408L CLASS PROBLEMS

FEBRUARY 19TH, 2020

First, go through the problems below and use substitution to reduce the integral to a

trigonometric integral. After you have done so for all of the problems, go back and solve the
integrals you set up.

Problem 1. Find S\hi?dx

Solution. We set tan(f) = x, sec?(0)d = dz. As /1 + tan?() = sec(f), we obtain:

J \/%dx - J 222((5)) sec(0)do = ftan(Q) sec(0)dd |

We then know:

Jtan(@) sec(#)dO = sec(f) + C =|V1+a22+C
as sec(f) = /1 + tan?(0) = V1 + 22

Problem 2. Find S—Vf{ldaﬁ

Solution. We take sec(f) = z, so sec(f)tan(f)dd = dx. As 4/sec?(0) — 1 = tan(f), we
obtain:

f \/de _ f ::;((?) sec(0) tan(6)df = Jsin2(9)d9'

As always, we use the double-angle identity sin®() = 1_%5(29) to find:

_ 6  sin(26) 6 sin(f) cos(d)
2 = SR N A A
fsm (0)do 5 1 +C 5 5 +C.

so we obtain:




Problem 3. Find S—”lx_z?dx

Solution. We use the trig substitution sin(f) = x, cos(#)df = dz. We obtain the integral:

*/1;7 J */T s(0)d = f <05(9) os(0)d

sin(6) cos

f Cs(i)i((:))de - JCOS2(9) csc(0)do |

To solve this integral, we expand:

J cos?(6) csc(0)df — fu — in2(0)) csc(0)df J cse(6)df — f sin2(6) cse(6)df —
f esc(0)do — J sin(6)db.

We recall that we can find {csc(0)dd = —log(cot(0) + csc(f)) + C, so we have:

fcsc(&)d@ — Jsin(&)d@ = —log(cot(0) + csc(#)) + cos(9) + C.
As sin(f) = x, we have cos(f) = v/1 — 22, so:

—log(cot(#) + csc(f)) + cos(f) + C' = —log( 1; a + %) +V1l—224C =

14+ 4/1—22
—10g(%)+\/1—x2+0.

Problem 4. Find S\/l + 22dx.

Solution. Set tan(f) = x, so sec?(0)dd = dx. As /1 + tan?(6) = sec(f), we obtain:

fmdx — Jsecg(ﬁ)dé .

To evaluate this integral, we expand:

fsecs(Q)dﬁ = Jsec(&)(l + tan?(6))do = Jsec(@)d@ + Jsec(@) tan?(6)df.
We recall that:
Jsec(&)d& = log(tan(f) + sec(d)) + C.
To evaluate {sec(6)tan?(0)df, we use integration by parts. We set v = tan(f) and v =

sec(f) to obtain:
2



f sec(6) tan2(8)df — J udv — tan(6) sec(6) — f sec(6)df

Substituting into our earlier expression, we obtain:

Jsecs(é’)dQ = Jsec(&)d& + Jsec(é’) tan?(0)do =

log(tan(#) + sec(d)) + tan(0) sec(d) — Jsec?’(@)dG.
We obtain:

fsec (0)dO = log(tan(f) + sec(h)) + tan(h) sec(d) + C

= Jsec log(tan(Q) + sec(0)) + %tan(@) sec(d) + C.

We now recall tan(f) = z, so sec(@) = /1 + 22, and we obtain the final answer:

1 1
510g(x+\/1+x2)+§x\/1+x2+0.




