
408L CLASS PROBLEMS

FEBRUARY 7TH, 2020

Problem 1. Find the volume of the solid by rotating the area under the graph
of sinpxq on 0 ď x ď π around the x-axis.

Solution. We need to calculate:

ż π

0

π sin2pxqdx.

We can find the anti-derivative of sin2pxq using the identity:

cosp2xq “ cos2pxq ´ sin2pxq “ 1 ´ 2 sin2pxq ñ

sin2pxq “
1 ´ cosp2xq

2
.

We obtain:

ż

sin2pxqdx “
ż

1 ´ cosp2xq
2

dx “
x

2
´

sinp2xq
4

` C.

We can now calculate our definite integral as:

ż π

0

π sin2pxqdx “ p
πx

2
´

π sinp2xq
4

q
ˇ

ˇ

ˇ

π

0
“

π2

2
.

Problem 2. Find the volume of the solid obtained by rotating around the
x-axis the area under the graph of fpxq “ x`2?

x2`1
for 0 ď x ď t.

Solution. We need to find:

ż t

0

πp
x ` 2

?
x2 ` 1

q2dx “ π

ż t

0

x2 ` 4x ` 4

x2 ` 1
dx.

To find this integral, we break up the integrand as:

x2 ` 4x ` 4

x2 ` 1
“ 1 `

4x

x2 ` 1
`

3

x2 ` 1
.

We then have standard anti-derivatives:
1



ż

1 ¨ dx “ x
ż

3dx

x2 ` 1
“ 3 tan´1pxq.

We can find
ş

4xdx
x2`1

with u-substitution; for u “ x2 ` 1, du “ 2xdx, so:

ż

4xdx

x2 ` 1
“

ż

2du

u
“ 2 logp|u|q “ 2 logpx2 ` 1q.

(The last term can also be written as logppx2 ` 1q2q.)
We therefore have an anti-derivative:

ż

x2 ` 4x ` 4

x2 ` 1
dx “ x ` 2 logpx2 ` 1q ` 3 tan´1pxq

so that:

π

ż t

0

x2 ` 4x ` 4

x2 ` 1
dx “ π ¨

´

x ` 2 logpx2 ` 1q ` 3 tan´1pxq
¯ˇ

ˇ

ˇ

t

0
“

π ¨
´

t ` 2 logpt2 ` 1q ` 3 tan´1ptq ´ 0 ´ 2 logp02 ` 1q ´ 3 tan´1p0q
¯

“

πt ` 2π logpt2 ` 1q ` 3π tan´1ptq .

Problem 3. Find the volume of a sphere of radius 1. (Hint: regard a sphere
as a surface of revolution.)

Solution. A sphere of radius 1 is obtained as a surface of revolution obtained by rotating
the semi-circle where x2 ` y2 “ 1 and y ě 0 around the x-axis. That semi-circle is the graph
of the function fpxq “

?
1 ´ x2 for ´1 ď x ď 1.

Therefore, our volume is:

ż 1

´1

πp
?
1 ´ x2q2dx “ π

ż 1

´1

p1 ´ x2qdx “ π ¨
`

x ´
x3

3

˘

ˇ

ˇ

ˇ

1

´1
“ π ¨ p1 ´

1

3
´ p´1 ´

´1

3
qq “ π ¨

4

3
.

Problem 4. Find the volume obtained by rotating about the y-axis the area
in the first quadrant lying between the graph of fpxq “ x ` 1, the graph of
gpxq “

?
x, and the line y “ 5.

Solution. Drawing the picture, we see we need to integrate:

ż 1

0

πg´1pyq2dy `
ż 5

1

πpg´1pyq2 ´ f´1pyq2qdy “ π

ż 5

0

g´1pyq2dy ´ π

ż 5

1

f´1pyq2dy.
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We have g´1pyq “ y2 and f´1pyq “ y ´ 1.
We therefore compute the first integral above as:

ż 5

0

g´1pyq2dy “
ż 5

0

y4dy “
1

5
55 “ 54 “ 625.

We compute the second integral as:

ż 5

1

py ´ 1q2dy “
1

2
py ´ 1q2

ˇ

ˇ

ˇ

5

1
“

1

3
p42 ´ 02q “

16

3
.

Therefore, our final answer is:

p625 ´
64

3
qπ “

1811π

3
.
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