408L CLASS PROBLEMS

MARCH 2ND, 2020

Problem 1. Find S%dm.

Solution. We have:

=9 (2*—1)—8 8
22—1 2-1 x2—1

We find the partial fractions decomposition:

8 _ 4 4
2—1 -1 z+1
giving:
22 —-9 dx dx
fxz_ldxzfdx—4fx_1—4fm+1=x—4log|$—1|—4log|:v+1|+0.

Problem 2. Find {22, gy

T

Solution. As we see a factor of tan™!(x), we think to use integration by parts with

u = tan™'(z), so du = . Then dv = %, so v = —%. This gives:
ftanl(:p)dx _ _tanfl(x) _J‘ dx '
x? x z(z? 4+ 1)

We recognize the latter term as the integral of a rational function, so we seek the partial
fraction decomposition:

1 _é+B:c+C'_A(x2—|—1)+Bx2+Ca:_
z(22+1) = 2241 x(z? 4+ 1)
(A+ B)z?+Cx+ A
z(z? + 1) '

We see that A=1,C =0, and B = —1, so:

1 1 —x

- __1_7'
x(22+1) = 22+1

we use substitution with v = 22 + 1, du = 2zdz to find:
1

3 X
To integrate —%7,



x 1 (du 1 1 9

We now obtain:

dz dz
— = ———dx =1 ——l 1
Jx(ﬁ—l—l) Ja: x2—|—1 v = loglal oga® +1) + C.

Substituting back in, we obtain:

JMC& _ _tan”!(2) _f ( dx

x? x xm2+1):

tan~! 1
tanT (@) log || + = log(x +1)+C|

Problem 3. Find Se%/%

Solution. We begin with substitution, to try and remove the e* term. We set u = €7,
du = e*dx. We obtain:

J dz B J e’dx B f du
erer +1 ) eryer 41 ) v+ 1
We now set u = tan(f), so u* + 1 = tan?() + 1 = sec?() and du = sec?(0)df and find:
J f sec” = f cos(f) df = Jcot(@) cse(0)df = —csc(0) + C
u2w/u2 tan?(0) sec 0) - Jsin?(0) a .

Returning to our substitution, we have u? + 1 = sec?(6) =

1 20\ — L
oGy OF COS (0) = 257, giving:

1 u?

w2+1 w+1

sin?(f) = 1 — cos?() = 1 —

= gin(f) = o
1 u? +1
0) = = .
= ese(d) sin(#) u

Therefore, we have:

du u? +1 e2r + 1

i
em,/e2x+1 - u2,/u2+1 - U ex

Problem 4. Find | dz

cos(z)+3 tan(z)—3sec(x) "

Solution. Clearly denominators, we note that:
2



f dx B f dz B
cos(z) + 3tan(z) — 3sec(z) cos(z) + 3. Snn) 3. 1 B

cos(x) cos(x)

cos(z)dx
J cos?(x) + 3sin(z) — 3
The numerator cos(z)dzr suggests using a u-substitution with u = sin(z). Therefore, we
replace cos?(x) with 1 — sin?(x) in the denominator to obtain:

J cos(x)dx _ J cos(x)dx _
cos?(x) + 3sin(x) — 3 —sin?(x) + 3sin(z) — 2

_Jdiu
u2 —3u+2°

The latter is a rational function. We can factor the denominator as (v — 1)(u — 2), so we
seek a partial fractions decomposition:

1 A N B (A+B)u+(-2A-B)
(u—D(u—-2) u—-1 u—-2 (u—1)(u—2) '
We find the solution A = —1, B = 1, so that:
1 1 1
= - +

(u—1)(u—2) u—1 u—2
du

Substituting back in, we conclude:

f dx B _J du B
cos(z) + 3tan(z) — 3sec(r) u? —3u+2
log |u — 1| —log|u — 2| + C' = log |sin(x) — 1| — log |sin(z) — 2|+ C =
log(1 — sin(z)) — log(2 — sin(z)) + C

where in the last equality we are using e.g. sin(z) < 1 = [sin(x) — 1| = 1 — sin(x).




