusay)) i) = G1(Qy)/G1(Zy) x m1(G2)T.

We pick the isomorphism ([5.7.1]) so that the conclusion of Proposition holds for the projection
G — G1. Note that condition (iii) in Proposition holds since the kernel is an extension of Gy by
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Z¢, the center of G which is smooth, by [KPl Proposition 1.1.4]. Morever, its generic fiber is reductive
since it is a central extension of a reductive group hence condition (ii) holds.

Let h € X(o({py}),0(T(u,1))x and haq the image of h,q in X(O'({/J,Zd}),U(j’{uzd}))}(ad, where we
write K,q for the corresponding set of simple reflections for G,q. Then by Lemma (i), there
exists gaq € Gad(Qp)/Gad(Z,) mapping to the image of hyq on the right hand side of (5.9.1]). Since
RG.,(gaa) lifts to the element Zg(h) € m1(G)J, Lemma (ii) implies that gaq lifts to an element
g € G(Qp)/G(Z,). By Proposition and the image of gy is equal to the image of h in
WO(X(U({uZd}),U(T‘{“Zd}));{ad). By [HZl Corollary 4.4], there exists z € Z(Q,) such that goz = h
in mo(X(o({y}),o(7(u,}) ). By the functoriality of the construction, (9z)o = gozo = goz = h in
7o(X (0 (L s 0 () 6): 0

More generally, there is the following.

Proposition 5.20. Assume Conjecture holds and that [b] € B(G,o({u})) is Hodge-Newton in-
decomposable. Then for any (G, u,)-adapted lifting 4 such that sa¢ € T,9"® C T,9V"® @ Qp, the
map

G(Qp)/9(Zp) = mo(X(e({1y}), D)), 9 9o
18 surjective.

Proof. As in the proof of Proposition uzd will denote the cocharacter of Gaq induced by u, and
Gaq = G1 X Gy where ;de induces the trivial cocharacter of G; and is non-trivial in every simple
factor of Ga; we write {1} and {u2} for the induced conjugacy class of cocharacters for G and
G4 respectively. Similarly, writing G.q for the parahoric in G,q corresponding to G, G.q decomposes
as G1 x Ga. We write baq = b1 X by in the decomposition Gaq(L) = G1(L) x Go(L). Tt is easy to
see from the definition that [bag] € B(Gaq, {12%}) is Hodge-Newton indecomposable, and it follows
from that by is Hodge—Newton irreducible in Gs. Therefore assuming Conjecture there is an
identification

wo(X (0 ({1§'}); bad) aa) = G1(Qp)/G1(Zp) X by o1 (G2)F-
The same argument as in Proposition then shows that the map g — gq is surjective. O

6. SHIMURA VARIETIES

6.1. We recall the construction of the integral models of Shimura varieties of Hodge type in [KP].

Let G be a reductive group over Q and X a conjugacy class of homomorphisms

h:S:= Resc/rGm — Gr

such that (G, X) is a Shimura datum in the sense of [Del71].

Let ¢ be the complex conjugation. Then Resc/g(C) = (C®r C)* = C* x ¢*(C*) and we write uy,
for the cocharacter given by

C* — C* x *(CX) & G(C)

We set wy, := ;- (u5,) 1.

Let Ay denote the ring of finite adeles and A? the subring of Ay with trivial p-component. Let
K, C G(Q,) and K? C G(A%) be compact open subgroups and write K := K,K?. Then for K?
sufficiently small

(6.1.1) Sh (G, X)e = GQ\X x G(Af)/K

arises as the complex points of an algebraic variety over C, which has a model over the reflex field
E := E(G, X); this is a number field and is the field of definition of the conjugacy class of py.
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We will also consider the pro-varieties
Sh(G, X) = lim Shi (G, X)
+—K

Shx, (G, X) := (nglp Shx,x» (G, X)

6.2. Let V be a vector space over QQ of dimension 2¢g equipped with an alternating bilinear form ;
we write Vg = V ®q R for a Q-algebra R. Let GSp = GSp(V, ) denote the corresponding group of
symplectic similitudes. The Siegel half-space is defined to be the set of homomorphisms

h:S— GSpr

such that:
(1) The Hodge structure on V¢ induced by h is of type (—1,0), (0,—1), i.e.

Ve=V e vh!

(2) (z,y) — ¢¥(z, h(i)y) is positive or negative definite on V.
For the rest of this section we assume there is an embedding of Shimura data

p: (G, X) = (GSp,5%)

We sometimes write G for G, when there is no risk of confusion. For the rest of the paper we will
assume the following condition holds

(6.2.1) G splits over a tamely ramified extension of Q, and p 1 |m1(Ger)|.

Let G be a connected parahoric subgroup of G, i.e. § = G, = G2 for some z € B(G,Q,). We
assume that the compact open K, C G(Q,) is identified with G(Z,). By [KP, 2.3.15], upon replacing
p by another symplectic embedding, there is a closed immersion G — GSP, where GSP is a parahoric
group scheme of G'Sp corresponding to the stabilizer of a lattice Vz, C V. Upon scaling V7, we may
assume VZ\; C Vz, and we let pd = \Vz,/ VZ\; |. This induces a closed immersion of local models

loc loc
Mgy, — Mgspu, © OF

where E is the local reflex of pp, in Gg,.

6.3. Let Vg, =Vz,NV, we write Gz(p) for the Zariski closure of G in GL(VZ(p) ), then GZ(p) @z Lp =
G. The choice of Vz,, gives rise to an interpretation of Shx:(GSp, S*) as a moduli space of abelian
varieties and hence an integral model over Z,) which we now describe. We let K’ = K K'? where
K, = GSP(Z,) and K'? C GSp(A%) is a compact open.

Let A be an abelian scheme of dimension g over a scheme 7. We write

V(A) = lim Aln]
«—pin

Consider the category obtained from the category of abelian varieties by tensoring the Hom groups
by Zy). An object in this category will be called an abelian variety up to prime to p isogeny and an
isomorphism in this category will be called a prime to p isogeny.

Let A be an abelian variety up to prime to p isogeny and let A* be the dual abelian variety. By
a weak polarization we mean an equivalence class of quasi-isogenies X : A — A* such that p? exactly
divides deg A and some multiple of A is a polarization. Two such quasi-isogenies are equivalent if they
differ by a multiple of Z*

(p)
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Let (A, A) be a pair as above. We write Isom, ,(V'(A), VAzfv) for the (pro)-étale sheaf of isomorphisms
V(A) VA? which preserves the pairings induced A and v up to a A?X—Scalar.

We write <7, 4 x/(T') for the set of triples (A, A, ef,,) consisting of an abelian variety up to prime to
p isogeny A over T together with a weak polarization A : A — A* and a global section

e € T(T,Isom, ,(V(A), Var) /K”)
For K7 sufficiently small, .27 4/ is representable by a quasi-projective scheme over Z,y which we
denote by %/ (GSp, ST).

6.4. For the rest of this paper we fix an algebraic closure Q, and for each place v of Q an algebraic
closure Q, together with an embedding Q — Q,.
By [Kis10, Lemma 2.1.2], we can choose K’ such that ¢ induces a closed immesion:

Shi (G, X) < Shi:(GSp, S%)g

defined over E. The choice of embedding E — @p determines a place v of E. Write Og (,) for the
localisation of Og at v, E the completion of E at v and Op the ring of intgers of E. We assume the
residue field has ¢ = p" elements and as before k will denote an algebraic closure of F,. We define
(G, X)™ to be the Zariski closure of Shk (G, X) inside %k (GSp, ST) @7y O, (v), and Jk (G, X)
to be the normalization of .7k (G, X)~. By construction, for KY C K% compact open subgroups of
G(A?), there are well defined maps S xr (G, X) — SKKE (G, X) and we write
pr(G, X) = %«5&(})}(1)(0,)().
Under these assumptions we have the following.

Theorem 6.1 ([KP] Theorem 4.2.2, Theorem 4.2.7). (i) The Og, ) scheme Yk, (G,X) is a flat
G(A%)-equivariant extension of Shk, (G, X).

(ii) Let Uz be the completion of S« (G, X)™ at some k-point T. There exists a point T € Méozh(k)

such that the irreducible components of ﬁy are isomorphic to the completion J/\Zlgo,zh of Mé‘jzh at .
Moreover Yk (G, X) fits in a local model diagram:

yK(GvX)(’)E

/ \
yK(G7X)OE ng;ih

where q is a G-torsor and 7 is smooth of relative dimension dim G.

6.5. We will need a more explicit description of [75 and this local model diagram for the next section.
To do this we will need to introduce Hodge cycles.
By [Kis10, 1.3.2], the subgroup Gz, is the stabilizer of a collection of tensors s, € VZQ?M. Let

h: A — (G, X) denote the pullback of the universal abelian variety on ./ (GSp, S*) and let
Vg = than,*Z(p), where h,, is the map of complex analytic spaces associated to h. We also let
Y = R'5,0Q° be the relative de Rham cohomology of A. Using the de Rham isomorphism, the s,
give rise to a collection of Hodge cycles sq.dr € Vg , where V¢ is the complex analytic vector bundle
associated to V. By [Kis06, §2.2.], these tensors are defined over E, and in fact over Op, (,y by [KP,
Proposition 4.2.6].
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Similarly for a finite prime [ # p, we let V; = R'h¢.Q; and V, = R! hy ¢+ 2y Where hy, is the generic
fibre of h. Using the étale-Betti comparison isomorphism, we obtain tensors s, € Vl® and sq.¢ € VZ‘?
which are Galois invariant by the same argument as in [Kis10, Lemma 2.2.1].

For T" an Og,, -scheme (resp E-scheme, resp. C-scheme), * = [ or dR (resp. ét, resp. B) and
r € Sk, (G, X)(T), we write A, for the pullback of A to 2 and sq . for the pullback of s, . to .

As in [KisI0, 3.4.2.], if € Zk,(G,X)(T) corresponds to a triple (Ay, A, €y,), then €, can be
promoted to a section:

ek € D(T,Tsom, (V7 (Ay), Var )/ K?)
which takes sq 1.4 to so (I # p).

6.6. Recall k£ is an algebraic closure of F, and L = W(k)[1/p]. Let T € (G, X)(k) and = €
Jk (G, X)(Ok) a point lifting T, where K/L is a finite extension.

Let ¢, denote the p-divisible group associated to A, and ¥, its special fiber. Then T,%¥, is
identified with H}, (A, Z,) and we obtain I'x-invariant tensors s, ¢t € 1,4 " whose stabilizer can
be identified with G. We may thus apply the constructions of §4] and we obtain ¢-invariant tensors
50,0, € D(¥,,0) whose stabilizer group Go, can be identified with G®z,0r. The filtration on D®o, K
corresponding to ¢, is induced by a G-valued cocharacter conjugate to pgl. By [KP} Corollary 3.3.10],
there is an isomorphism:

D(4,)(Ok) =D(9,0) ®o, Ok

taking S, 0 tO Sa,0. lifting the identity modm, where s, 0, € D(%,)(Ok)® denotes the image of
50 € M(T,9))® (in fact the s, 0, are equal to sq ar, . under the identification D(%,)(Ok) = Hix (A.)
by the compatibility of 9t with comparison isomorphisms). Moreover, upon enlarging K, there is a
G-valued cocharacter fi,, which is G-conjugate to p}_bl and induces a filtration on D(¥,,0) ®o, Ok
lifting the filtration on D(¥, o) ® k. Thus we have a notion of (Go, , ity )-adapted liftings of ¢, ¢ as in
section §4] and by definition ¥, is a (Go, , f1y)-adapted lifting.

As before we let P C GL(D) be a parabolic lifting Py. We obtain formal local models ]/\420,01 = SpfA

Yy

and ]\/4\1;”,1 = SpfAg, and the filtration corresponding to p, is given by a point y : Ag — Ok.
Hy

Proposition 6.2. Let Uz be the completion of Y% (G, X) at T.

(i) l?f can be identified with a closed subspace of SpfA containing SpfAg. Moreover SpfAg is an
irreducible component of ﬁg

(it) Let 2’ € Sx(G,X)(Ok:) whose special fibre T maps to the image of T in S (G,X). Then
Sa,0' = Sa.0,0 € D(Ys0) if and only if x and x' lie on the same irreducible component of (75

(i1i) A deformation 4 of 9, to O corresponds to a point on the same irreducible component of
Uz as x if and only if 4 is (Go, , ity)-adapted.

Proof. This is effectively [KP| Proposition 4.2.2] we recall the argument for the reader’s convenience.

Recall we assumed that G splits over a tamely ramified extension of Q,. Moreover Go, ®o,
L C GL(D(¥,)) contains the scalars, since it contains the image of wy. Thus we may apply the
construction of @ to the tensors s, o ; we may equip SpfA with the structure of a versal deformation
space for ¥, o and the subspace SpfAg is such that @ : A®z, O — K factors through Ag if and only
if the induced p-divisible group ¥ is (Go, , iy )-adapted, where G, is the stabilizer of s4,0, and g,
is G-conjugate to pp-1.
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The p-divisible group over (/]\5 is induced by pullback from a map Uf — SpfA which is a closed
immersion by the Serre-Tate theorem. Let Z C Uz be the irreducible component containing x. Let
' € Z(K'). As in the proof of [KP| Proposition 4.2.2], Sq ¢, corresponds to s, o under the p-
adic comparison isomorphism for the p-divisible group ¥,. Hence we obtain one direction in (ii) and
x’ € SpfAg since the filtration on D ®p, K’ corresponding to ¥, is given by a G-valued cocharacter
conjugate to u,:l. Since this holds for all 2’ € Z(K’), we have Z C SpfAg and hence they are equal
since they have the same dimension. We thus obtain (iii) and the other implication in (ii) as well as
the moreover part in (i).

(Il

The previous proposition shows that the tensors s, are independent of the choice of z €
Sk, (G, X) lifting 7, thus we denote them by s, 0z. The following is then immediate.

Corollary 6.3. Let 7,7 € Y« (G, X)(k) be points whose image in Sx(G, X)™ (k) coincide. Then
T =717 if and only if Sa.07 = Sa,07 -

6.7.  We would like to show the isogeny classes in .7 (G, X)(k) admit maps from X (o({yy}),b). We
will show this when G is residually split at p and in general for the basic case. More generally, we show
the existence of such a map without the residually split condition (but still under the assumptions in
(6.2.1])) upon assuming Conjecture In the rest of this section we will prove the case when G is an
Iwahori subgroup of G; the general case will be deduced from this in §7. We thus assume G is an
Iwahori subgroup for the rest of the section and that the assumptions in hold.
Let 7 € Yk (G, X)(k) and = € S (G, X)(K) a point lifting T. Let Go, denote the stabilizer s, 0 3.
By the above ¥, is a (Go, , pty)-adapted lifting of = and there is an Op-linear bijection
(6.7.1) 1,9, @z, Or = D(%)
taking sq 66,z tO Sqa,0,z. We fix an isomorphism VZ*,, = Tpfﬁxv taking sq,0 tO Sq ¢t,¢; this identifies the
stabilizer Go, of sq 61,0 With G ®z, Of.
Since the sq4,0z are @-invariant, we may write ¢ = bo for some b € G(L) which is independent of
the above choices up to o-conjugation by elements of G(Op).

Fix S a maximal L-split torus in G with centralizer T as in §5 so that G corresponds to an alcove
in the apartment A(G, S,Q)). As in §5.6, we have

be |J  G(0L)a(i)G(OL).
weAdm({xy})
Write p € X.(T) for the dominant (with respect to a choice of Borel defined over L) representative

of {py} = {u;, '}, and p its image in X, (T);. With the notation of §5, we have 1 € X (o({py}),b).
Recall X (o({py}),b) is equipped with an action ® given by

©(g) = (bo)"(g) = bo(b)...a" " (b)o" (g)
where r is the residue degree of Og/Z,. Then

O(g) Mo (®(9)) =0"(g " bo(g)) e |J  G(OL)o"TH(@)G(On).
weAdm({uy})
By [Rap05, Lemma 5.1], Adm({zx,}) is stable under ¢”, hence ®(g) € X(o({1y}),b) and ® is well
defined.
Pick a basis for V7, compatible with S as in §3.3] In other words, the corresponding maximal
split torus 7" C GL(Vz,) satisfies the compatiblity conditions in §3.3} in particular S maps to 1"
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and there are embeddings of apartments and (3.3.4). By Corollary [3.6] for g € X (co({s1}),b))
we have g~ 'bo(g) € GL(OL)var(p)GL(OL) where vy, is the cocharacter (19),0(9)) and GL is the
hyperspecial subgroup of G Ly, over Z, which stabilizes the lattice Vz,. Thus the Hodge polygon of
the F-crystal gD(%) has slopes 0,1 hence corresponds to a p-divisible group Ggz which is isogenous
to % and hence to an abelian variety Az isogenous to Az. Agz is equipped with a prime to p level
structure corresponding to the one on Az. Since ¢(sq,07) = Sa,0,7, We have s4 07 € D(¥Y;z).

Since g € GSp(L) the weak polarisation on Az induces a weak polarisation on Agz. Thus Agz
together with the extra structure gives a point of .%%/(GSp(V), S*)(k) and we obtain a map

iz X (0({1y}),b) = S (GSp(V), ST) (k).

In fact this map is non other than the one induced by the Rapoport-Zink uniformization [RZ96, §6]
for S/ (GSp(V), ST). Note in this paper, we will only consider such a map on the level of points and
not as a map of perfect schemes.

Remark 6.4. Note that if we modify the trivialization (6.7.1)) by an element h € G(Or), the Frobenius
is given by the element b’ = h=1bo(h). The map
it X(o({ny}),0') = S (GSp(V), 57) (k)

obtained using this trivialization fits into the commutative diagram

(6.7.2) X(o({my}),b)

X(o({py}); V)

where the vertical map is the isomorphism induced by g + h~'g. Therefore the map i. is essentially
independent of the trivialization (6.7.1)).

The main result of this section is the following:
Proposition 6.5. Suppose either of the following assumptions hold:

(i) b is basic in B(G).

(ii) Gq, is residually split.

(#ii) Conjecture holds.

Then there exists a unique map

iz s X(o({uy}).b) — Sk (G, X) (k)
lifting iz such that 540, (q) = Sa,0z- Moreover we have
do Zj = lf od

where ® acts on Sk (G, X)(k) via the geometric r-Frobenius.
Remark 6.6. To be more specific, to deduce the existence of the lifting in part (iii) we only need to
assume the Conjecture [5.4] holds for the following specific case. We let M denote standard o¢-stable
Levi constructed in Lemma 5.7} Then for any M’ in the decomposition we need the conjecture
holds for XM ({up:},bp), or more precisely it holds for each simple factor of M, in which bps is

Hodge-Newton irreducible.
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The rest of this section will be devoted to the proof of Proposition

6.8. The uniqueness follows from Corollary The same proof as in [Kis06, §1.4.4] shows the
compatibility with ®. Thus it remains to show the existence of iz. The strategy follows [Kis06, §1.4];
the first step is to show that if g € X (o({py}),b) can be lifted, then every point on the connected
component of X (o({uy}),b) containing g also lifts. This first step can be carried out without any of
the extra hypothesis in Proposition The second step is to show that every connected component
of X(o({my}),b) contains a point which lifts; this is done by showing the quasi-isogeny Agz — Az
lifts to characteristic 0.
We recall some definitions from [HZ, Appendix A], see also [CKV15].

Definition 6.7. Let R be k-algebra. A frame for R is a p torsion free, p-adically complete and
separated Op-algebra Z equipped with an isomorphism R 2 % /pZ% and a lift (again denoted o) of
the Frobenius o on R.

Let R be as above and fix # a frame for R. We write &, for %[%] If x is any perfect field
of characteristic p and s : R — k is a map, then there is a unique o-equivariant map Z — W (k),
also denoted s. Indeed this follows from the universal property of Wltt vectors once one notes that
any map #Z — W (k) factors through the natural map # — %"” here 2> is the p-adic completion
R = llgl% and is identified with the Witt vectors of the perfectlon of R. If R — R’ is an étale
map, then there exists a canonical frame %’ of R’ equipped with a canonical o-invariant map Z — %’
lifting R — R/, see [CKV15, Lemma 2.1.4].

Let g € G(Z1). For C C W, we write

Sc(g) = |J {s € Spec Rls(g™'bo(9)) € G(W (R(5)))bG (W (R(s)))}
wel

where %(s) is an algebraic closure of residue field k(s) of s. Note that this only depends on the image
of g € G(ZL)/G(Z), hence we can define S¢(g) for any element of g € G(#L)/G(Z%). For b € G(L),
we define the set

Xc(b)(#) = {9 € G(#L)/G(Z)|Sc(9) = Spec R}.
When C' = Adm({u}) we write X ({u},b)(Z#) for Xc(b)(#). Similarly when C = o(Adm({p})) we
write X (c({u}),b)(£).

Definition 6.8. For ¢g,91 € X({u},b) and R a smooth k-algebra with connected spectrum and
frame #, we say go is connected to g1 via R if there exists g € X ({u},b)(#) and two k-points s, $1
of Spec R such that so(g) = go and s1(g) = ¢1.

We write ~ for the equivalence relation on X ({u},b) generated by the relation go ~ g1 if go is
connected to g; via some R as above, and we write 7(X ({u}, b)) for the set of equivalence classes.
By [HZ, Theorem A.4], we have

(6.8.1) mo(X ({n}. 1)) = mo(X ({u},b))-

6.9. Returning to the situation of Proposition let ¢ € G(ZL) be a lift of some element of
X(o({y}),b)(#). By Corollary 3.6} for all s € Spec R, we have g(s) € GL(OL)var(p)GL(OL). Since
GL is hyperspecial, it follows from [CKVI5| Lemma 2.1.14] that there is an étale covering R — R’
with canonical frame #Z — %’ such that

9 € GL(Z ) par(p)GL(Z'),
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For n > 1 we write %, for the ring Z considered as a Z-algebra via ¢” : Z — % and we define R,
similarly. By [Kis17, Lemma 1.4.6], there exists n > 1 and a p-divisible group ¥,z over R;, together
with a quasi-isogeny ¥,z — % ® R], which identifies D(¥4,z)(Z,,) with ¢D(%) C D(%) ®o, %, -
Upon relabelling R], as R and Z,, as #Z, we obtain an abelian variety Agz over Spec R.

Since g € GSp(Z1), Az induces a weak polarization Agz on Az, and Agz is also equipped with a
prime to p level structure. Hence g gives a map

(6.9.1) Spec R — %/ (GSp, ST).
Since g € G(Z1), we have $q,07 = 9(S0,07) € D(Yz)(Z).

Proposition 6.9. Suppose there is a k-point xr : R — k of Spec R such that x7,(g) = 1. Then there
is a unique lifting ir : Spec R — S (G, X) of such that

Z'*R(Soz,O) = 52,07

Proof. The uniqueness can be checked on k points, hence this follows from Corollary

To show existence, we first claim factors through #x(G,X)~. Note that in the process
of replacing R by R, , R may no longer be irreducible. However, by induction we may apply the
argument to each irreducible component successively. Therefore we may assume R is integral. Let R
denote the completion of R at x. Since R is integral, it suffices to prove the claim for R.

Note that the filtration induced by g~'bo(g) gives an R-point of the local model Méof For all k
points s : R — k, we have

g(s)bo(g(s)) e |J  G(OL)o(@)G(Or)

weAdm({p,})

By Corollary the map Spec R — M(IJPE factors through M(IJPC. Taking completions at the image of
TR, we obtain a map

’(ﬂ : Ag — f/%
By smoothness of R, R is power series ring over k. We may choose coordinates so that R =~
k[[t1,...,tn]] for some m > 1.

We have a p-divisible group over k[[t1,...,t,]]; we would like to use the map v to deform this
p-divisible group to ¢ over a ring in characteristic 0, such that the pullback to every Og-point
satisfies the condition in Definition ie. it is (Go,,py)-adapted. The ring we will deform to is
Agllti, .-y tm]]

We have a map

Agllts, o ] = Klltrs ]

induced by ¢ : Ag — k[[t1,...,tn]] and t; — ¢;. This induces a surjection

W(Ag[t1, ... tm]]) = WE[[tr, .., tm]]).

Let % denote the completion of #Z at the image of the point zg. We write g for the image
of g in G(@) and %gm for the induced p-divisible group, then D(%5% )(@) can be identified with
9D(%) C D(%) ® Z1,. We may use ! to identify ]D)(% )(%) with D(¥%) ®o, Z as an Z-module.
Under this identification the Frobenius is given by g 1bo’( ). Tt follows that the Dieudonné display
]D)(ggm)(W(k[[tl, ...y tm]])) can be identified with D ®¢, W(k[[tl, ..., tm]]) and the Frobenius ® pre-
SEIVes Sq,0.3-
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Let SpfA be the completion of Mé"z o at the image of xg, then D ®p, A is equipped with a
h

universal filtration M1 C D ®p, A. We let M; denote the preimage of My in M := D @0, W(A).
Let Ml denote the image of the map p*M; — p*M.

By construction, the pushforward of M; along A — Ag — Ek[[t1,...,ty]] is the filtration on
D®o, k[[t1,...,tm]] induced by g~1ba(g). Therefore by [KP, Lemma 3.1.5] the structure of a display
on D®p, /W(k[[tl, ..., ty]]) corresponding to % is given by an isomorphism

\Pk[[tlv"'»tm]] : M17k[[t1y~~~7t1n]] - ]D) ®0L W(k[[t17 A 7t7n]])
where for any ring B with A — B, we write MLB for the base change Ml O (a) W(B) Since A —

E[[t1,- .., tn]] factors through Ag it follows from [KP) Corollary 3.2.11] that sq,0z € M{@k[[tl ]l
and since g~ 'bo(g) preserves 5a,0z We have Wiy, 4 11(8a,02) = 50,07

By [KP| Corollary 3.2.11], the scheme

My ag, M @, W(Ag))

T = Isom W)

Sa,o,i(

of tensor preserving isomorphisms is a G-torsor. Base changing to Ag[[t1,. .., t;]] we obtain a G-torsor

Taglltrstm)) = Is0m, (M ag(ier,...en))s M D4y WAglltr, - - tm]])-

By smoothness of G, Wy, . ¢.1 lifts to an isomorphism

v Ml,Ag[[t1,~~7tm” — M ®VV\(A) W(Agl[te, - tm]]))-

Again, by [KP, Lemma 3.1.5], this corresponds to a display over Agl[t1,...,tn]]. Since ¥ lifts
Wilty,....tn]]» this display deforms D(gﬁ)(ﬁ?(k[[tl,...,tmﬂ)) by the discussion in [KP) 3.2.6], and
hence corresponds to a p-divisible group & over Agl[t1, ..., tm]] deforming ¥.
Let @ : Ag[[t1,... tm]] = Ok be any map and %, the p-divisible group over Ok obtained by
pullback. By construction we have an isomorphism
L DY) (W (Ok)) 2D @0, W(Ok).

~ o~

Thus $q,07 give rise to ®-invariant tensors in D(¥)(W (Ok))®. Moreover, under the canonical identi-

fication D(¥5)(Ok) ®o, K = D®p, K, the filtration is induced by a G-valued cocharacter conjugate
to py. Indeed the composition

D ®o, Ok “— D(%)(0k) ®o, K DR, K

where the second map is the canonical isomorphism as in [KP| Lemma 3.1.17] takes s, 0z to itself.
Since the filtration on the left is induced by the map A — Ag — Ag|[t1, ... ,tm]] = Ok, it corresponds
to a point of the local model Mé“ hence is induced by a G-valued cocharacter conjugate to p,. Thus
9., is (Go,,, t1y)-adapted as desired.

Let (/]\% (resp. Us) denote the completion of %/ (GSp, ST) (resp. .k (G, X)~) at the image of Z.
Then the p-divisible group < corresponds to a map

€ : SpfAg[[t1, ... tm]] — UL

We let Z C U, denote the irreducible component containing z (recall z € .« (G, X )(K) was a point
lifting ). By the previous paragraph, for any @ : Ag|[t1,...,tm]] = Ok, the induced point of (79’6 lies
in Z by Proposition (iii). Since this is true for any Og-point with K/L finite and Ag[[t1,.. .. tm]]
is flat over Z,, €~ factors though Z. Thus ip factors through %k (G, X)~.
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We have shown that (6.9.1) factors through (G, X)~. We let
ip:Spec R — (G, X)~

be the induced map. We now show that iy lifts to /i (G,X). We first show there exists an open
subscheme U C Spec R containing xr which lifts.

We let Oy 7 (resp. O- z) denote the local ring of x (G, X) (resp. Yk (G, X)™) at the (image
of the) point Z. The irreducible component Zz of Spec O~ 5 containing x has completion which is
normal by Theorem (i), hence Zz is normal. Therefore the map

Spec Oy z — Spec Og- %

induces an isomorphism Spec O.» z = Zz.

Let R, be the localization of R at the point r. The proof above showing that factors
through .k (G, X)™ also shows that the induced map Spec R,, — Spec Oy - 5 actually factors
through Zz. Hence we obtain a unique lifting

Spec Ry, — (G, X).

It follows that there exists an open subscheme U C Spec R containing Z such that ig|y lifts to a
unique map
U— Sk (G, X)

The existence and uniqueness of the lifting ¢z then follows from Lemma below.

To show the compatibility of this map with the tensors s 0z, we let M denote the Dieudonné
F-crystal over “k, (G, X )y associated to the universal p-divisible group, and M[;l)] the corresponding
F-isocrystal. By [KMPS, Corollary A.7], there exist sections
1
p
such that for all @ € S (G, X)(k), sq,0 pulls back to s,07 € D(gg/)[%]@’.

Thus pulling back to Spec R, we obtain s, 0.r € ]D)(%gg)(%)[%}@ such that for all z : R — k,
the pullback coincides with s4.0,,,(z). Now by construction sq 0z € D(%yz)(#2)% are parallel for the
connection coming from the crystal structure of ID(¥,z); indeed this connection is induced by the
trivial connection 1 ® d on D(%) ®p, Z, see [Kisl7, Lemma 1.4.6]. Moreover sq4,07 coincide with
Sa,0,r at the point . Since R is integral, sq 0,r = 54,0,z

Sa,0 - 1—>M[ ]®

]

Lemma 6.10. Let Y be a reduced scheme and Y™ its normalization. Let X be a normal integral
scheme and U C X an open subscheme. Suppose we have a diagram:

U——=Y"

L,

X ——Y
Then f lifts to a unique map f': X — Y™

Proof. Since X is irreducible, so is U. As Y™ is a disjoint union of integral schemes, the image of

U is contained in a single irreducible component, which is the normalization of a single irreducible

component in Y. Replacing Y by this component, we may assume that Y is reduced and irreducible,

hence integral. By uniqueness we may assume X = Spec R and Y = Spec S are affine. Then

Y™ = Spec S where S is the integral closure of S in K(Y) := Frac(S). Thus it suffices to show
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the induced map S™ — K(X) factors through R. But this follows since R is integrally closed in
K(X). O

Proof of Proposition[6.5. For now we do not make any extra assumptions as in the Proposition [6.5]
parts (i), (ii), (iii). By uniqueness, there is a maximal subset X (o({py},0)° C X(o({py}),b) which
lifts to a map:

iz X(o({ny}) 0)° = Sk (G, X) (k)
If g € G(L) represents an element of X ({1, },0)°, then for 7’ := iz(g) € Yk (G, X)(k), the Frobenius
@ on D(%) is given by b := g~ 1bo(g) € G(L) under a suitable trivialization of D(%). The maps iz
and iz fit into the commutative diagram:

(6.9.2) X(o({uy}).0)

X(o({py}),b')
where the vertical arrow is the isomorphism induced by left multiplication by ¢g—!. Therefore

X(o({uy}),0)° = X(o({y}),0)°

under this identification. In what follows, we will often change the base-point T in the definition of
the map L.

Lemma 6.11. The set X (o({uy}),b)° is a union of connected components.

Proof. By (6.8.1)), it suffices to show that X (a({py}),)° is a union of equivalence classes under ~. By
Propositiofg € X(o({py}),b)° and ¢’ € X(o({py}),b) with g ~ ¢’, then there exists a sequence
g = 4go,---, g = g such that g; is connected to g;41 via some R as in Definition We would like
to show ¢’ € X (o({py}),b)°. By induction, it suffices to show consider the case g is connected to g’
via R. Upon replacing T by iz(g) and using , we may assume g = 1.

Upon replacing R by R,,, where R — R’ is an étale cover, there exists a map

Spec R — %/ (GSp, ST)

as in (6.9.1). Note that the étale covering R’ may be disconnected, but applying the argument to each
connected component and using induction again, we may assume it is connected. The result then
follows from Proposition O

Case (i), b is basic: By Theorem (i) and Lemma '6.11L there exists ¢’ € X(,.(Tmy})(b) N
X(o({py}),b)°, ie. iz(g') lifts to a point 7 € Sk (G,X)(k). Upon replacing T by Z’' and using
(6.9.2) we may assume b € G(Or)o(77,1)G(OL). By Theorem upon changing the isomorphism

Vz, ®z, O = D(%)

by an element of G(Op), we may assume b = o (7y,}).
Let z € Y% (G, X)(Ok) denote a lift of T with K/L finite. Fix the isomorphism

Tpgay ®ZP OL = D(gy)
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taking sq stz t0 Sa,0z compatibly with the isomorphism Vi; ®z, O, 2 D(%) above. We may now
apply the construction of §5.

Let g € G(Q,)/G(Z,) and go the corresponding element in X (o({x}),b) constructed in §5.6; upon
replacing K by a finite extension, g~ 7,%, corresponds to a p-divisible group ¢’ over O together with
a quasi-isogeny ¥’ — ¢, which identifies D(¥}) with goD(%). This corresponds to a quasi-isogeny
A" — A, hence to a point gz € Shi(G,X)(K) by the moduli interpretation of Shi(G,X)(C).
Indeed after base changing to C, the quasi- isogeny A" — A, preserves s, g, since it preserves sq st o -
Therefore go € X(o({py}),b)° as it is the specialization of gz.

By Proposition [5.19] g — go induces a surjection

G(Qp)/G(Zp) — mo(X (o ({1y}):0));
hence
X(o({ny}),0)° = X(e({ny}), ).
This proves the Proposition when b is basic in G.

Case (ii), Gq, is residually split: In this case o acts trivially on the Iwahori Weyl group W, hence
Adm({py}) = o(Adm({y})). Recall that by Theorem there is a map

(6.9.3) 11 XM ({Aw}ag,,, > w) = X ({py},0)

wEW,w a straight element with we[b]

which induces a surjection

(6.9.4) 11 mo (XM ({Awba,, W) = mo(X ({1y},0))

weW,w a straight element with we(b]

Here we write straight instead of o-straight since the action is trivial. We note that the map
XMow ({Xw}tar,, ) = X ({py},b) is induced by the map m — jy,m for m € M,, (L), and where
Jbw is an element in G(L) such that jl;llbba(jb’w) = 1. Such a map depends on the choice of jp 4,
however its image does not. We now fix a choice a of j; 4 for each w in the decomposition and
we write ¢, for the induced map XMvw ({Ay}ar,, ) — X ({y}, ).

We outline the strategy for the proof. By Lemma and the surjection , it suffices to show
for each w € Adm({yu}) straight, that every connected component of X™vw ({A,}r,, 1) contains
an element whose image in X ({g,},b) lies in X ({py},0)°. This will follow from Lemmas
and below. The first step is to show that if v, (XM ({Xy}ar,, W) N X ({y},0)° # 0, then
Lo (XM ({Aw}a,, , ) is contained in X ({g,},b)°. This follows from same argument as in the basic
case since by [HZ, Theorem 5.2], w is basic in M, (L). It now suffices to show that the image of
XMow ({2} M,,, » W) contains at least one point which lifts. To do this, we use the property of straight
elements stated in Theorem namely that for any w,w’ straight with [w] = [«@'] in B(G), we have
w =~ w'. We show that for such a w and s € S such that w’ = swo(s) and I(swo(s)) = l(w), if

v (XM ({ A} ar,,,, @) N X (g },0)° # 0,
then
bt (XM (Mg, ') 0 X ({11 },0)° # 0.

I we show that if

Lo (XM (M ar,, @) N X ({py},0)° # 0

Vw

Similarly, if 7 € Q and w’ = Tw7r™

then

bt (XM (N Yo, o) N X ({1 3, 0)° # 0.
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These properties imply that to prove the Proposition, it suffices to show that there exists some w such
Lo (X Mew ({ X ag,, - 0)) N X ({4 },b)° # 0, which again follows from Lemma and the surjectivity
of (6.9.4).

Lemma 6.12. Let w straight such that w € [b]. Suppose there exists

9 € tw(XM (Audag,, ) N X {1y}, 0)°.
Then vy (XM ({Aw}a,,»w)) € X ({py},0)°.

Proof. By Theorem (i) appplied to XMvw ({Xy}a,, . W), there exists
g € X () € XM ({ Ay}, )

such that ¢’ ~ g and hence t,(g") € X ({y},0)°. Indeed in this case, w € Adm™»e {Awln,)
is the unique straight element. Upon replacing T by iz(ty(g9’)) and using (6.9.2)), we may assume
b e G(Op)wG(Oy). Since w is straight, upon modifying the isomorphism nd using Theorem
we may assume b = . The inclusion ¢,, is induced by the map m — jy »m where m € M (L)
and jq . is an element of
Ji(Qp) := {h € G(L)|h to(h) = w}.

The image of ¢, is unchanged upon replacing j; . by 1, hence we may assume ¢, is the natural
inclusion.

Write M := M,,. Then M(L)NG(Or) is an Iwahori subgroup of M which is defined over Zy;
we write M for the associated group scheme. Let W), denote the Iwahori Weyl group of M, then
w € Wy and [HZ, Theorem 5.2] implies wM (O )i~ = M(OL). We equip Wy, with the Bruhat
order <j; induced by the Iwahori subgroup M, then w is a length 0 element of Wj;. The M
conjugacy class of cocharacter {\,,} may be constructed as follows. We write 7,, € X, (T)r,q for the
dominant representative of v, and My, the corresponding standard Levi. Let J C Sy be the subset
corresponding to Mz,. We let z, € W such that z,(My,) = M. If p € X,(T) is a dominant
representative of {y,}, then {\,} is represented by A, := 2, (n). Therefore by Proposition there
is an M-valued cocharacter conjugate to A, such that the induced filtration on D ®p, K specializes
to the one on D(%) ®p, k and hence the assumption is satisfied for the subgroup M of G. We
may thus apply the construction of

Since w € M (L), we may extend the tensors s, to tensors t, € VZ% whose stablizer is the Iwahori

M. We obtain an embedding of local models M/l\(jlc)\_l - M(ljoz e ® Ops, where E’ is the (local)

reflex for the M-conjugacy class of {\,}. Since w € Adm™ ({)\,}) the filtration on D(%) ®o, k
gives a point in the local model M/l\‘jf(k) Replacing A, by an element in its M-conjugacy class, we
may assume A, is defined over a finite extension K/L and the induced filtration lifts the filtration on

Recall that  is basic in M (L); indeed it is the element 7¢y, 1, where 7, ; is the minimal element
of Adm™ ({\,}). We let 4 denote an (Mo, , Ay )-adapted lifting of % satisfying the conditions in
Proposition Note that any (Mo, , Ay)-adapted lifting is also (Go, , py)-adapted, hence corre-
sponds to a point x € (G, X)(Ok). We apply the construction of §5 to %, and we obtain a
map

M(Qp)/M(Zy) = XM ({Au}, ), m = mg

such that the image of its composition with ¢, lies in X ({1, },w)°. This follows as in part (i) since
i%(my) is the specialization of mx € .« (G, X)(Ok). By Proposition it induces a surjection

M(Qy)/ M(Zy) — mo(XM ({ A}, ),
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and hence X ({1, },b)° contains the image of X™Mvw ({\,}, ). O

Lemma 6.13. Let w,w’ straight such that w,w’ € [b] and w' = sw's for some s € S. Suppose there
exists

9 € tw(XM (Audag,, ) N X {1y}, 0)°.

Vw

Then there exists
g € v (XM (A g, 0)) N X ({1}, 0)°

Proof. By Lemma Lo (X Mrw ({ X}, W) € X ({py}, )% hence upon choosing a different g, we
may assume g € iq,(Xyw " (w)). Upon replacing T by iz(g) and using li we may assume as in
Lemma that b = w and the ¢, is the natural inclusion. We note from the proof of [Hel4l Theorem
4.8] that

. My . .
Xw/(w) = L (Xw’ w (w/)) C Lw/(XM”w’ ({)\w’}Muw/ s w/))

It therefore suffices to show that there exists ¢’ € Xy (W) N X ({uy }, w)°.

We assume that the lift $ lies in N(Q,); such a lift exists since the action of o is trivial under our
assumption that Gg, is residually split. As in the proof of Lemma may apply the construction
of We let 4 be an (Mp, , Ay )-adapted lifting as in Proposition We fix the isomorphism

Tpgv ®z, O = D(gy)
taking to ¢ to tq,0z. Upon replacing K by a finite extensions, we have s7,% corresponds to a p-
divisible group ¢’ over Ok equipped with a quasi isogeny ¢’ — ¢. This identifies M(7,¥"") with
SM(T,%") for some § € G(S[1/p]). We also obtain a quasi-isogeny ¢4’ — ¢ over k which identifies
D(¥4’) with soDD(¥4) where sg = 0 (3)|u—0. By Proposition we have 0~1(3) = méh where
m € M(Ozz) and h € G(Oz). Using the natural map L — &[1/p], we may consider w € G(L) as
an element of G(6[1/p]). Then we have

o (5 Hws = h s im o (m)so(h)
We assume [(sw) = [(w) + 1; the case l(ws) = [(w) + 1 can be treated in the same way. Since w is
basic in Wy, we have
m' :==m o (m)i " € M(Oz)
Since [(sw) = l(w) + 1, we have I(sws) = I(ws) + 1 and hence
g(Og;)Sg(Ogu\r)wsg(Og;) = Q(O@g;r)swsg((?g;)
It follows that
o N5 Hws = h™ s 'miso(h) € G(Oz)51sG(Ozm);
note here we use that s = s~!. We consider o~ !(571)w5 as a k[[u]]P®! point of FL. The above
calculation shows that the generic fiber of this point lies in the the Schubert variety S,,, C FL. Since
the Schubert variety S, is closed, the special fiber also lies in S,,». Hence we have
SOwU(So) (S g((’)L)w”Q((’)L)

for some w” < w’. By Lemma below, we have w’ = w” and sy € X, (w), and moreover it lies in
X ({py}, w)° since it is the specialization of sz, where x € Y& (G, X)(Ok) corresponds to ¢. O

Lemma 6.14. (G not necessarily residually split) Let w € W be a o-straight element and g € G(L)
such that g~ "o (g) € G(OL)w'G(Or) with w' < w. Then w' = w.
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Proof. Since w' < w, it suffices to show [(w) = l(w’). Let b = g~ hio(g) € G(OL)w'G(OL). We claim
that there is a o-straight element y € W with I(y) < I(w’) such that [y] = [0] in B(G). We first show
by induction on [(w’) that there exists w” € W with I(w”) < l(w’) which is minimal length in its
o-conjugacy class in W and such that b is o-conjugate to an element of G(Op)w"”G(Op). Indeed if w’ is
minimal length in its o-conjugacy class, then there is nothing to show. Otherwise, by [Hel4, Theorem
2.3] and [Hel4, Lemma 3.1 (1)], there exists © € W with I(z) < I(w’) such that b is o-conjugate to an
element of G(O)2G(Or). The result then follows by induction hypothesis applied to x.

By [Hel4, Theorem 2.3], there exists J C S with W finite, u € Wy and y € YW?(/) g-straight with
yo(J) = J such that w” = uy; here the notation is as in §2. Note that I(y) < I(w”). Then by [Heldl
Lemma 3.1 (2)] and [Held] Lemma 3.2], any element of G(Op)w”G(Or) is o-conjugate to an element
of G(O)yG(OL). Therefore b, and hence w is o-conjugate in G(L) to an element of G(OL)yG(Oy).
By [Held, Theorem 3.5], b is o-conjugate to gy itself.

Therefore [w] = [y] in B(G) and since they are both o-straight, it follows by [Held, Theorem
3.7] that w and y are o-conjugate in W. Since they are both straight, [(w) = I(y), and hence
l(w) = l(w"). O

Lemma 6.15. Let w,w’ straight such that w,w’ € [b] and w' = 77 wr for some T € Q. Suppose
there erists
9 € (XM ({ A}y, » @) O X ({11}, 0)°.
Then there exists
g € tur (XM (A g, 0")) 0 X ({pay},0)°

Proof. As in Lemma we may assune g € Ly, (Xi\,/["“‘ (w)) and upon replacing T by iz(g) we may
assume b = w. As in the proof of Lemma it suffices to show there exists ¢ € X, (w) N
X ({1}, )"

Let 4 be an (Mo, , Ay )-adapted lifting of % to Ok and apply the construction of Proposition

to 7 € N(Qp); we obtain an element 7 € G(G[%]). Moreover o~ (7) = mg with m € M(Oz:) and
g € G(Ozx). Since 7G(Oz )7 ' = G(Ozx ), we have

o (FhwF =g~ im T o (m)Fo(g) € GOz )T G (Ozs ).
By the same argument in Lemma 70 = 0 (F)|uzo € Xu (W) N X {1y}, 10)°. O

We can now complete the proof of Proposition (ii). Recall we are trying to show the map %

lifts to a map
iw: X(o({py}),b) = Fx(G, X)(k)

which is compatible with tensors, or in other words that X ({uy},0)° = X ({#ty}, b). By the surjectivity
of and the fact that X ({u,},b0)° is a union of connected components, it suffices to show
Lo (XM ({Aw}ar,, ) C X ({y},b)° for all w straight such that w € [b]. By Lemmam it suffices
to show 1, (X Mvw ({Ayhar,, ,10)) N X ({11y},b)° is non-empty for each such w.

By the surjectivity of and the fact that X ({#,},b)° is a union of components, there exists
some w straight with w € [b] such that

tw (XM (Awdag,, @) N X ({1y},0)° # 0.

By Theorem for any w’ straight with @’ € [b], there exists w = wq,wr, ..., wy, = Tw'T~! with
7 € Q such that w; ~;, w;41 for some s; € Sand i =0,....,m — 1. Applying Lemmas and
inductively, we obtain 1, (X w {Awtnr, > 0") N X ({py},0)° # 0.
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This completes the proof of Proposition part (ii).
Case (iii), Conjecture holds: The proof in this case follows along the lines of Case (ii). Let
M C G be a standard og-stable Levi subgroup as in Lemma [5.7] Recall the decomposition

X(o({m )0y = T XM (o({ur}),bp)

P'=M'N’

into open and closed subschemes from Theorem This induces a bijection
mo(X(o({uy ). o) = [T mo(XM (o({pp}), b))

P'=M'N'’
We write ¢pr for the map XM (o({up'}),bp1)) = X (o({py}),b); it is induced by the map m — Jb,bpr T
for m € M'(L), where jy;,, € G(L) is a fixed element such that jl;blp, bo(jvp,,) = bp. By our
assumption on M, [bp/] € B(M',c({pp'})) is Hodge-Newton indecomposable. Using Lemma

X(o({#y}),b)° is a union of connected components. The Proposition will follow from the next two
Lemmas.

Lemma 6.16. Let P’ € 3°. Suppose there exists
g € e (XM (a({pp}) bpr)) N X (o ({py}):b)°-

Then 1o/ (XM (o({ppr}),bpr)) C X(0({p1y}),b)°.
Proof. Let M'(Or) = M'(L)NG(OL). Then M’'(Oy) is preserved by o and arises as the Op-points of
an Iwahori subgroup M’ of M’ defined over Z,. Upon replacing T by iz(g) and using (6.9.2), we may
assume ¢ = 1. Upon modifying the isomorphism (6.7.1), we may assume b € M’(Op)wpr M’ (Or)
where wyy € Adm™ (o({ip'})). Replacing bps by another representative of its class in B(M’), we
assume bpr = b.

By Proposition upon extending K we may choose a representative pup: of {up/} which induces
a filtration on D(%) ® K lifting the filtration mod p. Then since the pp/ lies in the G-conjugacy
class of cocharacters {u,}, the assumption (5.12)) is satisfied. We extend the tensors s, to tensors
ta € VZQ; whose stabilizer is identified with M’. We may thus apply the construction of §5.7

Let & be an (M’ upr)-adapted lifting of % satisfying the conditions in Proposition We fix
the isomorphism

Tpgv ®Zp O = D(gy)
taking ta.¢t tO ta,0z. Applying the construction of we obtain a map
M'(Qy)/ M'(Zy) = X (a({pep'}), bpr)
whose image after composition with ¢ps lies in X (o({py},bp))°. By Proposition and our as-
sumption on M which implies bp, € B(M',o({up:})) is Hodge-Newton indecomposable, the map
M'(Qy)/ M (Zy) = 7o (XM (o({ppr}), bp1))

is surjective. Hence tp (XM (a({upr}),bpr)) € X (a({y}), bpr)°. O
Lemma 6.17. For each P' € 37, there exists g € tp/(X™ (o({pp}),bpr)) N X (o({py}),b)°.
Proof. The decomposition implies that there exists P” € 3 such that

1€ (XM (0({upr}), bp))

Then upon modifying (6.7.1), we may assume b = bpr € M"(Op)wp»M"(Or), where M” is
the Iwahori subgroup scheme over Z, of M" such that M”(Or) = G(Or) N M"(L) and wyr €
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Adm™” (c({upr})). We write bpr = myiprme in this decomposition. By [GHN|, Theorem 3.6] and
[GHN|, Theorem 3.12], if wyyr € Adm™’ (o({pp'})) is such that Xy, ,(bpr) # 0, then Xy, (bpr) =
Lpr (XwM/ (bpr)). In particular Xy, , (bpr) C tpr (XM (o({pup:}),bps)). Thus it suffices to show that

that there exists some wy; € AdeV],(O'({,U,p/})) and g € Xy, (bpr) N X (o({py}), bpr)°.
We write M’ for the Iwahori subgroup scheme of M’ defined over Z, such that M’'(Op) =
M'(L) N G(Or). By Lemma there exists v € W7 such that o='M"(Op)o = M'(Or) and

o Adm ™ (o ({upr )0 = Adm™ (o({p})).

As in Lemma we may choose a representative pp» for {up+} which induces a filtration on
D(%) ® K lifting the filtration mod p. Let 4 be an (M, pp~)-adapted lifting of % as in Proposition
We choose the lift © of v to lie in N(Q,) and we fix the isomorphism

Tpgv ®Zp O = ]D)(gf)
taking tq ¢t to ta,0z. We obtain a map

G(Qp)/9(Zp) = X(a({1y}), bpr)-

Moreover by Proposition the image of v under this map is given by o=!(9)|,=0 where ¥ €
G(6[1/p]) is an element such that o~ (0) = moh with m € M"(Oz) and h € G(Oz). Using the
natural map L — &[1/p], we consider bp» € G(L) as an element of G(&[1/p]). Then we have

U_l( ) le//’U_h ) lm_lml’u')Mnmza(m)q}g(h)
=h7 O m T ime0) o Mg (0 Ymg o (m) D)o (h) € G(O 7:)nG(Oz)

where wy;r = v wyv € Ade,(o({up/})). Therefore considering o~ () as a k[[u]]P*f-point of
FL, it follows that the generic fiber of @ lies in X™' (6({up:}), bps). Hence since

Lp (XM/ (J({MP’})7 bP’)) C X(O’({,U,y})7 bpl/)
is closed, v := 071 (D)|u=0 € tpr (XM’ (c({pp'}),bp)) and v € X (o({uy}),b)°. 0
O

In some of the later statements, we will assume the existence of a lifting iz as in Proposition
For notational convenience, we will introduce the following assumption.

Assumption 6.18. For each T € .7« (G, X)(k), there exists a map
iz X(o ([, ):b) = (G, X)(h)
lifting i such that 54,0, (g) = 5,0,z and ® o iz = iz o ®.

Therefore Proposition [6.5 says that this assumption is satisfied if Gg, is residually split or if
Conjecture [5.4] holds.

6.10. For the rest of this section, we assume Assumption [6.18] is satisfied. Recall the local model
diagram from Theorem

GXOE

/\

loc
Zx( g Hh
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This induces the Kottwitz Rapoport stratification on the geometric special fiber Sk (G, X ). We write
u for a dominant representative of u;l in X.(T). Then we have a map

A+ Sx(G X)) (k) = Adm({u})

Since j1,, and p are both conjugate to !, the admissible sets Adm({u}) and Adm({p,}) coincide;
thus we may write X (o({1}),b) for X (c({py}),d).

Proposition 6.19. Let g € X,,(b) for some w € o(Adm({u})). Then A\(iz(g)) = o~ (w).

Proof. Recall how the map A is defined. Let x € Y« (G,X)(Ok) be a point lifting Z. The torsor

%((G, X) is constructed by taking trivializations of the relative de Rham cohomology which respect
the cycles s, qr. We have an isomorphism

VZ*p Rz, O = D(gr)(OK)

taking s to sq,dr,z. The local model Méoc embeds inside M£13°£®OE, where Méoﬁc classifies sub-modules
of V7 . The pullback of the Hodge filtration on ID(¥,)(Ok) gives a point of MYF ® Op which lies in
the local model M¥°(Ok). We obtain a point & € M¥°(k) which lies in G(k[[t]])wG (k[[t]])/G(k[[t]])
for some w € Adm({u}). Here u denotes a lift of w to G(k((t))) via the identification of Iwahori Weyl
groups for G and Gy((;)). Then A(T) = w.

There is an isomorphism D(%4,)(Ok) = D(%) ® Ok lifting the identity mod p and taking sq.dr o
t0 54,0,z Thus if we fix an isomorphism

Vz, ® Or = D(%)

taking s, to sq,0z, then the pullback of the filtration on D(%4%)(k) to VZ*p differs from the one above
by translation by an element of G(Ok). We thus obtain a point on &' € MF°(k) which lies in the
Schubert cell C,,. Thus A\(Z) can also be computed by a trivialization of D(%,).

Now fix an isomorphism V; ® Op = D(%). Let g € X, (b) for some w € Adm({u}); then
D(Yi,(g)) is identified with gD(%). We may trivialize D(¥,,(,)) = V7 ©® Op by composing the

trivilization VZ*,J ® O, = D(%) with the element g. The filtration mod p on Vz*p is then induced by the

element g~ 'bo(g). By the identification of apartments and Iwahori Weyl group in §3.3, this filtration
corresponds to a point MF°(k) which lies in G(k[[t]])o " (w)G (k[[t]]) /G (k[[t]]). Hence A(iz(g)) = w. O

6.11. The maps iz are compatible with the changing the prime to p level structure KP. Since
%, (G, X) is equipped with an action of G(A%), iz extends to a map:

iz : X(o({n}),b) x G(A}) — F, (G, X)(k)
As in [Kis10, Corollary 1.4.13], this map is equivariant for the action of ® x G(A%).

Definition 6.20. Let 7,7' € .k, (G, X)(k). We say T and T’ are in the same isogeny class if
there exists a quasi-isogeny Az — Az respecting weak polarizations such that the induced maps
D(%) — D(%) and ‘A/p(Af) — ‘A/P(Afl) take 54,07 t0 Sa,07 and {sa,1z}tizp t0 {Sa,17 tizp-

For 7 € Yk,(G, X)(k), we write .5 for the isogeny class containing Z. For 7 € Sk (G, X)(k), we
use the same notation to denote the image of %z in Sk (G, X)(k) where T, € %, (G, X)(k) is a
point lifting Z.

Proposition 6.21. Let Gg, be residually split or b basic, or assume that Congecture holds. Then
z,7' € Yk, (G, X)(k) lie in the same isogeny class if and only if T lies in the image of

iz : X(0({u}),b) x G(AR) = Fc, (G, X) (k)



Proof. Suppose T and T’ lie in the same isogeny class. The composition
Vir = V(Az) 5 V(Az) = Vi
€x Ex/

takes s, t0 sS4, hence upon replacing T’ by a translate under G (A’}), we may assume the quasi isogeny
Az — Az is compatible with ez and ez .

Recall there are isomorphisms

D) % V* @2 01 = D)

taking s, 07 t0 Sq,07 . Thus D(%) corresponds to gD(%) for some g € G(L). By the same proof as
Proposition [5.14) we have g € X (o ({u}), ). It follows from the definition of iz that T and iz(g) have
the same image in ik, (G, X)~ (k). Since the quasi-isogeny induces a map D(%) — D(%) taking
50,07 t0 84,07, we have by Corollary that iz(g) = Z'. Hence T’ lies in the image of iz.

The converse is clear. O

7. MAPS BETWEEN SHIMURA VARIETIES

In this section we show that the Shimura varieties associated to different parahorics levels admit
maps between them with good properties. This will allow us to deduce the description of the isogeny
classes for general parahorics from the result for Iwahori subgroups proved in the previous section.
This also verifies one of the axioms of [HR17] for integral models of Shimura varieties with parahoric
level.

7.1. We keep the notations from the previous section, so that p : G — GSp(V,v) is a Hodge
embedding. Let K, be a connected parahoric subgroup of G(Q,) and let G denote the corresponding
group scheme over Z,,. Let K|, C G(Q,) be another connected parahoric subgroup with corresponding
group scheme G’ such that K, C Kj,. If K, and Kj, have corresponding facets f and §’, then this is
equivalent to f lying in the closure of §. Note that we are changing the notation from the previous
section where KJ, was a subgroup of GSp(Vg, ).

By the construction in the previous section we have integral models ./ (G, X ) and .7k (G, X)) over
Og,,, where K’ = K, K? and K = K,K? for some sufficiently small K. Since at this point there is no
characterization of these integral models, in what follows we must assume that they are constructed
using the same Hodge embedding p; see for the precise details of the construction.

Theorem 7.1. Suppose Yk (G, X) and Sk (G, X) are constructed from the same Hodge embedding.
Then we have:
(i) For sufficiently small KP, there exists a map

ﬂ-vaK;) : ‘SﬂK(Ga X) — asﬂK/((;’7 X)
(ii) The induced map
T, (G, X) (k) = Fx: (G, X)(k)

is compatible with isogeny classes.

7.2. Let g be a facet in B(GSp(Vy, ), Qp) and let GSP denote the associated parahoric group scheme.
Then g corresponds to a lattice chain Ay D Ay D --- D Ay in Vg,. Let Vg = &i_,Vg,, then
V' is equipped with an alternating form ' given by the direct sum of ¥. We have the lattice
N =al_ A C V(ép and we write GSP’ for the associated parahoric of GSp(V(é)p) stabilizing A’.
We have a map
GSp(V,¢) = GSp(V',¢')
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which factors through the subgroup H := H;T:l GSp(V,v). Here []' denotes the subgroup of the
product [[;_, GSp(V, ) consisting of elements (g1, ..., g,) such that ¢(g1) = -+ = ¢(g2), where

¢ GSp(V, 1) = G
is the multiplier homomorphism.
The conjugacy class of cocharacters S* for GSp(V,v) gives rise to a H(R) conjugacy class of

homomorphisms T' from S into Hr and (H,T) is a Shimura datum. We write H, and J, for the
stabilizer of the lattice A" in H(Q,) and GSp(Vy ) respectively. We obtain a map of Shimura varieties

v Shu,ue (H, T) — Shy, 50 (GSp(V'), S'%))

which is a closed immersion. Here H? C H(A%) and J? C GSp(V'® A%) are sufficiently small compact
open subgroups.

The Shimura variety Shy,nr(H,T) admits a moduli interpretation over Z,, which we will now
explain. For S a Z(p)-scheme, we consider the set of tuples (A;, A, ef)izl,m’r, where:

(i) A; is an abelian variety over S up to prime to isogeny.

(ii) A; is a weak polarization such that deg ); is exactly divisible by |A;/Af].

(iii) € € (S, Isom)\j:d,(r/(Ai), V @ A%)/HP), where Tsomy, 4 (V(A), V &g A%) is the (pro)-étale
sheaf of isomorphisms V' (A4;) & VAzjg which preserves the pairings induced A; and ¢ up to a A’}X—scalar.
This multiple is required to be independent of i.

We obtain an integral model #u u» (H,T) of Shu,ur» (H,T).

Proposition 7.2. For sufficiently small JP, the embedding v extends to a closed embedding
v Fyue (H,T) — F5,50(GSp(V'), SF).
Proof. Using the moduli interpretations, we may define ¢ by sending
(Ai, Nis €)iz1,..r € Sa,ur (H,T)(S)

to the product A; x -+ x A,., together with the product polarization and level structure.

We show that for JP sufficiently small, the map ¢ is proper and injective on points.

As in [KisO6l 2.1.2] (see also [Del71l 1, 1.5]), to show the injectivity on points it suffices to show
the map

.....

Ly S, (H,T) — % (GSp(V'),S'F)
is injective on points. This follows from the moduli interpretations of the integral models.
We now fix JP sufficiently small such that ¢ is injective. To check properness, we apply the valuative
criterion. Let R be a discrete valuation ring with fraction field K. We must show for any diagram

Spec K F,ure (H,T)

| |

Spec R —= % 3»(GSp(V'), §'¥)

there exists a unique lift Spec R — .5, (H,T). Rephrasing in terms of the moduli interpretation, we
must show for a triple (A, A, e?) over R, such that over K this data decomposes into a product coming
from (A;, Ai, €’)i=1,., then the triple over R decomposes. This follows by well known properties of
Neron models.

Indeed if (A, A, €P) over R is such a triple. We let

(7.2.1) Ap = -Al,K X ... X -Ar,K
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be the isomorphism on the generic fiber and let A; denote the Neron models of A; . Then by
uniqueness of Neron models, the isomorphism extends to an isomorphism A = A X ... X A,.
Similarly, A is induced by the product of polarizations on each A;. That €P breaks up into a product,
follows from the fact that an étale sheaf over R is determined by its generic fiber. ]

7.3. By the construction in [KP| §1.2], there is an embedding of buildings,

0:B(G,Q,) — B(GSp(Va,), Qyp).
Let f be a facet in B(G, Q,) with associated connected parahoric group scheme G. Let 6(f) be contained
in a facet g of B(GSp(Vy, ), Qp) corresponding to Ay D --- D A,. Let (H,T) and V' be as above, we
obtain a new embedding of Shimura datum
(G, X) = (GSp(V',¢'), ')
which factorises as )
(G, X) % (H,T) = (GSp(V'4/), 8)
Let H, and J,; for a choice of H? we let JP be as in Proposition For HP sufficiently small, we
obtain maps of Shimura varieties
Shic, k0 (G, X) = Shyg o (H,T) — Shy 3w (GSp(V"), S F) g

and each of these maps is a closed immersions. Recall yK_pr (G, X) was defined to be the closure of

Shx,xr (G, X) in prJP(GSp(V/),SIi)OE(U).

Corollary 7.3. i (G, X) is the closure of Shk,x» (G, X) in Su,ue(H,T).

Proof. Immediate from Proposition O
Now suppose §' is a facet of B(GSp(Vy, ), Qp) such that § lies in the closure of f. Then j’ corresponds

to a lattice chain A;; C -+ C A;,, where {i1,...,4s} C {1,...,7}. Let (H',T") be the Shimura datum
obtained from the above construction applied to ¢, i.e. H' = H;S:I GSp(®;_,V), and Hj, the parahoric
of H'(Q,) stabilizing @%_,A;,. There is an obvious morphism of Shimura data (H,T) — (H',T").
Hence choosing suitable levels HP C H (A?) and H? C H' (Afc) away from p, we obtain a morphism of
Shimura varieties
WH,H' * SthHp <H7 T) — ShH;’H/p (H/, T’)
Using the moduli interpretation, this extends in a natural way to a morphism of integral models
WH,H' * prH;D(H,T) — yH;H/p(H/,T/)

Proof of Theorem[7.1] (i). Recall § is a facet of B(G,Q,) such that f lies in the closure of f.. Let
z € f and let 2’ € § be a point sufficiently close to z such that if g and g’ denotes the facets of
B(GSp(Vyg,),S’,Q,) containing i(z) and i(2"), we have g lies in the closure of g’. Applying the above
constructions we obtain a diagram:

‘yK_pKP(GaX) — Yu,ur(H,T)
Txrke (G, X) HyH;H/p(H/,T’).

On the generic fiber, this can be completed to a diagram
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SthKp (G7 X) —_— SthHp (H, T)

e

ShK;}K;D (G7X) _—> ShH;H/p (HI,T/)

hence by Corolla we obtain a map YK;KP(G, X) = Y% ke (G, X). Taking normalizations and
6.10]

applying Lemma we obtain:

WKP,K; : yKPKP(G7X) — yK;KP(GyX)

The above maps then induce by passage to the limit, a map between the pro-varieties
K, K, K, (G, X) = Sk (G, X).
7.4. Now we relate the isogeny classes on .k k» (G, X)i, and Sk, k» (G, X )k. Let T € S,k (G, X)(k)

and y = TK,,K/, (Z). Recall S5 and S are the isogeny classes of Z and §. Then Z corresponds to a col-

lection (A;, A, €7);=1,.» and 7 corresponds to (Aijs Aij s efj )j=1,....s- We write D(%;) for the p-divisible

group associated to A;. We have inclusion and projection maps
Lo : @;zlm(%j) — @;_1D(%) 7o &_D(%) — ®j=1D(%j)
and for [ # p
Wi (TAL) = G, (TA) m @l (TA) — @5, (TAy,)*
where * denotes the linear dual.

We write G’Z(p) and Gz, the groups over Z,) given by the Zariski closures of G in GL(@‘;-:lAij 7Z(p))
and GL(EB;“:IALZ(M) respectively. Here we write Ai,z(m for the Z,) module VN A;. Then G’Z(m is the
stabilizer of a collection of tensors s, € <@§=1Aij,Z(p>)®- We have the two maps

L @5 iz, = BimiAizg, and T @i Mg, — B0 2,
given by the inclusion and projection. These induce maps
B (851 2,))% = (Bl Aiz,,)® and 7 1 (Bi1Aiz,))® = (8514, 2,7

such that 7® 0:® is the identity. Note that since (©3_;A;; z,,,)® involves taking duals, one needs to
use 7 in the definition of the map (®¥. These maps exhibit (6]9;:1/\
(®i_1Miz,))®

Lemma 7.4. The 1®(s,) are fized by Gz,

i..72.,)% as a direct summand of
J5(p)

Proof. 1t suffices to check this after inverting p. Then ¢ and 7 are both equivariant for the action of
G(Q), hence so is t®. Thus t®(s,) is preserved by G(Q). O

We may extend ¢¥(s,) to a collection of tensors t5 € (©j_; A z,,)¥ whose stabilizer is Gz, ,,. We
fix an isomorphism

(7.4.1) (®iz1Aiz )" ®z, O = ©;_1D(¥;)

taking tg to tg,o.
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Lemma 7.5. Any isomorphism as in preserves the product decomposition on either side and
induces an isomorphism

(®;:1Aij>z(p))* 1z, Op = @?:1]])(%.7’)
taking s 10 Sq,0-

Proof. We may assume that among the collection of tensors tg there are tensors
tﬁk € (@;‘:IALZ@))* ® (@;‘:1/\2}2@))

corresponding to the projection (@§:1A17Z<p))* — AZ,Z@) for k =1,...,r. Indeed this follows since

T
Gz C H GL(Aiz,)
i=1
and the latter group fixes these tensors. By the functoriality of the constructions, we have
tp.0 € (Dim1D(#) ® (0;1D(%4))"
corresponds the to projection ®7_;D(¥;) — D(%) and that the isomorphism takes ¢, to tg, o precisely

says that the isomorphism is compatible with the product decompositions.
That the induced isomorphism takes s, t0 sS40 follows from the fact that 7® o /® = id. O

Proposition 7.6. Let § = 7k, x/,(Z). The map 7k, x, takes Iz C Fk ko (G, X)(k) to S5 C
i ke (G, X) (k).

Proof. Tt suffices to prove this result for the induced map of inverse limits
K, K, - yKP(G,X) — yK;KTJ(G,X).

We thus assume T € Yk, (G, X)(k). Suppose T’ € &, then we have the triple (Az, Az, €k,) corre-
sponding to T’ and there exists a quasi-isogeny 0 : Az — Az taking tg; 7 to tg; 7 for l # p and tg 0z
to tﬂ’oyf’.

Az and Az arise as products []/_, Az ; and [],_; Az ;, and as in Lemma we may assume
that there exist tensors tg, which correspond to the projections to the k-th component. The tensors
tg,.1,« and tg, o+ then correspond to the projections on the Tate module and Dieudonné modules
and 0 therefore respects these projections. It follows that 6 decomposes decomposes as a product of
quasi-isogenies 0; : Az ; = Az ;.

By construction 7r6® o L(‘? (Sa,07) = Sa,07 and similarly for s, 0z . Thus

S S
H e’LJ : H Af,ij — Ai,ij
=1 ja

takes sq,0,7 t0 Sa,07. By a similar argument, it also takes sq17 t0 Sa,1,7 for I # p, hence i, k; (')
lies in 7. 0
7.5. We now use the description of the isogeny classes on the Shimura variety with Iwahori level to
deduce the description for arbitrary parahoric level. The projection map ©;_;A; — ©5_;A;; induces
a map K, — K, which is the natural inclusion. If # € Sk x»(G, X)(k) and ¥ = 7k, x/ (), the choice
of trivialization

D(%) = @i_1A ® Or,
taking tg 0z to tg determines a trivialization

D(%y) = ®j_ 1A ® Of
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taking sa,0,3 to so. If we fix such a choice of trivialization, then we obtain an element b € G(L) giving
the Frobenius on both D(¥%%) and D(%;).

Now suppose that K, is an Twahori subgroup and K, is a parahoric whose corresponding facet lies
in the closure of the alcove corresponding to K,. Fix the choice of maximal L-split torus S which is
compatible with the choice of parahorics. We assume K; corresponds to the subset K’ C S of simple
reflections. We have the affine Deligne-Lusztig varieties X (o({1}),b) and X (o({u}),b)x associated
to the parahorics K, and K;, respectively. As in there is an operator ® which acts on both
groups X (o({u}),b) and X (o ({u}),b)k; it is induced by the map g — bo(g). The natural projection
G(L)/G(Or) — G(L)/G'(Or) induces a surjection

X(o({p}),0) = X(e({p}), b) k-

by Theorem [5.1] and this map is equivariant for ®.
Recall from we have a map

it X(o({u}),b) = S (GSp(V'), S*) (k)
which is easily seen to factor through /4 u»(H,T)(k); by abuse of notation we still use
i+ X(o({p}),b) = Fh,ue (H, T)(k)
to denote the induced map. Similarly we obtain a map
iy X(o({}),b)xr — Fyue (H', T') (k)

which fits into a commutative diagram:

(7.5.1) X(({1}),b) — = Fa, s (H, T)(F)

L

X(o({p}),b)xr —> S, e (H', T') (k)

Proposition 7.7. Suppose Assumption is satisfied. In other words, assume i% lifts to
iz : X(o({n}),b) = Fk,x» (G, X)(k)

such that ® oz = iz o ® and tg ;. (g) = tp,0z for any g € X(o({u}),b). Then the map z/g lifts to a
UNLQUE Map

iy X(o({1}), b = S ke (G, X) (k)
such that ® oiz =iz o ® and $4,0,i,(g) = Sa,0,7 for any g € X(o({u}),b) k.

Remark 7.8. Recall in particular the Assumption [6.18] is satisfied if Gq, is residually split or if
Conjecture [5.4] holds.

Proof. Let ¢’ € X(o({u}),b)x and g € X(o({u}),b) an element which projects to ¢’. We define
i?(gl) = TK, KL (%(9))

Then 47 is a lifting of i7; by commutativity of the diagram (7.5.1). It remains to show that s4 i, () =
Sa,07 for any ¢’ € X(o({p}),b)x . This follows from the fact that ¢z extends :®s, and the equality

t5.05 = t5,0,ix(g) for any g € X(o({n}),b). 0
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As before, iy extends to a map
iy X(o({n}), b))k x G(A}) = Fx, (G, X)(k)

The same proof as in Proposition shows that .#; can be identified with the image of i3, and this
map is equivariant for the action of ® x G(A%).

8. HE-RAPOPORT AXIOMS

8.1. In this section, we verify the axioms of He-Rapoport in [HRI7]. We keep the assumptions of
, so that (G, X) is Hodge type and Gg, splits over a tame extension. We have fixed a base
alcove a in the apartment corresponding to some Q,,-split torus S. We write Z for the Iwahori group
scheme and I, = Z(Z,). For K C S a o-invariant subset, we write G for the parahoric group scheme
over Z, and K, = G(Z,). As before all parahorics will be assumed connected and we will assume all
the integral models are constructed using the same Hodge embedding.

Theorem 8.1. (i) If Gq, is residually split, all azioms in [HR1T] hold, otherwise every axziom apart
from the surjectivity in Aziom 4 (c) holds.

(i) If Assumption is satisfied (in particular this is the case if Conjecture holds), then all
the axioms hold.

Remark 8.2. (i) For main application to non-emptiness of Newton strata, we do not need the Axiom
4 (c) (see the remark in [HRI7] after 3.7) and hence Theorem [8.3| holds without Conjecture
(ii) As in §7 we must assume the integral models are constructed using the same Hodge embedding.

Axiom 1: (Compatibility with change in parahoric) The compatibility with the change in para-
horics follows from Theorem 7.1. To show the map K, K, is proper, we may apply a similar argument
to the one in Theorem [7.1| to reduce to the case of GSp(V') considered in [HZ]. Indeed let f,§ denote
the facets corresponding to K, and Kj, respectively and let g and g’ the facets in B(GSp(V),Qp)
containing the images of f and ' constructed in the proof of Theorem [7.1} Then g and g’ correspond
to the lattice chains in Vg,

ESZ{A1CA2C"'CAT}
L= {A“ C Aiz Cc---C Azs}

We write M;, and M, for the stabilizer of these lattice chains in GSp(Vyp,) and fix a sufficiently
small compact open MP C GSp(V ® A?). As in [HR17], we may consider the moduli problem which
associates to a Z(,) scheme S the triple:

(i) An L-set of abelian varieties

(ii) A polarization of the L-set of abelian varieties as in [HR17, §7].

(iii) A prime to p level structure on the common rational Tate module away from p of the L-set

e € Isom(V(A;), V ® A%) /MP
compatible with the Riemann form on V(4;) and ¢ on V ® A%

We refer to [HR17, §7] for the precise definitions of an £L-set and a polarization. This moduli functor
is representable by a scheme “p,m» (GSp(V), S*) and we have a natural map

Fie (GSp(V), SF) — Fg e (H, T)

where H is the group considered in §7. The same proof as in Theorem shows that for sufficently

small HP, the above map is a closed immersion. Indeed in this case the valuative criterion follows

from the fact that if R is a discrete valuation ring with fraction field K, an isogeny of abelian varieties
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A — A’ extends uniquely to an isogeny of Neron models over R. It follows as in Corollary 7.3 that if we
take take MP sufficiently small so that Shk,k»(G, X) — Sha,m» (GSp(V), 5%) is a closed immersion,
we have a closed immersion

T, k0 (G, X)™ = S,me (GSp(V), S*)
and hence a finite map

i, k0 (G, X) = Fi,mr (GSp(V), S¥).

We may apply the same considerations to g’ and M’. We obtain a commutative diagram:

(811) prKP(G,X) HyMPMP(GSp(V)7Si)

T(KPYK;\L \L

i ke (G, X) —— Srme (GSp(V), SF)

The horizontal maps are finite hence proper. The vertical map on the right is proper by [HRI17,
87]; hence K, K, is proper. Since the map K, K, is surjective on the generic fiber, K, K/, is also
surjective by properness.

Axiom 2: (Local Model diagram) As in [KP), Theorem 4.2.7] we have a diagram:

yKKpGX

N

y}( kr (G, X) ]\410C

where 7 is a G-torsor and ¢ is a smooth map equivariant for the action of G. By [PZ13] Theorem 8.3],
the special fiber of M¥* has a stratification by Adm({u})k, and this diagram induces a stratification
on Sk, kr (G, X )i as well as a map

Ak, : S,k (G, X)(k) = Adm({p}) x
To show the compatibility with change in parahorics, we assume .7k k» (G, X), fK;Kp(G ,X) and

the map TK, K/ are constructed as in §7.3. The torsor %pr(G, X) classifies trivializations
(8.1.2) V= (0i_Nig,)

taking tg qr to tg, where V is the relative de Rham cohomology of the abelian variety over #k k» (G, X)
as in §6.5. The sheaf V breaks up into a direct sum over the sheaves associated to each A; and as in
§7.5, any trivialization (8.1.2)) induces a trivialization

!~
V' (@514 2,)
where V' is relative de Rham cohomology of the abelian variety over #k:k»(G,X). We thus obtain
amap 7K,k : K,k (G, X) = Sk, k0 (G, X).
The projection map (©j_;Aiz ) = (®5_1A; z,,,) induces a map

Tk, P Mg — Mg,

since it induces such a map on the generic fiber. Here we write G’ for the parahoric group scheme

associated to K;. By construction the map 7k, x/ is compatible with e 1)
7 prp
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Axiom 3: (Newton Stratification) For every T € Sk, k»(G, X ), we may take a trivialization
VZ/Z,) ® O 2 D(%)(0L)

respecting appropriate tensors. The Frobenius ¢ is given by bo; we thus obtain b € G(L) well defined
up to o-conjugation by G(Op). The same discussion as §6.7 in the Iwahori case shows that o=1(b) €
Uweadm({up e 9(OL)wG(0), hence b € B(G,{u}). The compatibility with change in parahorics
follows from the discussion in §7.5. We thus obtain a map

0 prK:D(G,X)(k) — B(G’7 {/1,})

To show that ¢ induces a stratification on YKpr(G,X )k, we must show this map arises from an
isocrystal with G-structure. This follows from [KMPS| Corollary A7].

Axiom 4: (Joint stratification) (a) Let G(L)/G(OL)., denote the set of G(Op)-conjugacy classes
of in G(L). We have natural projection maps

dg, : G(L)/G(0r)., — B(G)

Ik, : G(L)/G(OL).c — G(OL)\G(L)/G(OL).

Let T € %, kr(G,X)(k). The construction in Axiom 3 associates to T an element, b € G(L)
well-defined up to o-conjugation by G(Or). The map

Tk, : S,k (G, X)(k) = G(L)/G(OL) .o

is defined by Yk, (T) = [07*(b)]. It is clear by definition that dk, o Yk, = dk,. By Proposition
l1, o Y1, = Ap,; the case of general K, follows from the same proof. The compatibility of Tk, with
change in parahorics follows from the discussion in §7.5.

(b) By [HR17, Lemma 3.11], it suffices to prove this in the case of Iwahori level. We need to
show for all § € ll_pl(Adm({u})), there exists T € .1 k» (G, X)(k) such that Y1 () = 6. We fix a
lift b € G(L) of o(d), then by definition 1 € X (o({u}),b). By Theorem there exists a o-straight
element w € o(Adm({x})) and h € X, (b) such that h lies on the same connected component of
X(o({u}),b) as 1. By Theorem we may assume there is a representative h € G(L) such that
h=tbo(h) = w. We pick ¥’ € AL (07! (w)), which exists since A1, is surjective (see Theorem 8.2
below), and we may pick the isomorphism VZ*p ® O = D(¥%) so that the Frobenius is given by wo.
Using the isomorphism X (o({u}),b) = X (o({p}), ) given by g — h~1g, we have h™1 € X (a({u}), )
is connected to 1 € X, (w). By Proposition iz (h™') € A,kr (G, X)(k) is well defined and we
have Y7, k» (T) = 0.

(c) For K, C K, let 6 € Im(Yx,) and ¢" its image in G(L)/G'(OL).,. The finiteness of the fibers
of WKP7K;|T;1(6) can be deduced from the case of GSp(V') which is proved in [HRI7, §7]. Indeed it
follows from pthe diagram that a fiber of WKP,KHT; ) admits a finite map to a corresponding
fiber for the integral model for GSp. !

For the surjectivity, we need that Assumption is satisfied. Let T’ € TE; (¢6'). Then by the
surjectivity in Axiom 1, there exists T € Sk, k» (G, X)(k) such that 7« x; (T) =7'. Let v = Tk, (T),
then by compatibility of the map T with 7k, k;, the image of v € G(L)/G'(OL).c is equal to 4.
Thus v and J§ are sigma-conjugate by an element of G'(Or), and the same is true for b := o(vy)
and (). Let g € G'(OL) such that g~'bo(g) = o(d), then g € X(o({u}),b)r and its image in
X(o({u}),b)k isequal to 1. Then by Assumptionif(g) € Sk, ke (G, X)(k) satisfies Y (iz(g)) = 0,
and WKP,K; (Zf(g)) =7.
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Axiom 5: (Basic non-emptiness) Recall I, was an Iwahori subgroup of G(Q,). Let 7y,; denote
the unique minimal element of Adm({u}). We need to show )\I_pl(T{M}) # 0.

By [KMPS| Theorem 1.3.13.2] (see also the remark beneath the Theorem), there exists T €
1,k0 (G, X)(k) such that 01, = [blpasic. Let g € Xo(7(,,)(b) C X(a({}),b). By Prop[6.5| (i), the map
iz X(o({u}),b) = F,xr (G, X)(k) is well defined. Then by Proposition ix(9) € A (Tguy)-

The main application of the above results is the non-emptiness of Newton strata.

Theorem 8.3. Ak, and (SKP are surjective.

Proof. Since the TK, K, are compatible with the maps ¢ and A it suffices to prove the result when K,

is Iwahori. Since q : /1, k» (G, X) — M%OC is a smooth map, the image of ¢ is open and on the special
fiber it is a union of strata. Since the minimal strata 7, lies in the image, ¢ ® k is surjective, in
particular Ay, is surjective.

It follows from [HRI7, Theorem 5.4] that dy, is also surjective. Indeed it is proved in loc. cit. that
for each [b] € B(G, i), there exists w € Adm({u}) o-straight such that )\I_pl(w) C 51_1)1([1)]). O

Remark 8.4. [KMPS, Theorem 1.3.13.2] have proved the surjectivity of dx, under much weaker as-
sumptions on the level structure at p using a different method. In particular, their proof does not rely
on the existence of good integral models such as those constructed in [KP]. However they do assume
the group G, is quasi-split whereas our proof does not make this assumption.

9. LIFTING TO SPECIAL POINTS

9.1. In this section we show, under the Assumption and that Gg, is quasi-split, that every
isogeny class in .7k (G, X) admits a lift to a special point of Shix(G,X). The proof follows ideas
from [Kisl7 §2], the main new input being a generalization of the so called Langlands—Rapoport
lemma, see [Kis17, Lemma 2.2.2]. This allows us to associate a Kottwitz triple to each isogeny class,
a key ingredient needed to enumerate the set of isogeny classes. A proof of this result also appears in
[KMPS] using a different method.

We first recall some definitions from [Kisl7]; these make sense without any reference to the as-
sumption As before (G, X) is of Hodge type and K, = G(Z,) is a connected parahoric subgroup
corresponding to K C S, but now k C Fp will denote a finite extension of the residue field kg of Og, .
KPCG (A’;) is a sufficiently small compact open subgroup and K = K,KP. We write r for the degree
of k over F,,, and write W := W(k), and K¢ = W(k)[%]

9.2. For x € (G, X)(k) we write T for the F,-point associated to z. Recall we have an associated
abelian variety A, together with Frobenius invariant tensors sq ;. € H, é}t(Ag, Q)® whose stablizer in
GL(Hélt (Az,Qq)) can be identified with Gg, via the level structure €”. Since the sq, , are invariant
under the action of the geometric Frobenius v, on H} (Az, Q;), we may consider v, as an element of
G(Qi). We let I/, denote the centralizer of ; in G(Q;) and I; the centralizer of ;" for n sufficiently
large, cf. [Kisl7, §2.1.2].

We also fix an identification

(9.2.1) D(%,) @w Ko =V, @z, Ko

taking sq,0.4 t0 So. The existence of such an identification follows from [KP| Proposition 3.3.8] which
is valid even when ¥, is defined over a finite field. The Frobenius on D(%,) is of the form ¢ = do for
some § € G(Kj) and we write v, for the element do(d)...0" 1 (§) € G(Kp).
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Let I,,/;, denote the group over Q, whose R-points are given by
Lyi(R) = {g € G(Ko ®q, R)lg~"d0(g) = 5}

Clearly I,,/;, C Js. We have v, € I,/,(Q,) and we have I, ®q, Ko is identified with the centralizer
of v, in Gk,.

For n € N, we write k, for the degree n extension of k, and I/, the group over Q, defined as
above with K replaced with W(kn)[%] I, will then denote the I, for sufficiently large n.

Finally we let Autg(A,) denote the group over Q defined by

Autg(A,)(R) = (Endg(A,) @z R)*

where Endg(A;) denotes the set of endomorphisms of A, viewed as an abelian variety up to isogeny
defined over k. We write I, C Autg(Az) for the subgroup of elements which preserve the tensors
Sae for I # p and sq4,0,,. We obtain maps I, — I/, for all [ (including [ = p).

Similarly we write I C Autg(A, ® F,) for the subgroup which fixes s, ;. for all [ # p and sq.0..-
Again we have maps I — [; for all [.

9.3. By the argument in Proposition the projection maps TK,, K/, are compatible with the con-
struction of § and ~;. Thus the above definitions are independent of level structure, i.e. for z €
Sk, (G, X)(k) and y = TK, K/, (7), the construction above give rise to the same groups I;, I,/ and
1.

From now on, we assume that Assumption is satisfied and moreover we assume that Gg, is
quasi-split. The same proof as in [KisI7, 2.1.3 and 2.1.5] gives us the following proposition; see also
[KMPS| Theorem 6].

Proposition 9.1. (i) The map iz of Assumption induces an injective map
iz HQ\X (a({u}), 0) i x G(A}) = Fx, (G, X)(Fp).

(ii) Let H? =[], ., Lyyx(Qu) N K? and H, = I,,;x N G(W (k)). The map in (i) induces an injective
map:

L QN[ Zy0(@)/H, x H? = (G, X) (k).
l

(iii) For some prime | # p, the connected component of Iy, = I ®g Q; contains the connected
component of the identity in I;. In particular the ranks of I and G are equal.

9.4. The next lemma is the key technical ingredient needed for the existence of CM lifts. For this
we need to recall some group theoretic preliminaries. If S is a maximal L-split torus of G defined
over Q, and T is its centralizer, then W is the Iwahori Weyl group of G and S is the set of simple
reflections in W corresponding to a choice of base alcove a in the apartment for S. Since G is quasi-
split there exists a o-stable special vertex s lying in the closure of a. Let K := Sj denote the set of
simple reflections corresponding to s and G the associated special parahoric subgroup defined over Z,,.
Let Wik be the group generated by the reflections in K; it is identified with the relative Weyl group
Wy := N(L)/T(L). We have an identification

G(OL\G(L)/G(Or) = Wk \W/Wi

and this latter set can be identified with X, (T);/Wx. The choice of alcove a and special vertex s
determines a positive chamber V; in V := X, (T); ® R and a Borel subgroup B of G defined over Q,,.
We now describe the relationship between V, and B more explicitly.
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Let (, ) : X«(T) x X*(T) — Z be the natural pairing and we use the same symbol to denote
the scalar extension to R. We let ¥ C X*(T') denote the set of absolute roots, then B determines a
system of positive roots ¥, C ¥. Now for K/L a finite Galois extension over which T splits, we have
a norm map

Nm : X, (T); = X.(T)"
given by
7= S ()
y€Gal(K/L)
where p € X, (T); and p € X, (T) is a lift. This extends linearly to a map V — X, (T)! ® R. Then
V. can be identified with the subset of V' consisting of = such that (Nm(x),a) > 0 for all a € U..

We write X, (T); + for the subset of X, (T'); which maps to V., then Wx\W /W can be identified
with X, (T)r +.

Now recall we have the affine Weyl group W, C W, and there is reduced root system > such
that W, = QV(X) x W(X); in particular QY (X) is identified with X, (T.);. The choice of Borel B,
determines an ordering of the roots in 3. The length function and Bruhat order < on W is determined
by W, and hence by X. For A\, p € X, (T)7 4+, we write A < p if g — A is a positive linear combination
of positive coroots in QY (X) with integral coefficients. By [Lus83] §2] applied to the root system 3,
we have for A\, u € X,.(T)y +

B A<ty AZ L.

9.5. The following is a generalization of [Kisl7, 2.2.2] to general quasi-split groups. If € : G,,, — G is
a cocharacter defined over a finite extension of Q, which commutes with all its Galois conjugates, we
write € for the fractional cocharacter given by the average of the Galois conjugates of e. If e factors
through a torus 7', then we may consider €’ as an element of X, (T)g defined over Q,. Recall we have
the Newton cocharacter v5 : D — G, which is central in Js and hence central in I,,.

Lemma 9.2. Let T, C I, be a mazimal torus defined over Q,. Then there exists a cocharacter
pr, € Xi(Tp) such that:
(i) Considered as a G-valued cocharacter, pur, is conjugate to ju.

LT,
(ii) fiy, = vs.
Proof. First note that the truth of the Lemma is invariant under changing of the isomorphism
D(¥;) ® Ko =V, ® Ko.

Indeed, since (ii) only depends on the abstract group T, C I,, we need to show the condition (i) does
not depend on this choice. But this follows from the fact that if we modify the isomorphism
by h € G(Ky), the inclusion I,(Ky) C G(Ky) is conjugated by h.

Let T” C T, denote the maximal Q,-split subtorus. The same proof as [Kis17, Lemma 2.2.2] shows
upon changing the isomorphism D(¥%,) ® Ky = VZ*p ® Ko, we may assume that § is contained in the
centralizer of T”. Since the Q,-structure on the image of TI/(0 in Gk, differs by the one on 7" by
conjugation by d, we may consider 7" as a subtorus of G. Let M denote the centralizer of T in G;
then we have § € M(Ky).

Let T3 be a maximal @Q,-split torus in G containing 7", and T5 its centralizer; it is a maximal torus
since G is quasi-split. We may apply the considerations in §9.4 to T' = T5.

Note that T, C M. Let P be a parabolic subgroup containing M with unipotent radical N;
we suppose it contains a choice of Borel B defined over Q, containing T5. Let ¢ € X(o({p}),d)x
which exists since § € B(G,o({u})). Then there exists p, € X.(Tz); with ty, < to(u such that
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g tbo(g) € g((QL)t.Hl G(Or). Note that when G splits over an unramified extension, y is minuscule (for
the root system ) and hence K= o(j); this is not true in general. By the Iwasawa decomposition,
we may assume g = mn for n € N(L),m € M(L). Let M(Or) = M(L)NG(OL) a special parahoric
subgroup of M defined over Z,,.
Then we have
m~5o(m) € M(OL)ixM(Or)
for some A € X, (T);. Let m~ 5o (m) = mlt'Amg in the decomposition above. Now
g 100(g) =n"*m Yo (m)o(n) = aim~ 6o (m)
for some 7 € N(L). Thus
(ml_lﬁml)iémg € N(L)t&M(OL) N Q(OL)t'Elg(OL)

hence by [HR10, Lemma 10.2.1] we have ¢y < tu, < to(u):

By Lemma [9.3| below, there exists a lift of  to v} € X, (Ty) which is conjugate to () in G, where
& € Gal(Q,/Qy) is a lift of . We let vy = 6~ (vh); then vy is conjugate to u and 6 € B(M,o({va}ar))
by [HelG, Theorem A]; hence Uy has the same image as v in m (M)g.

Now let pr, € X.(T}) be a cocharacter conjugate to v in M. Then since conjugate cocharacters
have the same image in 7, the images of ﬁ% and vs in m(M)g coincide, where ﬁ%) denotes the
Galois average of ur, computed as a cocharacter of M. Then as before, since the two Q,-structures

on the image of T, differ by conjugation by ¢, the images of ﬁ% and ﬁ% in m1(M)g coincide.
Now as ﬂ% is defined over Q,, we may consider it as an element of X, (T")g. We have o(vs) =
871568, hence vs is defined over Q,, (as a cocharacter to T,) and we have v5 € X.(T")g. Since T' C M

. T,
is central, we have vs = 77 .
p

O

Lemma 9.3. Let u be a minuscule cocharacter of G and A € X,(T); whose image in W \W/Wi
lies in Adm({u})k. Then there exists a cocharacter vy € X, (T) lifting A which is conjugate to p in
G

Proof. Let \' € X.(T) 1+ denote the dominant representative of A for our choice of Borel B. By
[Lus83l §2], ty € Adm({u})x implies ¢, —ty is a positive linear combination of coroots in ¥ (Recall
1 is the image of a dominant representative of {u} in X, (T);. Note that in general y being minuscule
in G does not imply p is minuscule for the root system ¥, so that it is possible that ty # .

Since Wy is a subgroup of the absolute Weyl group, it suffices to prove the result for A replaced by
A", Upon relabelling, we assume ) is dominant. By Stembridge’s Lemma [Rap00, Lemma 2.3] there
exists a sequence of positive coroots a,...,ay € ¥V such that

p—ay —...af € X (T);
is dominant for all ¢ and p — a) —....—a, = A. We prove by induction on 7 that
Ai=p—af ——of € X,(T);

admits a lifting A; € X.(T') which is conjugate to p. The base case is i = 0 in which case A = y and
the result is obvious. B
Suppose we have shown the existence of A\;. Let oy ; € X,(Ts) be a positive coroot lifting o;’;
such a root exists by the construction of ¥ as in [Bou68, VI, 2.1]. Then since );,; is dominant, we
have (A; 11, ;1) > 0 and hence (A, a; 1) = (A1 + a1, 0i41) > 0.
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Letting K /L be a finite Galois extension of degree n over which T splits, we have by the definition
of ¥ in [Bou68, VI, 2.1] that

(A, aig1) = ¢ Z (v(A), i)
~EGal(K/L)
for some ¢ € Rsg. Since (v(\;), @it1) = (Ai, ¥(@it1)), upon replacing a;41 by some v(a;41), we may
assume (A, a;41) > 0. By assumption ); is minuscule hence (A\;, 1) = 1. Weset A\j11 = sq,,,(Ni) =
Ai — a1 where 54, is the simple reflection corresponding to c; 1. Then A;y1 is minuscule since it
is the Weyl conjugate of a minuscule cocharacter, and A;y1 is a lift of A; ;. O

Theorem 9.4. Supose that Assumption is satisfied. Let x € Sk (G, X)(k). The isogeny class of
x contains a point which lifts to a special point on Shi (G, X).

Proof. Let T, C I, a maximal torus and ur, the cocharacter constructed in Lemma Recall we
have fixed the ismorphism D(¥,) ® Ky = VZ*,, ® Ko such that 0 commutes with the maximal Q,-split
subtorus 7" of T, and hence vs is defined over Q,. Let M, denote the centralizer of v, then there is
an inner twisting M, a, = Jb@p. By [Lan89, Lemma 2.1], there is an embedding j : T, < M,,; over
Qp which is M,,-conjugate to

(9.5.1) Tog, = Lg, = hg, =~ Mg,

By Steinberg’s theorem, there is an element m € M, (L) which conjugates j to m Thus upon
modifying the isomorphism D(¥,) ® L = VZ*,, ® L by m, we have 6 commutes with j(T") C G. Let
M denote the centralizer of j(1”) in G, hence T, is an elliptic maximal torus in M and § € M(L).
By [Kot97], we may further modify the isomorphism D(¢,) ® L = V' @ L by an element of M (L) so
that 6 € T,(L).

Let K/L be a finite extension such that u is defined over K, then by [RZ96], the filtration induced
by jopur, is admissible. As jour, is conjugate to y, the filtration has weight 0, 1 hence by [Kis06, 2.2.6],
there exists a p-divisible group 4" over O with special fiber ¢’, such that we have an identification
D(¥') @ L 2 D(¥,) ® L. This induces a quasi-isogeny 6 : 4, — ¢'.

Let € Y% (G, X)(Ok) be a point lifting z, sq 0,z € Tp%;/@ and s4,0,2 € D(¥,)® the corresponding
crystalline tensors. Let s, s € T,%"® the tensors corresponding to the s,0, under the p-adic
comparison isomorphism. As in [KisI7, 1.1.19], there exists a Qp-linear isomorphism

T,9 @Q,=2T,9" ®Q,

! Upon making a finite extension of K, we may assume the image of 7,4, in

a,ét”
Tpg' Y ® Q, is stable under the Galois action. Upon replacing ¢’ by an isogenous p-divisible group,
we may assume there is an isomorphism

taking sq 4tz to s

T,%: = T,9'
taking sq ¢tz tO S, 4-

By Proposition we have $q,0, € D(4')® and we have a sequence of isomorphisms
D(%,) = T,%: @z, Or 2 T,9' @z, O, 2 D(¥)

which preserve s,0,,. We may thus identify D(¥") with gD(¥,) for some g € G(L). As in the proof of
Proposition the filtration induced by g~ 'bo(g) is the specialization of a filtration induced by a
G-valued cocharacter conjugate to . Hence the filtration corresponds to a point of the local model
My*(k) and we have g~'bo(g) € Adm(a({n})), i.e. g € X(a({p}),b).
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Thus upon replacing by i,(g) € (G, X)(k), we may assume there is a deformation 4 of &, to
Ok such that the corresponding filtration on D(%,) ®o, K is induced by pr,. Since ur, is conjugate

to u;l and Tpgf is equipped with Galois invariant tensors corresponding to sq.0,s, it follows that g
corresponds to a point Z € Sk (G, X)(Ok) by [KP, Proposition 3.3.13] and Proposition

That Z is a special point of Shk (G, X) now follows from the same proof as [Kisl7, 2.2.3]. Indeed
since I and I, have the same rank we may assume 7}, comes from a maximal torus 7" in I defined
over Q. Then T' C I C Autg(A;) is compatible with filtrations and hence lifts to Az in the isogeny
category. As T fixes sq,0,¢, it fixes sq ¢t,3 and hence also s g z. Thus T is naturally a subgroup of G
and is a maximal torus by Proposition (iii). The Mumford-Tate group is a subgroup of G which
commutes with 7', hence is contained in T'. Hence % is a special point. ([l

As in [Kis17, §2.3], we may use the above to associate an element vy € G(Q) to each isogeny class
such that:

(i) For all I # p, v is G-conjugate to ; in G(Q;).

(ii) o is stably conjugate to -, in G(@p)

(iii) 7o is elliptic in G(R).

In other words, (7o, (71)ip, 9) form a Kottwitz triple. Indeed using Theorem we may assume that
x lifts to a special point & € Sk (G, X)(Ok) such that the action of T C Autg.A, lifts to Autg.A;.
We let £/ /k denote the field of definition of x and K’/Kj the fields of definition z and Z respectively.
Then £’ is a finite field Fy» and K’ is a finite extension of K since any CM abelian variety is defined
over a number field.

Now ~ lifts to an element ¥ € T(Q) C AutgAz. If we let 4 act on the Betti cohomology of Az,
then 4 fixes s, B,z since it fixes sq ¢,z. We thus obtain an element vy in G(Q) which is conjugate to
(71)1£p by the étale Betti comparison. Similarly vy and +, are conjugate over G(C) by the comparision
isomorphisms between crystalline, de-Rham and Betti cohomology.

By the positivity of the Rosati involution, T'(R)/w;,(R*) is compact, and hence g is elliptic.

The following version of Tate’s theorem, as well as the structural result on the group I, can be
deduced in the same way as [KisI7, Cor. 2.3.2, 2.3.5].

Corollary 9.5. (i) For every prime | the natural maps
Ik = Ik @0 Qo — Ly,

Iy, =1 ®q Q=1
are 1somorphisms.

(i) Let Iy denote the centralizer of vo. Then I is an inner form of I such that for each place I,
IQl = 1.
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