408L CLASS PROBLEMS

FEBRUARY 17TH, 2020

Problem 1. Find {sin*(x) cos(x)dz.

Solution. We use u-substitution with u = sin(x), du = cos(z)dz, so:

1 1
JsinQ(x) cos(z)dxr = Jquu = §u3 +C = 3 sin®(x) + C|.

Problem 2. Find { cos®(z)dz.

Solution. We write:

cos®(z) = cos?(z) - cos(z) = (1 —sin?(x)) - cos(z).

We obtain:

JCOSS(x)da; - Jcos(x)dx - f sin?(z) cos(z)dzx = |sin(z) — = sin®(z) + C

where we have used our answer to the previous problem.

Problem 3. Find { cos?(z)dz.

Solution. As on previous days, we use the identity:

cos(2x) + 1
2

cos?(z) =

to obtain:

1 1
fcosQ(x)dx =3 J(COS(Qx) + 1)dx = 2 sin(2x) + g + C'|.

Problem 4. Find (sin*(x) cos?®(z)dx.
Solution. First, we write:

sin?(x) cos®(x) = (1 — cosQ(yc))1 -cos?(z) = cos*(x) — cos(z).



We found the integral of cos?(z) in the previous problem, so it remains to find the integral
of cos*(z).

We use a similar method as for cos?(x), repeatedly using cos?(r) =
have:

22)+1
%. Namely, we

cos(2x) + 1

) = cos?(2x) N cos(2x) 1
2 4 2

cos(z) = (cosz(:c))2 = (

We can further expand the first term as COSZ(QI) = 1+C°; U2) t4 obtain:
4y cos(dx)+1 cos(2x) 1  cos(d4r) cos(2z) 3
cos”(z) = 3 + 5 + 1- 3 + 5 + 3

We now obtain:

A _ sin(4x)  sin(2z) 3w
fcos (x)dzx = 39 7 T

We finally obtain:

JsinQ(x) cos?(z)dx = JCOSQ(x)dx - Jcos4(x)dx =

1. r sin(4z) sin(2z) 3z sin(4dz) @
— sin(2 = — — ——+4+C=|- = +C\|
P TS s 32 8
Alternative solution. Write sin(x) cos(z) = 3 sin(2z) to obtain:
) 2 1 s 02
Jsm (x) cos®(x)dx = 1 Jsm (2x)dx.
The method from the previous problem gives {sin®*(u)du = % — Sinf“) + C, so setting

u = 2z we obtain:

%Jsinz@x)dx = g - sm?f;lx) + C'|.

Obviously this method is simpler. But it is also special to this particular integral. For a
more general problem, you would need to use our favorite method: use cos?(x) +sin?(z) = 1
to reduce to integrals of the form {cos"(x)sin(x)dz/§ sin™ () cos(x)dz (which you solve by
substitution) or {cos?(z)dx/§sin®"(z)dz (which you reduce using the double-angle identi-
ties).

Problem 5. Find | sin(z) 7.

cos3(x)

Solution. We have Csoi:?,(fx)) = tan(z) - sec?(x). Therefore, we apply substitution with v =

tan(z), du = sec?(x)dx to obtain:
2



f CS;;(&)) du = ftan(x) sec?(z)da = fudu - %qﬁ +C = | tan(x) + C|

Problem 6. Find SSin3(x> dx.

cos3(x)
Solution. The integrand is tan®(z). We use the identity:

sec’(x) — tan®(x) = 1

to obtain:
tan®(z) = tan?(z) - tan(z) = (sec?(z) — 1) - tan(x).
We now integrate:

Jtan3(x)dx _ J sec?(z) tan(z)dz — J tan(z)dz.

We have {tan(z)dz = —log(cos(z)) + C' via u-substitution with v = cos(z). Therefore, we
have:

JseCQ(x) tan(z)dx — Jtan(m)dm = %tanz(z) + log(cos(x)) + C

using the previous problem.



