
408L CLASS PROBLEMS

FEBRUARY 17TH, 2020

Problem 1. Find
ş

sin2pxq cospxqdx.

Solution. We use u-substitution with u “ sinpxq, du “ cospxqdx, so:

ż

sin2pxq cospxqdx “
ż

u2du “
1

3
u3 ` C “

1

3
sin3pxq ` C .

Problem 2. Find
ş

cos3pxqdx.

Solution. We write:

cos3pxq “ cos2pxq ¨ cospxq “ p1 ´ sin2pxqq ¨ cospxq.

We obtain:

ż

cos3pxqdx “
ż

cospxqdx ´
ż

sin2pxq cospxqdx “ sinpxq ´
1

3
sin3pxq ` C

where we have used our answer to the previous problem.

Problem 3. Find
ş

cos2pxqdx.

Solution. As on previous days, we use the identity:

cos2pxq “
cosp2xq ` 1

2
to obtain:

ż

cos2pxqdx “
1

2

ż

pcosp2xq ` 1qdx “
1

4
sinp2xq `

x

2
` C .

Problem 4. Find
ş

sin2pxq cos2pxqdx.

Solution. First, we write:

sin2pxq cos2pxq “ p1 ´ cos2pxqq ¨ cos2pxq “ cos2pxq ´ cos4pxq.
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We found the integral of cos2pxq in the previous problem, so it remains to find the integral
of cos4pxq.

We use a similar method as for cos2pxq, repeatedly using cos2pxq “ cosp2xq`1
2

. Namely, we
have:

cos4pxq “
`

cos2pxq
˘2

“
`cosp2xq ` 1

2

˘

“
cos2p2xq

4
`

cosp2xq
2

`
1

4
.

We can further expand the first term as cos2p2xq
4

“ 1`cosp4xq
8

to obtain:

cos4pxq “
cosp4xq ` 1

8
`

cosp2xq
2

`
1

4
“

cosp4xq
8

`
cosp2xq

2
`

3

8
.

We now obtain:

ż

cos4pxqdx “
sinp4xq

32
`

sinp2xq
4

`
3x

8
.

We finally obtain:

ż

sin2pxq cos2pxqdx “
ż

cos2pxqdx ´
ż

cos4pxqdx “

1

4
sinp2xq `

x

2
´

sinp4xq
32

´
sinp2xq

4
´

3x

8
` C “ ´

sinp4xq
32

`
x

8
` C .

Alternative solution. Write sinpxq cospxq “ 1
2
sinp2xq to obtain:

ż

sin2pxq cos2pxqdx “
1

4

ż

sin2p2xqdx.

The method from the previous problem gives
ş

sin2puqdu “ u
2

´ sinp2uq
4

` C, so setting
u “ 2x we obtain:

1

2

ż

sin2p2xqdx “
x

8
´

sinp4xq
32

` C .

Obviously this method is simpler. But it is also special to this particular integral. For a
more general problem, you would need to use our favorite method: use cos2pxq ` sin2pxq “ 1
to reduce to integrals of the form

ş

cosnpxq sinpxqdx/
ş

sinnpxq cospxqdx (which you solve by
substitution) or

ş

cos2npxqdx/
ş

sin2npxqdx (which you reduce using the double-angle identi-
ties).

Problem 5. Find
ş sinpxq
cos3pxqdx.

Solution. We have sinpxq
cos3pxq “ tanpxq ¨ sec2pxq. Therefore, we apply substitution with u “

tanpxq, du “ sec2pxqdx to obtain:
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ż

sinpxq
cos3pxq

dx “
ż

tanpxq ¨ sec2pxqdx “
ż

udu “
1

2
u2 ` C “

1

2
tan2pxq ` C .

Problem 6. Find
ş sin3pxq
cos3pxqdx.

Solution. The integrand is tan3pxq. We use the identity:

sec2pxq ´ tan2pxq “ 1

to obtain:

tan3pxq “ tan2pxq ¨ tanpxq “ psec2pxq ´ 1q ¨ tanpxq.
We now integrate:

ż

tan3pxqdx “
ż

sec2pxq tanpxqdx ´
ż

tanpxqdx.

We have
ş

tanpxqdx “ ´ logpcospxqq ` C via u-substitution with u “ cospxq. Therefore, we
have:

ż

sec2pxq tanpxqdx ´
ż

tanpxqdx “
1

2
tan2pxq ` logpcospxqq ` C

using the previous problem.
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