
408L CLASS PROBLEMS

JANUARY 27, 2020

Problem 1. Find the derivative of fpxq “
ş0

x

a

1 ` secptqdt.

Solution. Let gptq “
a

1 ` secptq and let Gptq be an anti-derivative of gptq. In other words,
Gptq is a function with G1ptq “ gptq.

By the fundamental theorem of calculus, fpxq “ Gp0q ´ Gpxq. Therefore, we find:

f 1pxq “ ´G1pxq “ ´gpxq “ ´
a

1 ` secpxq .

Problem 2. Find the derivative of fpxq “
şex

1 logptqdt.

Solution. Let gptq “ logptq and let Gptq be an anti-derivative of gptq.
By the fundamental theorem of calculus, fpxq “ Gpexq ´ Gp1q. Therefore, we find:

f 1pxq “
d

dx
Gpexq ´

d

dx
Gp1q “ ex ¨ G1pexq “ ex ¨ logpexq “ ex ¨ x

where second equality is by the chain rule.

Problem 3. Find the derivative of fpxq “
ş

?
x

1
t2

t4`1dt.

Solution. Let gptq “ t2

t4`1
and let Gptq be an anti-derivative of gptq.

By the fundamental theorem of calculus, fpxq “ Gp
?
xq ´ Gp1q. Therefore, we find:

f 1pxq “
d

dx
Gp

?
xq ´

d

dx
Gp1q “

1

2
¨ x´ 1

2 ¨ G1p
?
xq “

1

2
¨ x´ 1

2 ¨
p
?
xq2

p
?
xq4 ` 1

“
1

2
¨

?
x

x2 ` 1

where second equality is by the chain rule.

Problem 4. Find
ş2

0 |2t ´ 1|dt.

Solution. For a function fptq, we can consider |fptq| as a piecewise function:

#

|fptq| “ fptq if fptq ě 0

|fptq| “ ´fptq if fptq ă 0.
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In our example, fptq “ 2t ´ 1. Note that fptq ě 0 exactly when t ě 1
2
. Therefore, we can

break up the integral as:

ż 2

0

|2t ´ 1|dt “
ż 1

2

0

|2t ´ 1|dt `
ż 2

1
2

|2t ´ 1|dt “
ż 1

2

0

´p2t ´ 1qdt `
ż 2

1
2

p2t ´ 1qdt. (1)

As t2 ´ t is an anti-derivative of 2t´ 1, we can apply the fundamental theorem of calculus
to obtain:

ż 1
2

0

´p2t ´ 1qdt “ ´t2 ` t
ˇ

ˇ

ˇ

1
2

0
“ p´

1

4
`

1

2
q ´ 0 “

1

4
ż 2

1
2

p2t ´ 1qdt “ t2 ´ t
ˇ

ˇ

ˇ

2

1
2

“ p4 ´ 2q ´ p
1

4
´

1

2
q “

9

4
.

Substituting these values into Equation (1), we obtain:

ż 2

0

|2t ´ 1|dt “
1

4
`

9

4
“

5

2
.

Alternative solution. Try drawing a picture of the graph of fpxq. Then use triangle
geometry to recover the above answer.

Problem 5. Find the anti-derivative of fpxq “ cos2 x. (Hint: use trig identities
to simplify.)

Solution. Recall from trigonometry that:

cos2 x ` sin2 x “ 1

cos2 x ´ sin2 x “ cosp2xq.

Summing these two equations, we obtain:

2 cos2 x “ 1 ` cosp2xq ñ

cos2 x “
1

2
`

1

2
cosp2xq.

We then obtain:

ż

cos2 xdx “
ż

1

2
`

1

2
cosp2xq “

x

2
`

1

4
sinp2xq ` C .

Problem 6. Find the average value of cos2 x for x in r´π{2, π{2s.
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Solution. For a continuous function fpxq defined on an interval ra, bs, the average value of
fpxq on this interval is 1

b´a

şb

a
fpxqdx. (Why? How does this relate to Riemann sums?)

In our example, this is:

1

π

ż π
2

´π
2

cos2 xdx.

Using the previous problem, we can calculate the integral as:

1

π

ż π
2

´π
2

cos2 xdx “
1

π
¨
´x

2
`

1

4
sinp2xq

¯ˇ

ˇ

ˇ

π
2

´π
2

“

1

π
¨
´

p
π

4
`

1

4
sinpπqq ´ p

´π

4
`

1

4
sinp´πqq

¯

“
1

π
¨
`π

4
´ p

´π

4
q
˘

“
1

2
.
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