408L CLASS PROBLEMS

FEBRUARY 28TH, 2020

Problem 1. Find 20485 (],

22+52+6

Solution. We factor the denominator as (z + 3)(x + 2) and seck the partial fractions
decomposition:

2z +5 A B (A+B)z+3A+2B
@13)(@+2) 713 712 @+3)(@t2)
We therefore have A + B = 2, 3A + 2B = 5. The solution to this system of equations is
A=1, B=1, so we have:

20 +5 1 N 1
(z+3)(z+2) z+3 x+2

We now obtain:

2r + 5 dx dx
dr = =11 1 2 i
f(x+3)(x+2)m Jx+3+fx+2 oglr + 3 +log |z +2[ +C

Problem 2. Find ngff_zdx.

Solution. We factor the denominator as (z — 2)(z + 1). To find the partial fractions
decomposition, we set:

r+4 A B (A+B)x+A—-2B

= —+ =
(x—=2)(z+1) -2 x+1 (x —2)(z +1)
Therefore, A+ B =1and A — 2B = 4. We find the solutions A =2, B = —1, so:

x+4 2 1
(z—2(z+1) -2 z+1
Integrating, we obtain the answer:

2log |z — 2| —log |z + 1| + C'|.

Problem 3. Find S

x2+6$+9

Solution. We have:



1 1
24+ 6x+9 (v+3)2
This is already a partial-fractions decomposition, so we do not need to do anything further
before integrating!
Namely, if we take u = x + 3 so du = dx, we obtain:

d 1 1
o +C
u? U T+ 3

Problem 4. Find Sxf—ilda:

Solution. As the numerator and denominator have the same degree, we need to do division.
We write 22 = (22 — 1) + 1, so:

x? _(m2—1)+1_1+ 1
22—-1 2-1 x?2—1

To integrate the second term, we find its partial fractions decomposition:

1 1 A B (A+ B)z+ (A—B)

= —+ =
2—-1 (z—1)(z+1) z—-1 z+1 (x —1)(z+1)
giving A = %, B = _71 We then get:

72 1 de 1 dz 1 1
_ z _ = = ~1 —1] - =1 1 .
JxQ—ldm Jda:—l—zjx_l 2fx+1 x+20g|3: ] 2og\$—|— |+ C

Problem 5. Find {2 du.

x24+2x+2
Solution. We begin with division:

r?+ 1 (22 +2z+2)—22x—1 20 +1
2420 +2 2%+ 2x +2 B 2+ 2 + 2
To integrate the second term, we recognize the denominator as (z + 1)* + 1 (in effect,
completing the square). Therefore, setting u = x + 1 so du = dx, we obtain:

2z + 1 2z +1)—1 2u—1 2u 1
fw2+2$+2d:v—J(x+1)2+1d1’—fu2+1dU—Ju2+1duJu2+1du.

To evaluate the first term, we use substitution with v = u? + 1, dv = 2u, giving:

2 d
fugildu = J%} = log [v] + C = log [u* + 1] + C.
The second term is a fundamental integral:

2



1 -1
JuQ " 1du =tan~ (u) + C.

2 1 2 1
dex:jidu_fidu:
22 4+ 2z + 2 u? +1 uz +1

log [u? + 1] —tan™'(u) + C = log|(z + 1)* + 1| —tan"'(z + 1) + C =

Therefore, we obtain:

log(z® 4+ 22 + 2) — tan ' (z + 1) + C.
Putting everything together, we conclude:

J 2+ 1 _e+l Jd f 2z + 1
xr = xr —
2 4+ 20 + 2 x2+2x+2

z —log(a® + 22 +2) +tan Yz + 1) + C|.




