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1. INTRODUCTION

1.1. The goal of this foundational note is to develop the D-module formalism on indschemes of
ind-infinite type.

1.2.  The basic feature that we struggle against is that there are two types of infinite dimensionality
at play: pro-infinite dimensionality and ind-infinite dimensionality. That is, we could have an infinite
dimensional variety S that is the union S = u;5; = colim;S; of finite dimensional varieties, or T'
that is the projective limit T" = lim; T} of finite dimensional varieties, e.g., a scheme of infinite type.

Any reasonable theory of D-modules will produce produce some kinds of de Rham homology
and cohomology groups. We postulate as a basic principle that these groups should take values in
discrete vector spaces, that is, we wish to avoid projective limits.

Then, in the ind-infinite dimensional case, the natural theory is the homology of S:

H,(S) := colim H,(S;)
7

while in the pro-infinite dimensional case, the natural theory is the cohomology of T"

H*(T) = colim H*(Tj).
J
For indschemes that are infinite dimensional in both the ind and the pro directions, one requires
a semi-infinite homology theory that is homology in the ind direction and cohomology in the pro
direction.

Remark 1.2.1. Of course, such a theory requires some extra choices, as is immediately seen by
considering the finite dimensional case. For example, for a smooth variety, we have a choice of

normalization for the cohomological shifts.
1
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1.3. Theories of semi-infinite homology have appeared in many places in the literature. We do
not pretend to survey the literature on the subject here, but note that in the case of the loop
group, it is well-known that semi-infinite cohomology, in the sense above, may be defined using the
semi-infinite cohomology of Lie algebras.

We provide such a theory in large generality below. In fact, we develop two theories D' and D* of
derived categories of D-modules on indschemes of ind-infinite type. The theory D' is contravariant,
and therefore carries a natural dualizing complex, and the theory D* is covariant, and therefore is
the place where cohomology is defined.

For placid indschemes (a technical condition defined below), the two categories are identified
after a choice of dimension theory, and therefore allows us to define the remormalized or semi-
infinite cohomology of the scheme. The extra choice of dimension theory here precisely reflects the
numerical choice of cohomological shifts discussed above.

Remark 1.3.1. The main difference between our approach and other approaches taken in the lit-
erature is that we work systematically with derived categories of D-modules, rather than simply
working with homology or with abelian categories. This is facilitated by our use of higher category
theory, i.e., with the use of homotopy limits and colimits of DG categories.

1.4. Overview. In §2| we give very general definitions of our categories D' and D* of D-modules:
we define these categories for arbitrary prestacks. There’s not much one can say in this level of
generality, but it is convenient to work in this setting in order to note how formal the definitions
are.

We note for reference below that D' is contravariant, while D* is covariant. Moreover, for a

!
prestack S, the DG category D'(S) admits a tensor product ® and acts on D*(S) in a canonical
way satisfying a version of the projection formula.

1.5. In we develop the theory in the setting of (quasi-compact, quasi-separated) schemes.
The key technique here is to use Noetherian approximation, as developed in [Gro] and [TT]. Note
that this idea is already essentially present in [KV]; the authors of loc. cit. credit it to Drinfeld.

1.6. In §4] we will introduce the notion of placidity. One can understand this condition as saying
that the singularities of a scheme are of finite type in a precise sense.

The key point of placid schemes is that they admit a “renormalized dualizing complex” that
lies in D*(.S). This is notable because, as we recall, D* is covariant: its natural functoriality (with
respect to infinite type morphisms) is through pushforwards. Moreover, the functor of action on
the renormalized dualizing complex gives an equivalence D'(S) ~ D*(S). In particular, one obtains
a covariant structure on D' and a contravariant structure on D* is the placid setting.

1.7. In we discuss the holonomic theory for schemes of infinite type. There is nothing terribly
unsurprising here.

Remark 1.7.1. This material could just as well be given for ¢-adic sheaves.

1.8. In we move to the setting of indschemes.
The key part is again a theory of placid indschemes with properties similar to the setting of
placid schemes described above. It is here that dimension theories enter the story.

1.9. There are many pushforward and pullback functors constructed in the text below. The bulk
of this text is really devoted to checking when certain functors are defined, when they coincide,
when they are adjoint, when they satisfy base-change, etc.
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Such a state of affairs can only lend itself to confusion for the reader, so to conclude this overview,
we include a table describing which functors are defined when and what their basic properties are.
The reader should refer to the body of this text for more information; this table is simply meant

to be available for convenient reference.

We let f: S — T be a morphism of indschemes in this table.

Hypotheses | Functor Adjunctions Base-change References
properties

None f! : D'(T) - D'(S) See f*,!—dR7 f*,ren See f*,!—dR7 f*,ren §36 §??
None frwar : D*(S) — D*(T) | See fi, f*ren See fl, fHren §3.18] §77
f ind- | fe1_ar : D'(S) — D'(T) | Left adjoint to f' for | Always satisfies 3.9,
finitely f ind-proper; right ad- | base-change with
presented joint to f' up to co- | upper-! functors

homological shift for f

smooth
f ind- | fl: D*(T) — D*(S) Right adjoint to f.q4r | Always satisfies | §3.22
finitely for f proper; left ad- | base-change with
presented joint to fi4r up to co- | lower-* functors

homological shift for f

smooth
S and T | feren: D'(S) — D'(T) | Right adjoint to f' for f | For f placid, Prop.
placid and placid and with the di- | satisfies base- | [6.18.]]
equipped mension theory of S in- | change  against
with di- duced from that of T by | the upper-! func-
mension Construction [6.12.6] tors of finitely
theories presented  mor-

phisms

S and T | f*r": D*(T) — D*(S) | Left adjoint to fsqg for | For f finitely | §6.16] Prop.
placid and f placid and with the | presented, satis- @
equipped dimension theory of S | fies base-change
with di- induced from that of T | against the lower-
mension by Construction [6.12.6) | *  functors  of
theories placid morphisms

TABLE 1. D-module functors in infinite type

1.10. Mea culpa. This theory is inadequate in that it completely ignores that most characteristic
feature of the theory of D-modules: the forgetful functor to quasi-coherent sheaves. The reason is
that one needs a theory of ind-coherent sheaves (c.f. [GR]) for (ind)schemes of (ind-)infinite type.

The methods used below are apparently inadequate for this purpose. The problem is that base-
change between upper-! and lower-# functors does not hold for Cartesian squares in the category
of classical schemes as it does for D-modules: rather, one needs the square to be Cartesian in the
category of derived schemes, and this immediate appearance of non-eventually coconnective derived
schemes is in tension with our appeals to Noetherian approximation. However, at least in the placid

case, the situation is okay: c.f. to [Gai3].
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1.11. Categorical conventions. Our basic methodology in treating the above problems is the use
of modern derived techniques. However, we (mostly) do not appeal to derived algebraic geometry.
We spell this out further in what follows.

1.12.  We appeal frequently to higher category theory, and it is convenient to use higher category
theory as the basic building block of our terminology. Therefore, by category we mean (o0, 1)-
category, and similarly by groupoid we mean co-groupoid. We let Cat and Gpd denote the corre-
sponding categories. When we mean to specify that we are working with the classical notion of
category, we use the term (1, 1)-category instead.

1.13.  We work always over a field k£ of characteristic 0.

We let DGCat denote the category of DG categories (alias: stable categories enriched over k-
modules). Let Vect = Vecty, denote the DG category of k-modules.

Let DGCateopt denote the category of cocompleteﬂ DG categories and continuous functors: i.e.,
DG categories admitting all colimits, and functors commuting with all colimits. We freely use the
linear algebra of such categories (tensor products, duality and all that) from [Gaill.

1.14. Let AffSch denote the (1,1)-category of (classical, i.e., non-derived) affine schemes. Let
PreStk denote the category of (classical) prestacks: by definition, this is the category of functors
AffSch®? — Gpd. Recall that e.g. the categories of schemes and indschemes are by definition full
subcategories of PreStk.

1.15.  For S a scheme of finite type, we let D(S) denote the DG category of D-modules on S. We
refer to |[GR], where this construction is given in detail in a format convenient for our purposes.

1.16. Acknowledgements. This material has been strongly influenced by [BD] §7, [Dri] and [KV].
We also thank Dennis Gaitsgory for many helpful discussions about this material; in particular, the
idea of systematically distinguishing between D' and D*, our very starting point, is due to him.
Finally, we thank Dario Beraldo for helpful conversations on this material.

2. D-MODULES ON PRESTACKS

2.1. In this section, we define D' and D* for general prestacks.

There is not much to say in this level of generality: we work in this generality because the
definitions are most natural like this, and simply to point out that it can be done. The later
sections of this text are then dedicated to studying the special cases of schemes and indschemes.

2.2, Let AffSch/* < AffSch denote the subcategory of finite type affine schemes.
Note that AffSch ~ Pro(AffSch’-): this is essentially the statement that a classical commutative
algebra is the union of its finite type subalgebras.

2.3. Definition of D'. We define:

D' : AffSch®? — DGCat pny

as the left Kan extension of the functor D : AffSch/*°? — DGCatepnt attaching to a finite type
affine scheme S its category of D-modules and attaches to a morphism f : .S — T the corresponding
upper-! functor.

We extend this definition to:

Lwe freely ignore cardinality issues in what follows, but here cocomplete should be taken to mean presentable; we
recall that the difference is a set-theoretic condition that is always satisfied in the examples used below.
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D' : PreStk® := Hom(AffSch, Gpd) — DGCatont
by right Kan extension.

Remark 2.3.1. Here is what the above definition says more concretely:

e For a classical commutative algebra A, write A = u;A; with A; finite type. Note that
for A; < A;, we have a map Spec(A;) — Spec(A4;), and therefore a !-pullback functor for
D-modules. Then D'(Spec(A)) is computed as:

D'(Spec(A)) := colim D(Spec(A;)) € DGCateon:.
e For a nice enough stack ), choose a hypercovering by affine schemes Y,, = Spec(4,,), so
Y = |Y,| = colim,jcaor Ya.
Then D'(Y) = limpjea D'(Yy).
e More generally, for any prestack ), we can formally write ) = colim;¢g Y; for some diagram
1 — Y; € AffSch. We then have:

D'(Y) = lim D'(Y;).
1eJop
Less precisely, one should think that a D'-module F on ) is defined by its compatible system of
restrictions to affine schemes Y mapping to ), and a “typical” D'-module on such a Y is pulled

back along some Y — Z with Z € AffSch/.

Notation 2.3.2. For f:) — Z a morphism of prestacks, we have a tautological map:

D'(Z) — D'(Y) e DGCateony
which we denote by f'. Note that there is no risk for confusion in this notation, since if f is a map

between prestacks locally of finite type, this functor corresponds with the usual functor f'.

2.4. For any prestack ), note that D'()) is a symmetric monoidal category. Indeed, for any
prestacks ) and Z, there is a tautological functor:

D'(Y)® D'(2) D'(Y x Z)
which is an equivalence if ), Z € AffSch (indeed: this claim immediately to the case YV, Z €
AffSch/ ).
!
Then pairing F ® G = A!(ff G) defines the desired symmetric monoidal structure, where

!
A:Y — Y x )Y is the diagonal map. We remark that ® commutes with colimits in each variable.

2.5. Definition of D*. We now define the second category of D-modules on a prestack. The
definition is formally dual to the definition of D'
Namely, we define:

D* : AffSch — DGCat ot

as the right Kan extension of the functor D : AffSchf* — DGCateont attaching to a finite type affine
scheme S its category of D-modules and attaches to a morphism f : S — T the corresponding
lower-# functor.

We extend this definition to:



6 SAM RASKIN

D* : PreStk := Hom(AffSch, Gpd) — DGCat ot
by left Kan extension.

Remark 2.5.1. Again, here is the concrete interpretation of this definition:
e For a classical commutative algebra A = U; A;, we have:

D*(Spec(A)) = lim D(Spec(4;)) € DGCateont
where the structure functors are lower-* functors.

e For any prestack ), we can write ) = colim,eg Y; for some diagram i — Y; € AffSch. We
then have:

D*(Y) = colim D*(Y;).
Less precisely, one should think that a typical D*-module on ) is pushed forward along some
map Y — Y with Y € AffSch, and a D*-module on such a Y is defined by the knowledge of its
compatible system of push forwards along maps Y — Z with Z € AffSch/*.

2.6. Locally finite type case. When ) is a prestack locally of finite type, we have canonical
identifications D'()) = D(Y), where we recall that D()) is defined in [GR]. For ) a scheme of
finite type, it is easy to identify this category with D*())) as well (by a descent argument).

2.7. The projection formula. Next, we discuss the relationship between D' and D*.

By the projection formula in the finite type setting, D'()) acts on D*()) for any prestack ).
More precisely, D*())) is a module for D'()) in DGCat,yy;. We discuss this a bit heuristically here,
and give a more precise construction in

Indeed, in the case where ) = S € AffSch, this action is characterized by the formula:

! !
Faar(F(F)®9) = F® fear(9)
for f: S — T with T € AffSch/*, F e D'(T) = D(T), and G € D*(S). In the case of general ), this
action is characterized by the formula:

! !
F R guar(9) = grar(g' (F) ®9)
for g : S — Y with S € AffSch, F € D'()), and G e D*(S).
Moreover, for f:) — Z any morphism, fy g : D*()) — D*(Z) is (canonically) a morphism of
D'(Y)-module categories. We remark that this structure encodes the projection formula.

2.8. Here is a more precise construction of the above structures.

Let C (temporarily) denote the category whose objects are pairs A € ComAlg(DGCatcont) and
M a module for A in DGCatcppns, and where morphisms (A, M) — (B,N) are pairs of a symmet-
ric monoidal and continuous functor A — B plus N — M a continuous morphism of A-module
categories (where the A-module category structure on N is induced by A — B).

Now observe that there is a functor D : Sch/*%? — @ sending S to (D(S), D(S)) equipped with
upper-! functoriality in the first variable and lower-* functoriality in the second variable. Indeed,
this follows from the formalism of correspondences from [GR].

Then we obtain a AffSch®” — @ sending S to the pair (D'(S), D*(S)) as the left Kan extension
of the [GR] functor. Indeed, one computes filtered colimits in € as a colimit in the first variable
and a limit in the second variable.
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This treats the projection formula in the case of schemes, and the same method works for general
prestacks.

3. D-MODULES ON SCHEMES

3.1. In this section, we treat D' and D* in the special case of (quasi-compact quasi-separated)
schemes.

The main idea is to use Noetherian approximation (c.f. §3.2) to reinterpret D' and D* on such
schemes. This will give us a handle on (possibly non-affine) morphisms of finite presentation, which
allows us to increase the functoriality of this functors.

3.2. Noetherian approximation. We begin with a brief review of the theory of Noetherian
approximation (alias: Noetherian descent). This theory is due to [Gro] and [TT].

3.3. Let S be a quasi-compact quasi-separated base scheme. Let Sch%’ " denote the category of
schemes finitely presentated (in particular: quasi-separated) over S. If S is Noetherian we will also
use the notation Sch%/ " because in this case finite type is equivalent to finite presentation.

We say an S-scheme T is almost affine if for every S’ — S of finite presentation every map
T — S’ factors as T — T — S’ where T' — T’ is affine and T — S’ is finitely presented. Let
Sch’;‘}q‘aff denote the category of almost affine S-schemes.

Let ProaH(Sch%p') denote the full subcategory of Pro(Sch%") consisting of objects T" that arise
as filtered limits 7' = lim 7; of finitely presented S-schemes under affine structural morphisms
T; — T;. We recall that projective limits of such systems exist and that if each T; is affine over S

then T is as well. Clearly such limits commute with base-change.

3.4. The main result of Noetherian approximation is the following, due to [Gro] §8 and [I'T]
Appendix C.

Theorem 3.4.1. (1) The right Kan extension:

ProaH(Sch}c'Sp') — Sch/g

of the embedding Schi’gp' — Schyg is defined and is fully-faithful. This right Kan extension

maps into Sch%aff. If S is Noetherian and affine, then the essential image of this functor is
all schemes over S that are quasi-compact and quasi-separated (in particular, quasi-compact
quasi-separated k-schemes are almost affine).

(2) Suppose T = lim T; is a filtered limit with each T; finitely presented over S and T; — T;
affine. Then if T' is a finitely presented T-scheme there exists an index i and a T;-scheme
T! of finite presentation such that T' = T} x1, T (as a T-scheme).

Moreover, if the map T" — T has any (finite) subset of the properties of being (e.g.)

smooth, flat, proper, or surjective, then T] — T; may be taken to have the same properties.

(3) Suppose T = lim;egor T; as in . Then if T — S is an affine morphism, then there exists
ig € J such that for every i€ J;,,, T; — S is affine.

(4) Suppose that T = lim T; as in and U < T is a quasi-compact open subscheme. Then for
some index i € J and open U; € T; we have U = U; x, T (as T-schemes).

Remark 3.4.2. We note that appears in [T'T] as Proposition C.6, where it is stated only in the
case that S is affine. However, this immediately generalizes, since .S is assumed quasi-compact and
therefore admits a finite cover by affines.
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3.5.  We will also use the following technical result.

Proposition 3.5.1. Suppose that T = lim;eg T; is a filtered limit of schemes under affine structure
maps. Let a; : T — T; denote the structure maps. Then passing to cotangent complexes, the
canonical map:

C(géijm af(Qp) — Qp € QCoh(T)<°
is an equivalence. (Here e.g. QlT denotes the whole cotangent complex).

Proof. Let DGSch denote the category of DG schemes. Note that filtered limits of derived schemes
under affine structural maps exists as well, and satisfy the same properties as in the non-derived
case: namely, if T = lim 7; in DGSch is a filtered limit under affine structural maps of affine S-
schemes, then T is affine over S as well. In particular, we deduce that Sch € DGSch is closed under
such limits.

Now the result follows immediately from the description of the cotangent complex in terms of
square-zero extensions in derived algebraic geometry.

O

3.6. D'-modules. Let Schyeqs denote the category of quasi-compact quasi-separated k- schemes.
Let S € Schyeys be fixed.
By Theorem we can write S = lim S; with S; € Sch/*** and all structure morphisms affine.

Proposition 3.6.1. The canonical morphism:

colim D(S;) — D'(S) € DGCateony (3.6.1)

K2
1$ an equivalence.

Remark 3.6.2. This claim is immediate from Theorem it S is affine.

The proof is deferred to §3.13] In the meantime, we will give some preliminary constructions on

the left hand side of (3.6.1)).

3.7. First, we claim that the left hand side of (3.6.1)) is independent of the choice of way of writing
S = lim S5; with the above properties. R
By Theorem Schyeqs is a full subcategory of Pro(Sch/). We define the functor D' :

Schg{qu — DGCatgont as the left Kan extension of the functor D : Schf*°P — DGCatont.

Remark 3.7.1. Suppose that C is an (essentially small) category and € < Ind(€°) is a full sub-
category containing CV. Suppose that we are given F : € — D a functor that is the left Kan
extension of its restriction to C°. Then for any filtered colimit X = colim; X; € € in Ind(C?), we
have F(X) = colim F'(X;). Indeed, by definition:
F(X)= colim F(X').
X'—X,X"e€0
But this also computes the left Kan extension from C° to Ind(€"). Therefore, this claim reduces to

the case C = Ind(CY), where it is well-known.

Applying this remark in our setting, we see that lN?!(S) computes the left hand side of (3.6.1)).
Therefore, we need to show that the map:

D'(S) — D'(S)
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is an equivalence.

Notation 3.7.2. For f : S — T € Schyeys, we let f*: DY(T) — D'(S) denote the induced functor: this
is hardly an abuse, since we will eventually be identifying this functor with f': D'(T) — D'(S).

3.8. Correspondences. Next, we extend the functoriality of D
Let Schft: be the (1,1)-category of finite type schemes under correspondences. By [GR], we have

corr

the functor D : Schlt — DGCat,opt that attaches to a finite type scheme T its category D(T') of

corr

D-modules and to a correspondence T <—>— H A S (i.e., amap T — S in Schey) attaches
the functor 6*7dRa!.
Let Schgcgs,corrsail, f.p. denote the category of quasi-compact quasi-separated schemes under cor-

respondences of the form:
N

T S

where H € Schycys, 3 is finitely presented and « is arbitrary. Note that Schycgs corriall,fp contains
Sch/?: as a full subcategory. It also contains Schgf,s as a non-full subcategory where morphisms
are correspondences where the right arrow is an isomorphism.

We define the functor:

"lenh .
D>t SChchs,corT;all,f.p. — DGCateont

by left Kan extension from Schl:l: .

Proposition 3.8.1. The restriction of Dhenh to Schop

qegs
D': Schgfgqs — DGCateont-

The proof will be given in §3.11]

canonically identifies with the functor

3.9. We assume Proposition [3.8.1] until so that we can discuss its consequences.

For f : T — S a map of quasi-compact quasi-separated schemes, the induced functor ﬁ!’e”h(S ) =
D'(8) — D'nh(T) = D\(T) coincides with f'. If f is finitely presented we will denote the corre-
sponding functor D'(T) — D'(S) by fx1—dr (to avoid confusion with the functor fy 4r : D*(T) —
D*(S) defined in §3.18 below). We refer to the functor fi_4r as the “I-dR #-pushforward functor.”

Note that the formalism of correspondences implies that we have base-change between *-pushforward
and !-pullback for Cartesian squares.

Remark 3.9.1. Suppose that f : T — § is finitely presented. One can compute the functor fy _qr
“algorithmically” as follows. Let f be obtained by base-change from f’: 7' — S’ a map of schemes
of finite type via a map S — S’. Write S = lim S; where structure maps are affine and each S; is
a finite type S’-scheme. Then T = lim T} for T; :== S; xg T". Let o; : S — S;, 3; : T — T; and
fi : T; — S; be the tautological maps.

Then for F € D(T;) we have fi)_ar(Bi(F)) = a!fixar(F), which completely determines the
functor fi 1—ar.

One readily deduces the following result from [GRI.
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Proposition 3.9.2. If f : S — T is a proper (in particular, finitely presented) morphism of
quasi-compact quasi-separated schemes, then f' is canonically the right adjoint to fs —ar. This
identification is compatible with the correspondence structure: e.g., given a Cartesian diagram:

g-Y.g
lf/ if
T -7

with f proper, the identification:

| =~ |
faodr®" = V' fui_ar
arising from the correspondence formalism is given by the adjunction morphism.

Similarly, we have the following.

Proposition 3.9.3. If f : S — T is a smooth finitely presented map of quasi-compact quasi-
separated schemes, then f'[—2 - dsr] is left adjoint to fy) qr. Here dg/p is the rank of Q}g/T
regarded as a locally constant function on S.

Remark 3.9.4. By a locally constant function T — 7 on a scheme T', we mean a morphism of T' — Z
with Z considered as the indscheme | [, ., Spec(k).

If T is quasi-compact quasi-separated and therefore a pro-finite type scheme 7' = lim 7; (under
affine structure maps), then, by Noetherian approximation, any locally constant function on T
arises by pullback from one on some 7T;. In other words, if we define mo(T") as the profinite set
lim; 7o(75), then locally constant functions on T are equivalent to continuous functions on (7).

Remark 3.9.5. Recall that there is an automatic projection formula given the correspondence frame-
work. Indeed, for f : S — T a finitely presented map of quasi-compact quasi-separated schemes,
F e D'(T) and G € D'(S), we have a canonical isomorphisms:

! !
fermar(F(F)®G) ~ F® far—ar(9)
coming base-change for F[x]§ e ]5’(T x S) and the Cartesian diagram:

Ly
S—=TxS
J/f lidTXf
T 2Torwr

where I'y is the graph of f and A7 is the diagonal.
By the finite type case, these isomorphisms are given by the adjunctions of Proposition [3.9.2] and
[3:9:3] when f is proper or smooth.

3.10. In the proof of Proposition [3.8:1] we will need the following technical result.
Let T be a quasi-compact quasi-separated scheme. Consider the category Cr of correspondences:

Cr={S<>*-H Lo | B finitely presented, S € Sch’* and H € Schegs}-

Here, as usual, compositions are given by fiber products.
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Note that Cr contains as a non-full subcategory Schéc;;"gp of maps ¥ : T — S with S € Sch/*,
id
where given such a map we attach the correspondence S <——T T,

Lemma 3.10.1. The embedding Sch%‘f' — Cr is cofinal.

Proof. Fix a correspondence ( S <>— H Lo ) € Cp. Translating Lurie’s co-categorical Quillen
Theorem A to this setting, we need to show the contractibility of the category € of commutative
diagrams:

H->H

RN

T—=17 S

such that the square on the left is Cartesian, H', T’ € Sch/* and € o0 § = a.. Here a morphism from
one such diagram (denoted with subscripts “1”) to another such diagram (denoted with subscripts
“27) is given by maps f : Ty — T4 and g : H{ — H} such that the following diagram commutes
and all squares are Cartesian:

62
N

HZ >~ H — > H

01
lﬁ lﬁi lﬁé .

¥1 !

¥2

First, we observe that the category C is non-empty. Indeed, because S is finitely presented we
can find T — T" € Sch/* and ' : H' — T’ so that H is obtained from H’ by base-change. Noting
that H can be written as a limit under affine transition maps of H’ obtained in this way and S is
finite type, we see that H — S must factor though some H’ obtained in this way.

To see that € is contractible, note that € admits non-empty finite limits (because Sch admits
finite limits) and therefore C° is filtered.

O

3.11.  We now prove Proposition [3.8.1]

Proof of Proposition|3.8.1. We have an obvious natural transformation D' — b!’em|5chg€qs- It
suffices to see that this natural transformation is an equivalence when evaluated on any fixed

T € Schycgs-

With the notation of §3.10, D" is by definition the colimit over ( § <~— H Aor ) € Cr of
the category D(S). By Lemma [3.10.1, this coincides with the colimit over diagrams where 3 is an
isomorphism, as desired.

0

Remark 3.11.1. Neither Lemma [3.10.1| nor Proposition |3.8.1]is particular to schemes, but rather a
general interaction between pro-objects in a category with finite limits and correspondences.
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3.12. Descent. Next, we discuss descent for D'
For a map f: S — T of schemes and [n] € A let Cech™(S/T) be defined as:

Cech"(S/T) =S XX S.
N

n times
Of course, [n] — Cech"(S/T') forms a simplicial scheme in the usual way.
We use the terminology of Voevodsky’s h-topology, developed in the infinite type setting in
[Ryd]. We simply recall that h-coverings are finitely presentedﬁ and include both the classes of fppf
coverings and propeIE] coverings.

Proposition 3.12.1. Let f : S — T be an h-covering of quasi-compact quasi-separated schemes.
Then the canonical functor (induced by pullback):

D\T) — [ii]?Aﬁ!(Cech"(S/T)) (3.12.1)

s an equivalence.
Recall from |[Ryd] Theorem 8.4 that the h-topology of Schyqs is generated by finitely presented

Zariski coveringsﬁ and proper coverings. Therefore, it suffices to verify Lemmas [3.12.2| and [3.12.3)
below.

Lemma 3.12.2. D satisfies proper descent, i.e., for every f : T — S a proper (in particular,
finitely presented) surjective morphism of quasi-compact quasi-separated schemes the morphism
(3.12.1)) is an equivalence.

Proof. We can find f’ : S — T" a proper covering between schemes of finite type and T — T’ so
that f is obtained by base-change. Let T = lim T; where each T; is a T’-scheme of finite type and
structure maps are affine. Let S; := T} x7 5.

We now decompose the map ((3.12.1)) as:

D'(T) = colim D(T;) => colim lim D(Cech™(S;/T;)) —
€] i€l [nleA

lim colim D(Cech"(S;/T;)) = lim D(Cech"(S/T)).
[n]leA i€l [n]lea
Here the isomorphism is by h-descent in the finite type setting.
Therefore, it suffices to see that the map:

colim lim D(Cech"(S;/T;)) — lim colim D(Cech"(S;/T5))
i€l [nleA [nleA €]

is an isomorphism. It suffices to verify the Beck-Chevalley conditions in this case (c.f. [Lur] Propo-

sition 6.2.3.19). For each ¢ € J and each map [n] — [m] in J, the functor:

D(Cech™(S:/T;)) — D(Cech™(S;/T))

2More honestly: it seems there is a bit of disagreement in the literature whether h-coverings are required to be finitely
presented or merely finite type. We are using the convention that they are finitely presented.

3We include “finitely presented” in the definition of proper.

AWe explicitly note that these are necessarily finitely presented because we work only with quasi-compact quasi-
separated schemes. That is, any open embedding of quasi-compact quasi-separated schemes is necessarily of finite
presentation: the only condition to check is that it is a quasi-compact morphism, and any morphism of quasi-compact
schemes is itself quasi-compact.
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admits a left adjoint given by the !-dR =-pushforward as in Proposition By base change
between upper-! and !-dR #-pushfoward (Proposition , the Beck-Chevalley conditions are
satisfied, since for every j — i in J and [n] — [m] in A the diagram:

Cech™ (S;/T;) — Cech™(S;/T})

|

Cech"(S;/T;) — Cech™(S;/Tj)

is Cartesian.

Lemma 3.12.3. D': Schgf:’qs — DGCateons satisfies quasi-compact Zariski descent.

Proof. 1t suffices to show for every S a quasi-compact quasi-separated scheme and S = U uV a
Zariski open covering of S by quasi-compact open subschemes that the canonical map:
D'(S) - D'(U) x D'V)

DNUAY)
is an equivalence.

Let jy : U — S, jy : V — Sand jy~y : UnV — S denote the corresponding (finitely presented)
open embeddings.

Define a functor:

D'(U) - D' (V) — DY(S)

(CFU € 5!(U),.rfv € ﬁ!(v);?U‘UmV o~ 95V|UmV = ?Unv € D|(U M V)) =

Ker (jU,*,!—dR(fFU) @ jv,x,1—dr(Fv) — ijv,*,l—dR(rfUva :

We claim that this functor is inverse to the above.
Note that e.g. jys1-ar : D'(U) — D'(S) is fully-faithful. Indeed, by Proposition we have
an adjunction between j!U and jy «1—qr. The counit:

g .
JuIvsi—dr = iy

is an equivalence by Remark and the corresponding statement in the finite type setting. This
shows that the composition:

DU) x D((V)->D(S)—-D(U) x D(V)
DY UAV) DY UAV)
is the identity.
For the other direction, note that we have a canonical map:

. . .1 . . . .l
1df)!(s) — Ker (JU,*,!—dR Ju @ Jvx,—dR Ji/ > JUAV,x,!—dR ]Ur\V)

and it suffices to see that this map is an equivalence. But this again follows by reduction to the
finite presentation case via Remark
O
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3.13. By Lemma[3.12.3] to prove Proposition [3.6.1] it suffices to observe the following result.
Lemma 3.13.1. D' satisfies descent with respect to quasi-compact Zariski coverings.

Proof. Asin for f : Y — Z an affine (in particular, schematic) and finitely presented morphism
of prestacks, there is a functor fx_4r : D'(Y) — D'(Z) characterized by the fact that it satisfies
base-change with the upper-! functors, and coincides with the usual pushforward functor in the
finite type setting. Moreover, if f is an open embedding, then we have an adjunction (f', fe1—dRr),
and fy1_qg is fully-faithful.

We prove the following two results by induction.

(Ap): For S € AffSch and j : U — S a quasi-compact open subscheme admitting a cover by
n affine schemes, the restriction functor j' : D'(S) — D'(U) admits a fully-faithful right
adjoint jy1_gqr. Formation of j,|_4r commutes with base-change with respect to maps
T — S € AffSch.

(By): For S € AffSch and a cover S = U n V by quasi-compact Zariski open subschemes with V'
affine and U admitting an open cover by n affine schemes, the functor:

D'(S)— D'(U) x DYV)
DY UANV)

is an equivalence.

We have already observed that A; is true. Moreover, the statement A, implies B,, by the same
argument as in Lemma [3.12.3] Therefore, we should show that A, and B,, imply A,41.

Chose a cover Uy u Uy with Uy affine and U; admitting a covering by n affine schemes. By B,,,
we have:

D'U)~D'(U,) x D' (Uy).
D!(U1 nU3)
Noting that U; n Us < U; is an affine morphism and therefore this intersection admits a cover by
n affines, we can construct this right adjoint as:

D'(Uy) DT} D'(Us) — D'(S)
: 1NU2

(971 e D'(U), Ty € D' (Ua), F1lv,nvs ~ Falvynv, = Fr2 € D' (UL Uz)) —
Ker (jl,*,!—dR(?l) ® jo,x,1-dr(F2) — j12,*7!—dR(?12)>

where j1, jo and jio respectively denote the embeddings of Uy, Us and Ujs into S.

This completes the proof of our inductive statements.

By base-change, we obtain that for any quasi-compactopen embedding j : U — Y, j' : D!(y) -
D'(U) admits a fully-faithful right adjoint Jx)—ar characterized by its compatibility with base-
change, and then the proof of Lemma |3.12.3| gives the desired descent claim.

0

3.14. Having proved Proposition we no longer distinguish between D' and D', denoting both
by D"
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3.15. Here is a useful corollary of Proposition [3.6.1

Corollary 3.15.1. For S,T € Schycys, the functor:

D'(S)® D'(T) — D'(S x T)
s an equivalence.

Proof. This is immediate from the D! perspective and the corresponding result for finite type

schemes.
O

3.16. Correspondences for prestacks. We say that a morphism f : ) — Z is finitely presented
if it is schematic, and if for any S — Z with S € AffSch the map ) xz S — S is finitely presented.

As another corollary of Proposition we obtain that there is a functor f,_4r compatible
with base-change for any finitely presented morphism f : ) — Z of prestacks.

Remark 3.16.1. We emphasize that by schematic, we mean schematic in the sense of classical (i.e.,
non-derived) algebraic geometry, which is a more forgiving notion than that of derived algebraic
geometry. This is relevant, say, for considering the embedding of 0 inside of the indscheme associated
with an infinite-dimensional k-vector space, which is a classically schematic embedding but not a
DG schematic embedding.

3.17. Equivariant setting. Suppose that S is a quasi-compact quasi-separated base scheme and
G — S is a quasi-separated quasi-compact group scheme over S.

Suppose that P is a quasi-compact quasi-separated S-scheme with an action of G. In this case,
the semisimplicial bar complex:

e
..Hgf;ggP%ﬁgéPHHP (3.17.1)
induces the diagram:
! N, — ! —
D(P)HD(Q>§P)4>D(g§g§P)4>....

and we define the G-equivariant derived category D'(P)Y of P to be the limit of this diagram.

Ezample 3.17.1. Suppose that G is constant, i.e., G = S x G for some quasi-compact quasi- separated
group scheme Gy over Spec(k). Then, by Corollary [3.15.1, D'(Gy) obtains a coalgebra structure in
DGCatcops in the usual way (e.g. the comultiplication is !-pullback along the multiplication for Gy).
As such, D'(Gp) coacts on D'(P) and D'(P)Y is the usual (strongly) Go-equivariant category, i.e.,
the limit of the diagram:
D'(P) == D"(Go) ® D'(P) == D'(Gy) ® D'(Go) ® D'(P) =—=....

Let Pg — S be a G-torsor, i.e., G acts on Pg and after an appropriate fppf base-change S’ — S

we have a G-equivariant identification:

We obtain a canonical functor:
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Proposition 3.17.2. In the above setting the functor ¢ is an equivalence.

Proof. By fppf descent (Proposition [3.12.1]), we reduce to the case there Pg is a trivial G-bundle
over T, i.e., Pg = G xgT. Then the bar complex extends to a split simplicial object in the usual

way from which we deduce the result.
O

Remark 3.17.3. If Pg — S is a G-torsor, we will sometimes summarize the situation in writing

S ="Pg/G.

3.18. D*-modules. Next, we discuss the #-theory of D-modules.
We have the following analogue of Proposition [3.6.1]

Proposition 3.18.1. For S € Schyes written as S = lim; S; with S; € Schf* and all structure
morphisms affine, the functor:

D*(S) — Shi%' D*(SZ) e DGCateont

s an equivalence.

Proof. The proof is similar to the proof of Proposition [3.6.1

As before, we denote the right hand side of the above by 5*(5’ ) and note that it is independent
of the choice of presentation S = lim S;.

The statement again reduces to an appropriate descent type statement. Namely, for every S €
Schyegs with cover § = U u 'V for U,V quasi-compact open subschemes, we claim that the functors:

D*(U) @& D*(V)— D*(5)
D*(UnV)
D*(U) @ D*(V)— D*(S)
D*(UnV)
are equivalences.

The key point again is that e.g. the pushforward functor j, qr : D*(U) — D*(S) (resp. ZN)*(U) —
15*(5’)) is fully-faithful and admits a right adjoint compatible with base-change. This is an easy
reduction to the finite type case for ZND*, and is proved for D* by the same method as how the
analogous statement was proved for D' (c.f. the proof of Proposition .

O

3.19. Recall that for S a finite type scheme the category D(S) is self-dual under Verdier duality
and for a map f : T — S between finite type schemes the functor dual to f' is f«,dr. Therefore, for
S a quasi-compact quasi-separated scheme we obtain the following from [Gail].

Proposition 3.19.1. If D'(S) is a dualizable category, then its dual is canonically identified with
D*(S).
!
Note that in this case this is an identification of (D'(S),®)-module categories. Moreover, the
functor dual to f' continues to be fx,dr-

3.20. Constant sheaf. For T quasi-compact quasi-separated, there is a canonical constant sheaf
kr € D*(T) constructed as follows.

For any S € Sch/* and a : T — S, we define an object “ay 4r(kr)” € D(S) = D*(S) by the
formula:
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“a*’dR(kT)” = colim Y*,dR(kT’)-
R VAN
T"eSchft xoB=a
For any triangle:

T g

|7

S

with S and S’ € Schf*, we have a canonical isomorphism:

“@ar(kr)” = fear(“osar(kr)”)
and therefore we obtain the object k7 € D*(T) (with each ay gr(kr) = “axqr(kr)”) as desired.

Letting py : T — Spec(k) denote the structure map, the continuous functor pi}’dR : Vect — D*(T)
sending k to kr is readily seen to be the left adjoint to pr 4 qr-

3.21. Correspondences. Next, we extend the functoriality of D* as in
Let Schgcgs,corr: f.p.,a11 denote the category of quasi-compact quasi-separated schemes under cor-

respondences of the form:
N

T S
where H € Schycqs, o is finitely presented and 3 is arbitrary. Note that Schycqs corr:fp..ai contains

Schlt: as a full subcategory. It also contains Schyegs as a non-full subcategory where morphisms
are correspondences where the left arrow is an isomorphism.
We define the functor:

*,enh |
D®et SChchs,corr;f.p.,all - DGcatcont

by right Kan extension from Schl:t:

corr:

Like Proposition the following is immediate from Lemma |3.10.1

Proposition 3.21.1. The restriction of D™ to Schyeqs canonically identifies with the functor
D*|schyeqs : SChgegs — DGCateont-

3.22. For f:T — S a map of quasi-compact quasi-separated schemes, the induced functor:

D*,enh(T) _ D*(T) N D*,enh(S) _ D*(S)
coincides with f, qr. If f is finitely presented we will denote the corresponding functor D*(S) —
D*(T) by fi to avoid confusion with the functor f': D'(T) — D'(S). Note that the formalism

of correspondences implies that we have base-change between x-pushforward and j-pullback for
Cartesian squares.

Remark 3.22.1. Suppose that f : T — S is finitely presented. One can compute the functor fI
as follows. In the notation of Remark for 7 € D(S) we have a;  arfI(F) = fiBixar(F) by
base-change, computing fi(F) in D(T) = lim D(T}) as promised.
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One deduces from Remark [3.22.1] the following result.

Proposition 3.22.2. If f : S — T is a finitely presented proper morphism of quasi-compact
quasi-separated schemes, then f1 is canonically the right adjoint to fy 4r.

Similarly, we have:

Proposition 3.22.3. If f : S — T is a finitely presented smooth map of quasi-compact quasi-
separated schemes, then fl[—2dg r] is left adjoint to fyar, with dg/p as in Proposition|3.9.9,

3.23. Descent. Next, we discuss descent for D*.

Proposition 3.23.1. For f : S — T an h-covering of quasi-compact quasi-separated schemes the
functor:

D*(T) — liHAl D*(Cech™(S/T))
ne
induced by the functors f}; with f, : Cech™(S/T) — T the canonical map is an equivalence.

Proof. Because f is finite presentation we can apply Noetherian approximation to find f': 8" — T’
an h-covering between schemes of finite type and T — T’ so that f is obtained by base-change.
Let T = lim T; where each T; is a T'-scheme of finite type (and structure maps are affine) and let
Si = T'z X S,.

Then each S; — T; is an h-covering between finite type schemes. Note that Cech"(S/T) =
lim Cech™(S;/T5).

Now we have:

D*(T) = lim D(T;) ilelgnop[}lﬁglAD(Cech (Si/T;)) [%gnmleljrg}aD(Cech (Si/T3)) [iﬁlenAD (Cech™(S/T)).

Here the indicated isomorphism is by usual hA-descent for finite type schemes and Proposition [3.21.1
O

Variant 3.23.2. One can similarly show that the functor:
colim D*(Cech"(S/T')) — D*(T)
[n]leAa

defined by de Rham pushforwards is an equivalence for S — T an h-covering. Indeed: it is easy
to verify for Zariski coverings (the argument is basically the same as for Lemma , and for
proper coverings, it follows automatically from Proposition [3.23.1]

This is the statement that should properly be thought of as dual to Proposition [3.12.1]

3.24. Equivariant setting. Suppose that we are in the setting of i.e., G is a group scheme
over S that acts on an S-scheme P.
In this case, (3.17.1)) defines the coequivariant derived category:

D*(P)g :=colim ( .... =% D*(G x G x P) == D*(G x P) —= D*(P)) (3.24.1)
- S S S
with the colimit computed in DGCateypy.
The analogue of Proposition [3.17.2] holds in this setting: if P — S is an G-torsor, we obtain a

functor:

D*(P)g — D*(5)
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that is an equivalence by essentially the same argument as in loc. cit, but using Variant [3.23.2] of
Proposition

4. PLACIDITY

4.1. In this section, we introduce the notion of placidity and discuss its consequences.

Recall from that placidity is a technical condition on the singularities of a scheme S allowing
us to identify D'(S) with D*(S).

For a morphism f : S — T of placid schemes, we let fy yep, : D'(S) — D'(T) and f"** : DY(T) —
D'(S) denote the corresponding functors, obtained through the above identification.

In general, these renormalized functors are very badly behaved, e.g., the pairs (f Y fren) and
(fhren, f«.ar) do not satisfy base-change.

In we introduce a notion of placid morphism, which is something like a pro-smooth mor-
phism. Proposition (generalized to the indschematic setting by Proposition says that
for placid morphism, f* is left adjoint to fs,en, and similarly, fhren g left adjoint fx,dr. Here
the dimension shifts implicit in the infinite dimensional setting work out to eliminate the usual
cohomological shifts needed to make such statements in the finite dimensional setting.

Moreover, Proposition [4.11.1]implies that there are good base-change properties for placid mor-
phisms.

4.2. Definition of placidity. We now give the definition of placidity.

Definition 4.2.1. For T € Sch we say an expression 1" = lim;cjop T; is a placid presentation of T if:

(1) The indexing category J is filtered.
(2) Each T; is finite type over k.
(3) For every i — j in J the corresponding map 7; — 7T is an affine smooth covering.

We say that T € Sch is placid if it admits a placid presentation.

Example 4.2.2. As is well known from the theory of group schemes, any affine group scheme is
placid (we need the characteristic zero assumption on k here).

Example 4.2.3. Suppose that S is a finite type scheme and G — S is a projective limit under smooth
surjective affine maps of smooth S-group schemes. Suppose that Pg — S is a G-torsor in the sense

of Then Pg is placid.

Ezxample 4.2.4. For a Cartesian square:

524>T2

L

S1—=T1

with T4 finite type, S1 and 75 placid, the scheme Sy is necessarily placid.
Indeed, for S7 = lim;egor S1; and T = limjegor T j placid presentations by T7-schemes, we have:

SQ = lim Sl,i X TQJ.
(4,5)€JoP x gor T

Obviously all structure maps are smooth affine covers, so this is a placid presentation of Ss.
Remark 4.2.5. By Noetherian descent, if S is placid and T" — S is finite presentation, then T is

placid as well. Moreover, there always exist placid presentations .S = lim;cgop S;, T = lim;egop T; and
compatible morphisms T; — 5; inducing T'— S, and such that, for every ¢« — j € J, the diagram:
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is Cartesian.

Remark 4.2.6. By [Gro] Corollary 8.3.7, given a placid presentation 7" = lim; T;, each structure
morphism 7" — T} is surjective on schematic points.

Remark 4.2.7. A placid scheme is automatically quasi-compact and quasi-separated.

Remark 4.2.8. As explained in [Dri], many natural schemes are Nisnevich (in particular: étale)
locally placid, but not themselves placid. Much of the material that follows generalizes without
difficulty to the case of Nisnevich locally placid schemes. However, we do not pursue this level of
generality here because for our later applications, only placid schemes (and indschemes) occur.

4.3. If T is a placid scheme with placid presentation 1" = lim;cjopr T; then we have:

D*(T) = colim D(T}) (4.3.1)

ied
where the structure functors are the *-pullback functors (defined because the maps T; — T; are

smooth). For ¢ € I and f; : T — T; the corresponding structure map, we let fi*’dR denote the
functor D*(T;) — D*(T) left adjoint to f; « dr-

In particular, we see that D*(T) is compactly generated and therefore canonically dual to D'(T),
which is also compactly generated. (Note that in the D'-case, compact objects are !-pullbacks of
compact objects from finite type schemes, where for D* they are s-pullbacks).

Similarly, we obtain:

DY(T) = lim D(Ty) (4.3.2)

iejop

where the structure functors are the right adjoints to the fz' functors, i.e., shifted de Rham coho-
mology functors (again, these are adjoint by smoothness).

Remark 4.3.1. It follows from the identification of D* as a colimit that for placid T = lim;egop T}
as above and F € D*(T), the canonical map:
colim [ f; v 4r(F) — F (4.3.3)
€
is an equivalence.

4.4. Let T be a quasi-compact quasi-separated scheme.
Let Pres(T') denote the 1-category whose objects are placid presentations (J,{T;};c5) of T" and
where morphisms (J, {T}'};e5) — (d, {T]Z}jeg) are given by a datum:

F:J—Jand {f;: T} — %(i)}ieg compatible morphisms of schemes under 7.

One easily shows that Pres(T') is filtered.



D-MODULES ON INFINITE DIMENSIONAL VARIETIES 21

4.5. Fix two placid presentations (J,{T}!};e7) and (g, {Tf }jeg) of a scheme T'. We will make use of
the following observation.

Lemma 4.5.1. For every j € J and every factorization T — Ti1 - sz for i € J, the morphism

T — Tj2 is smooth.

Proof. Suppose z is a geometric point of T. For each i’ € J, let x; denote the corresponding
geometric point of T;
Applying Proposition we obtain:

1 1 : 1 1 . 1
Coker (x:‘(QT}/TjQ) — ,7;* (QT/T].2)> = cz,oelér/n Coker (.7}:< (QT}/TJ_Q) — .1‘:, (QTil,/TJ.2)> = Cz(,)elér/n J?;k, (QT;/T})'
Because the structure maps 7T; — T; are smooth the right hand side is a filtered limit of vector
spaces concentrated in degree 0 and therefore is concentrated in degree 0 as well.
On cohomology we obtain a long exact sequence with segments:

.= H'!(colim x;—"/(QlT;,/T;)> — (s (Q%F,-I/Tf)) - (o TJ'Q)> o

’L'/Eji/

The left term is zero for i # 1 and the right term is zero for ¢ # 0. But z}(Q is tautologically

1

T} /sz)
concentrated in degrees < 0, so it is concentrated in degree 0 as desired.

O

4.6. Dimensions. We digress briefly to fix some terminology regarding dimensions.

Let T be a finite type scheme. We define the dimension function dimy : T — ZZ° to be the locally
constant function that on a connected component is constant with value the Krull dimension of that
connected component (i.e., the maximal dimension of an irreducible component of this connected
component).

For f : T'— S a map between finite type schemes, we let dimy /5 : T' — Z be the locally constant
function dimp — f*(dimg).

Example 4.6.1. If f : T'— S is a smooth dominant morphism, then dimp/g is the rank of the vector

bundle Q%F /5

Therefore, for a Cartesian diagram of finite type schemes:

Ay

oo
s Y.

with ¢ and ¢ both dominant smooth morphisms, dimyv/g = 9*(dimz/g). In particular, this identity
holds whenever ¢ is a smooth covering map.

Counterexample 4.6.2. We need not have dimy g = dg/p = rank(Q}, o) if f : T — S is smooth but

T/S
not dominant.
For example, let S = A? 11 A'! be a line and a plane glued along a point, and let T = G,,, x A!

mapping to S via the composition:

GmxAlaGmHNHAQHN.
0
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Then dg/r the constant function 1, while dimg 7 is the constant function dimy —dimg =2—-2 = 0.

Remark 4.6.3. By Remark we see from Example w that dimp,g can be defined as a
locally constant function T' — Z for any finitely presented morphism 7' — S of placid schemes by
Noetherian descent.

Given a pair of finitely presented morphisms 7° ER S — V of placid schemes, this construction
satisfies the basic compatibility:

4.7. Renormalized dualizing sheaf. Suppose that T is placid scheme. We will now define the
renormalized dualizing sheaf wit™ e D*(T).

Fix a placid presentation T' = lim;egop T; of T'. Because each structure map ¢;; : T — T is a
smooth covering, we have canonical identifications:

o5 (wr, [~2 - dimg, ]) = wr, [—2 - (dimg;)].
Therefore we have a uniquely defined sheaf Wi characterized by the fact that it is the *-pullback
of wy[—2 - dimy, | from any 7T; to T

We claim that wj™ canonically does not depend on the choice of placid presentation. Indeed,
this follows from Lemma and by filteredness of Pres(T).

Ezxample 4.7.1. Let T be finite type. Then wi** € D*(T') = D(T') identifies with wr[—2 - dim7].

Ezample 4.7.2. Suppose T admits a placid presentation T = lim T; with each T; smooth. Then

W = k.

4.8. Suppose that T is a placid scheme. We define the functor:

nr: D(T) — D*(T)

3 ren
by action on wi".

Proposition 4.8.1. The functor nr is an equivalence.

Proof. Choose T' = lim;egop T; a placid presentation. We claim that the functor:

nr : DY(T) = cqlijm D(T;) — D*(T) B2 cqlijm D(Ty).
€ 1€
is the colimit of the shifted identity functors id p(r,)[—2-dim7,]. Indeed, the colimit of these functors
is a morphism of D'(T)-module categories and sends wr € D'(T) to wi™ € D*(T).
Now the result obviously follows from this identification.
]

Ezample 4.8.2. If T is finite type then np is the composite equivalence D'(T) := D(T) =: D*(T)
shifted by —2dimry.

4.9. Renormalized functors. Let f : T — S a map of placid schemes.
We let firen : DYT) — D'(S) denote the induced functor so that we have the commutative
diagram:
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Jx,dR
—_

D*(T) D*(S).

In the same way we obtain the functor f"7" : D*(S) — D*(T) fitting into a commutative
diagram:

D*(8) = D(T)

D'(S) ——— D'(T)

Note that we have a canonical isomorphism

f!,ren(wgen) — w%en (491)

because:

! !
f!,ren(wgen) _ f!(WS) ®w77"16n = wr ®w%€n _ w%en'

Ezample 4.9.1 (Renormalized functors in finite type: D!). Suppose f : T — S is a map between
finite type schemes. We identify D'(S) and D'(T) with D(S) and D(T) in the canonical way.
Then the functor firen : D(T') — D(S) identifies with fy gr[—2 - dimy/g]. In particular, if f is
smooth and dominant, then (f Y [ ren) form an adjoint pair of functors.
Note that in this setting the functor fi_qr coincides with the (non-renormalized) functor f, 4r.

Warning 4.9.2. If f : S — T is a closed embedding of placid schemes, then fy e, is not left adjoint
to f' (c.f. Example 4.9.1). In fact, if f is a closed embedding of infinite codimension, then fi ren
does not preserve compact objects and therefore does not admit a continuous right adjoint at all.
Moreover, the composition f fs,ren 1s typically zero in this case.

Warning 4.9.3. Given a Cartesian diagram:

of finite type schemes, we find that:

F'eren = f guear[—2 - dimgy5,] = Y ane'[—2 - dimy, s, ]

while w*,ren(,@! = V,ZJ*,ngo![—Q - dim7p, /Sl]' Since dimensions do not always behave well under base-
change, we see that base-change does not always hold between renormalized pushforward and
upper-!.
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Ezample 4.9.4 (Renormalized functors in finite type: D*). Suppose f : T'— S is a map between

finite type schemes. We identify D*(S) and D*(T") with D(S) and D(T") in the canonical way.
Then the functor f7" : D(S) — D(T) identifies with f*(—)[—2 dimp/g]. Note that if f is smooth

and dominant, then f"7¢" identifies canonically with f*9%,

The functor fi coincides with the (non-renormalized) functor f'.

Remark 4.9.5. We emphasize explicitly that the “renormalization” here has nothing to do with the
renormalized de Rham cohomology functor from [DGJ. Rather, the terminology is taken from [Dri]
86.8.

4.10. Placid morphisms. We will now further analyze the renormalized functors under certain
very favorable circumstances.

We say a morphism f : S — T of placid schemes is placid if, for any placid presentations
S = lim;egor S;, T' = limjegor T}, for every j € J there exists ¢ € J with the morphism § — T — T}
factoring as S — S; — T and with S; — T} a smooth covering.

Obviously, if this holds for one pair of placid presentations then it holds for any.

Ezample 4.10.1. By Noetherian descent and Remark [£.2.6] a smooth morphism of finite presentation
which is surjective on geometric points is placid.

Ezample 4.10.2. Suppose that S = lim;egor S; and T = lim;egop T; are placid presentations, and
suppose that we are given compatible smooth coverings f; : .S; — T; inducing f : S — T. Then f is
a placid morphism. We emphasize that by compatible we mean that the relevant squares commute,
not that they are Cartesian.

Remark 4.10.3. For categorical arguments, it is convenient to use the following formulation of this
definition.

Let Schg;fl;cov denote the category of finite type schemes where we only allow smooth coverings
as morphisms. Let:

Pro®f(Schl:t- Y < Pro(Schlt ..)

Sm—cov Sm—Ccov
denote the full subcategory where we only allow objects obtained as projective limits under mor-
phisms that are affine (in addition to being a priori smooth coverings).
Then the functor:

Pro®(Schf .,,) — Pro*(Sch/*) = Schycys

SMm—Ccov
is a (non-full) embedding of categories. Indeed, this is a general feature: (non-full) embeddings
of (1,1)-categories induce embeddings on Ind or Pro categories, since filtered limits and colimits
of injections in Set are still injections. Moreover, its essential image are placid schemes, and a
morphism lies in this non-full subcategory if and only if it is placid.

Observe that ProT(Schf:i- Y — Schyeus commutes with filtered projective limits with affine

structure maps, i.e., this functor is the right Kan extension of its restriction to Schf’ . . In-
deed, Schyeqs < Pro(Schf‘t') commutes with such filtered projective limits, and Pro®T(Sch/:% )<

SM—Ccov

Pro(Schf{* ) does too. Moreover, Pro(Schl: "y — Pro(Sch’*) tautologically commutes with

ST —Ccov ST —Ccov
filtered limits, proving the claim.

Warning 4.10.4. Against the usual conventions for terminology in algebraic geometry, placid mor-
phisms are not intended as a relative form of placidity.

Indeed, we can only speak about placid morphisms between between schemes already known to
be placid. Moreover, for a placid scheme S, the structure map S — Spec(k) may not be placid.
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The terminology is rather taken by analogy with the definition of placid schemes, as in Remark

4.10.3

Counterexample 4.10.5. It may be tempting to think of placid morphisms as being analogous to
being a smooth covering morphisms, since this condition is equivalent for finite type schemes. The
following example is meant to show the geometric limitations of this line of thought.

Let Al x A" — Al x A"~ by:

<)\,(a:1,...,xn)> — <)\,(m1 —)\-xg,...,:vn,l—)\-xn))

Each of these morphisms is a smooth covering. Moreover, these morphisms are compatible as n
varies, and therefore induce a placid morphism (of infinite type):

Al x A® — Al x A%
(/\,a:l,xg,...) — ()\,:Cl - T, Ty — A -1'3,...).
where we use the notation A® = lim,, A", the limit taken under structure maps A™ — A™ (m > n)
of projection onto the first n-coordinates.

Then for 0 # ) € k, the fiber of this map at (),0,0,...,0) is a copy of A!, realized as the loci of
points:

(A, 1, AL x1, A2 Tiy...)
with z; € Al arbitrary.
However, the fiber at (0, 0,0, . ..) is just the point scheme Spec(k), realized as the locus (0, 0,0, .. .).

Lemma 4.10.6. Given a Cartesian diagram:

Sy —> T,

Pl
Si *f>T1

of placid schemes with g finite presentation and f a placid morphism, the morphism o is placid as
well.

Proof. Let S1 = lim; S1; and T = lim; 77 ; be placid presentations. We take a compatible placid
presentation 75 = lim; 75 ; as in Remark
Note that:

SQ = hHIhIIlsl72 X TQJ‘
J ? 1,5
where we really only take the limit under i such that the map Sy — T3 ; factors (necessarily
uniquely) through S ;.
For a pair of morphisms (i; — i2) and (j; — j2), we claim that the induced map:

Sty x Taj, — S14 X% Tay
1,42 L1
is an affine smooth covering. Indeed, we have T5j, = T1j, X1y ; T2 so that the left hand side
of the above is S1;, x1, j, T2 j,. Because S1;, — 51, is an affine smooth covering, we obtain the
claim.
Therefore, the terms S ; Xy Th define a placid presentation of S;. But each map:
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St Ry Tr; — 1o

1,5

is a smooth covering because each S1; — T1 ; is assumed to be, completing the proof.

The following results from the argument above.

Corollary 4.10.7. Suppose that we have a Cartesian square:

Sy —2 =Ty

oo
S1 4f>T1

of placid schemes with g finite presentation and f a placid morphism. Then dimg, /g, = gp*(dimTQ/Tl).

Proof. Let Sy = lim; S1;, Ty = lim; 71 ; and Ty = lim; T ; be as in the proof of Lemma [£.10.6] As
in loc. cit., we have a placid presentation of Sy with terms:

S17i X TQJ‘.
T

1,5

Fixing and index jg, as in loc. cit., we have:

Slﬂ' X TQ’J‘ :Sl,i X T2,jo'
T T

1,7 1,30

for every morphism jo — j. Therefore, the morphisms S1; x Tb; — Si,; are obtained one from
T .

1.j
another by base-change, so that dimg, g, is defined as the pullback of the function:

dlmsl,i x T;/S1,i
Ty,j

for any choice of indices. But because our maps are smooth coverings, this function is the pullback
of dimg,, , /7, ;, giving the result.
O

4.11. For our purposes, the key feature of placid morphisms is given by the following proposition.

Proposition 4.11.1. (1) For a placid morphism f : S — T of placid schemes, the left adjoint
o to fo ap : D*(S) — D*(T) is defined.
(2) For a placid morphism f : S — T of placid schemes, there is a canonical identification
f!,ren ~ f*,dR . D*(T) N D*(S).
More precisely, with Schy denoting the category of placid schemes under placid mor-
phisms, there is a canonical identification of functors:

(D*,f*’dR) ~ (D*’f!,ren) : Sch;f — DGCat.ont

inducing the identity over the maximal subgroupoid of Sch;f.
(8) For a placid morphism f : S — T of placid schemes, the functor f': D'(T) — D'(S) admits
a right adjoint, and this right adjoint is functorially identified with fs ren in the sense above.
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(4) For a Cartesian square of placid schemes:

Sy —2> Ty
lw lg (4.11.1)
/

Slﬁ-Tl

with f placid and g finitely presented, the canonical morphisms:

! !
F7" "9 ar — Vs are”" "

! !
f Gx,ren — w*,ren(P
arising from the adjunctions above are equivalences.

We begin with the following general remarks.

Let DGCat' Y, denote the category of cocomplete DG categories under k-linear functors that

cont .
admit continuous right adjoints. Let DGCat"*%

under k-linear functors that admit left adjoints. ‘
We have an obvious equivalence DGCat™*¥, ~ DGCat’“¥*P given by passing to the adjoint functor.
One easily verifies:

denote the category of cocomplete DG categories

Lemma 4.11.2. The category DGCat' Y, gamits colimits, and the functor DGCat%¥, _, DGCateont

cont cont

radj o dmits limits, and the functor DGCat"¥ _, DGCat ot

preserves these colimits. Similarly, DGCat,,; cont

commutes with limits.

Proof. The content is that given a diagram i — C; of cocomplete DG categories under structure
functors admitting continuous right adjoints, a functor € = colim; C; — D admits a continuous
right adjoint if and only if each €; — D does. But this is obvious, since € is then also the limit of
the €; under the right adjoint functors.

O
Proof of Proposition|/.11.1] Recall from Remark that Schy; is the full subcategory:
Pro*®(Schft ) < Pro(Schf{t . ).
Moreover, because Sch,; — Schyegs is the right Kan extension of its restriction to Schi:t . we
see that D*[scp , is the right Kan extension of D*[¢ | s.. Dlg st

Moreover, note that D"‘|Sch st.  factors through DGCat"%% by smoothness.

sm—cov Cont

As in Example the corresponding functor:

D¢ e — DGCatsl ~ DGCatio:

L cov cont — cont
identifies with (D, fwen)|5ch£;;§;m’ i.e., the functor attaching to a scheme of finite type its category
of D-modules, and to a smooth surjective morphism of schemes the corresponding renormalized
pullback functor
By Lemma the right Kan extension of this functor also factors through DGCat"*¥  proving

. Moreover, it follows that the corresponding functor to Sch:f — DGCat"¥ encoding the left
adjoints is the left Kan extension of (D, f!’re”)|schf¢10_p :

We have an equivalence:

SThis identification is treated formally in the homotopical setting in [GR].



28 SAM RASKIN

| |
(D, f.,ren) |SChf't"Op ~ (D, f) |schf.t.,op
computed termwise on a finite type scheme S as 7751. Moreover, (D!, f !) is the left Kan extension

of the left hand side.
For a placid scheme S with placid presentation S = lim S;, we have:

ns = colimng, : D'(S) = colim D'(S;) — colim D*(S;) = D(S)

the colimit on the right taken under renormalized pullback functors (equivalently: #-dR pullback).
Indeed, this was already observed in the proof of Proposition [4.8.1

Therefore, we see that (D', f'"*") is the left Kan extension of (D, f""¢")
This completes the proof of .

Note that is a formal consequence of . Therefore, it remains to show .

Suppose we are given a Cartesian square . It obviously suffices to show either of the
base-change morphisms is an equivalence, so we treat the map f !7Te"g*7dR — @Z)*vdch!”"e”.

First, suppose that 77 and T» are finite type.

We take a placid presentation S7 = lim; S1;. We can assume each S7; is a T1-scheme by Noe-
therian approximation.

Because S1 — T is placid, each S1; — T is a smooth covering. Define Sy ; = S1; x1, Tb.

We use the notation:

lsenfit- 5 as desired.

S, Bi Sa; Pi T

lw J{wi . lg (4.11.2)

o
S — Sl,i ——T].

We now have:

lren : lren . I,ren
Jadrf " g ar = COlilm JixdrS; " Gsdr = COlilm fix.dRVi s drp; = =
li Lren _ Lren __ Lren
coliml g« dRPi dRP;" = Gx,dRPsdRY = fe,dRVs,dR¥

Here the first and fourth equalities follows from filteredness of our index category and the adjunc-
tions. The base-change in our second equality follows from the usual smooth base-change theorem
in the finite type setting.

Applying the above argument to the left square of and applying (finite dimensional)
smooth base-change to the right square, we see that the map:

Qi di S " GudR — Qi dRVxdRP "
is always an equivalence. But this suffices to see our base-change by definition of D*.
We now treat the case of general g of finite presentation. Suppose that we have a diagram:

SQL>T2i>T2’

J{w f lg ig’ (4.11.3)

S ——=T) —==T|

with both squares Cartesian, the schemes T of finite type, and the maps 6 and e placid.
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Then we have base-change maps:
f!,reng!,reng:k iR — f!,reng*’dRe!,ren N 1/}*’de!
By our earlier analysis, the first map is an equivalence by considering the right square of (4.11.3)),
and the composite map is also an equivalence by considering the outer square of (4.11.3)). Therefore,
we see that the map:

,renel,ren

f!,reng*dRe!,ren N f!,reng*mene!,ren
is an equivalence. Varying 77 over some placid presentation of 77, the corresponding functors ghren
generate D*(T3), so this suffices.
O

4.12. As a consequence of Proposition [£.11.1] we show that some features from Examples
and survive to greater generality.

Proposition 4.12.1. For f : T — S a finitely presented morphism of placid schemes, we have
canonical identifications:

fi[-2 - dimg/s] = f"" : D*(S) — D*(T)

f*,!de[_Q ’ dimT/S] = f*,ren : D'(T) - D'(S)
where dimy g is defined as in .
Proof. Let S = lim S; be a placid presentation, and by Remark we may assume we have a
placid presentation 7' = lim 7; so that we have maps f; : T; — 5; with each ¢ — j inducing a
Cartesian diagram, and with f obtained by base-change from each of the f;. Note that dimy/g is
then obtained by pullback from each dimg, g, .
We use the notation:

For the first part, note that by (4.3.3) and Example we have:

i . ,dR T . 7d]% i : 7dR !7 3
f! = colim V7Y e ar f1 = colim V7 i ar = colim Y 04w ar[2 - dimegyg].

By Proposition 4.11.1} 7 AR wé’ren. Therefore, we compute the above as:

!A,r

colim ;™" f;"" gy s ap2 - dimyys] = colim fY """ iy an[2 - dimyg] = 72 - dimgyg)

by again applying (4.3.3)) and the identification @i’ren = @j’dR.
For the second part, note that we have functorial base change isomorphisms:

! !
(P%fi,*,ren =~ f*,ren’(vb;i

by Proposition [4.11.1} By Example fix)—dar[=2-dimp)g] = fi «ren. Moreover, these cohomo-
logical shifts are compatible with varying i, so we obtain the result by definition of fi _4r.

0
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Corollary 4.12.2. Suppose we are given a Cartesian square:

Sy —> T,

ool
Si 4f>T1

with S1 and T placid schemes, f and g placid morphisms, and Ty finite type. Then the canonical
morphisms:

| |
"9 ar = Vs are”""

| |

f.g*,ren - w*,ren@.

are equivalences.

Proof. Note that we have already seen in Example that Sy is actually a placid scheme.
It tautologically suffices to prove that the first base-change morphism is an equivalence.
We form the diagram:

S2$'Sl XTQLTQ

o e
Ay

S —L= 5 x T =1y

Here Ay is the graph of f. Note that each of these squares is Cartesian. In particular, 7 is a finitely
presented morphism. We are reduced to proving the base-change result for each of these squares
separately.

For the right square, the result is essentially obvious: it follows from the compatibility of push-
forward with products of schemes.

For the left square, note that the base-change result holds with the upper-j functor in place of
the renormalized upper-! functor by the correspondence formalism. Therefore, the result follows

from Proposition
O

5. HoLoNoMIC D-MODULES

5.1. In this section, we discuss the holonomic theory in infinite type.

Remark 5.1.1. Since many “standard” D-modules in infinite type are not compact (e.g., the delta
D-module concentrated at a point in an infinite type placid scheme), it is convenient to break
conventions with the usual D-module theory and allow some non-compact D-modules to be counted
as holonomic.

5.2. Holonomic D-modules. Let S be a scheme of finite type. Let Deop not(S) denote the full
subcategory of D, (S) (the compact objects in D(S)) composed of those coherent complexes with
holonomic cohomologies, defined in the usual way. Let Dy (S) € D(S) denote the full subcategory:

Dpoi(S) = Ind(Deop,not (S)) € D(S).



D-MODULES ON INFINITE DIMENSIONAL VARIETIES 31

We refer to objects of Dpy(S) simply as holonomic objectsﬁ

For f: S — T a map of finite type schemes, the usual theory of D-modules implies that the
functors fy qr and f ! preserve the subcategories of holonomic objects.

For S a quasi-compact quasi-separated scheme, we obtain the categories:

D!hol(S) and Dltol(S)

defined by a Kan extension, as in the case of D' and D*. We have obvious functors D} _,(S) — D'(S)
and Dy ,(S) — D*(S), the latter being fully-faithful. For S placid, we can express D} ,(S) as a
limit as for D*(S), and therefore we see that D} ,(S) — D*(S5) is fully-faithful in this case as well.
We refer to subobjects of D*(S) lying in D} ,(S) as holonomic objects, and similarly for D' when
S is placid.

We have upper-! and lower-* functors for D} ,(S) and Dj ,(S) respectively, compatible with the
forgetful functors.

Proposition 5.2.1. For f : S — T a morphism of quasi-compact quasi-separated schemes, the
morphism fy ar : Df,,(S) — Djf (T) admits a left adjoint [l

If T is placid and f is finitely presented, then the morphism f': D (T) — D} ,(S) admits a
left adjoint fi.

Moreover, in each of the above settings, these left adjoints are well-behaved with respect to maps
to non-holonomic objects as well, i.e., the partially-defined left adjoints to fy qr : D*(S) — D*(T)
and f' : DY(T) — D'(S) are defined on holonomic objects, and these left adjoints preserve the
holonomic subcategories (and therefore are computed by the above functors). Of course, we are
assuming f finitely presented and T placid when discussing f.

We will prove this in below.

5.3. We digress to prove the following lemma.

Lemma 5.3.1. Let J be an indexing category with I°P filtered. Let (i — ©;) and (i — D;) are two
J-shaped diagrams of cocomplete categories under continuous functors, with structure functors:
@Z)a:eiﬁej ¢i:62=hmej—>ei
g€l
(Pa:Di_’gj g01®=11m®]—>92
g€l
fora:i—jind and foried.
Suppose G; : C; — D; are compatible functors with induced functor:

G:C—-D.

If each functor G; admits a left adjoint F;, then G admits a left adjoint F : D — € such that,
for every j € J, we have:

P B = colim Vo Fip;.
J (ai—g)e(d);)oP v

6We note that, of course, this condition completely ruins all the nice finiteness conditions that “usual” (coherent)
holonomic complexes satisfy, e.g., finiteness of de Rham cohomology. This loss is obvious necessary for the infinite
dimensional setting.
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Proof. For j € J fixed, note that for any diagram:

./ﬁ.a .
P> 17—

we have the natural map:

v — oGy lFy — Gigly.

By adjunction, this gives rise to a map:

Fipg — hgFy.
Composing on the left with 1, and on the right with ¢;/, we obtain the map:

Yo Fipgpi = Valipi — VaopFirpir = YatbpFipi.

Expressing this in the obvious homotopy-compatible way, we obtain a diagram of functors:

(i —j) € (I);)% = YaFip;.
Define the functor:

43 'F” = 1 F .
wj (a:i—cg)g(rﬂl/j)@ Y i

As j varies, we see by filteredness that these functors are homotopy compatible, and therefore we
obtain a functor F': D — € with the property that we have functorial identifications:

w]F — “,l/)jF”
with “i; F” as above.
For every j € J, we have the map:
Y FG = colim Yo Fip;G = Yo FiGithi — Yath; = ;.

(ai—g)e(dy;)eP

As j € J varies, these maps are homotopy compatible and therefore we obtain the counit map:

FG — ide.
Similarly, for every j € J, we have the map:
P = colim = colim ;= colim G, Fyp; =
¥ (azi—g7)e(3;)°P ¥i (a:i—»j)e(ﬂ/j)OP Palpi (oz:i—»j)e(J/j)OP Palrillipi

colim  Gjv.Fip; = Gj; F = ¢;GF.
(a:iﬂj)e(j/j)"p

As j varies, these maps are homotopy compatible and therefore give the unit map:

idp — GF.

One readily checks that the unit and counit maps constructed above actually define an adjunction.
O
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5.4.  We now prove the proposition above.

Proof of Proposition[5.2.1. For any map f : S — T, it is easy to see that we can arrange to have
S = lim;egop S;, T = limgegop filtered systems of finite type schemes under affine maps and with
compatible maps f; : S; — T; inducing f in the limit (note that we do not assume any diagrams
are Cartesian). Therefore, the existence of the left adjoint f*%% follows immediately from Lemma
B3

Let us see that these objects map in the obvious way to non-holonomic objects. For o : ¢ — j,
let p; : S = S;, pa : 55 — S, i : T —T;, Yo : Tj — T; denote the structure maps.

Note that e.g. D} (T) — D*(T) is continuous. Therefore, for I € D} ,(T) and § € D*(S), we
have:

Hom ps 7y (f**(F), §) = lim lim HomD(Ti)Wa,*,de;’dRﬁPj,*,dR(?),%,*,dR(S)) =

i i—j
lim Hom pry (f7 034,01 (F), ix.ar(9)) = Hompry) (46,45 (F); fiedrtisar(9)) =

Homp (1) (@i,5,ar(F), 0i,dr f«,ar(3)) = Homps 1) (F, fi.ar(9))
For f finite presentation, we can take placid presentations S = lim S; and T" = lim 7; as in
Remark by base-change, the upper-! functors are compatible with the shifted lower-* functors
expressing D* as a limit (using placidity), so Lemma again applies. The same argument as

above treats maps to non-holonomic objects.
O

5.5.  We also have the following observation.
Proposition 5.5.1. If S is placid, then ng identifies the subcategories D;wl(S) and D} ,(S).

Proof. Suppose F € D'(S). We will show that F € D} ,(S) if and only if ns(F) € Df ,(F).
Let S = lim; S; be a placid presentation of S and let o; : S — S; denote the structure maps.
By definition, ng(F) is in D} ,(F) if and only if ;s ren(F) € Dpoi(S;) for every i. By and
Proposition 4.11.1) we have:

. !
F = colim &;v; s ren(F)
(2

giving the result.

To see that for F = D} _(S) we have ;s ren(F) € Dpoi(S;), note that D} ,(S) is tautologically
generated under colimits by objects a;(ffj), for 7 € Dpoi(S;). By filteredness of our indexing
category, we can compute a@*ﬂ«enaé
along correspondences S; < S — S; (coming from correspondences i — k <« j in the indexing

category).

(F5) as a colimit of objects obtained by pushing and pulling

0

Corollary 5.5.2. For f : S — T a morphism of placid schemes, the functors fyren and fhren
preserve holonomic objects in D' and D* respectively.

6. D-MODULES ON INDSCHEMES

6.1. In this section, we generalize the earlier material to treat the theory of D-modules on ind-
schemes, and especially on placid indschemes.

The principal new feature is that for treating renormalized functors, we need a choice of dimension
theory, which was only implicit in the discussion in the schemes case.
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6.2. Indschemes. We say that T' € PreStk is a (classical) indscheme if T' = colimez T; in PreStk
where Z is filtered, T; € Schyeqs S PreStk and each structure map 7; — T} is a closed embedding
(recall that in this case T" € Stk < PreStk).

6.3. Correspondences. We say a morphism f : T'— S of indschemes is finitely presented if f is
schematic and its base-change by any scheme is a finitely presented morphism.

Exactly parallel to Propositions [3.8.1] and [3.21.1| one shows that D' and D* upgrade (via Kan
extensions) to functors D" and D**™ from the categories of indschemes under correspondences
where the “right” (resp. “left”) map is finitely presented.

For f : S — T finitely presented we have the corresponding functors fii_ar : D'(S) — D'(T)
and fi: D*(T) — D*(S). If f is additionally assumed proper or smooth, we again have the usual
adjunctions.

6.4. Reasonable indschemes. The following definition is taken from [BD] §7.

Definition 6.4.1. A subscheme S < T is a reasonable subscheme of T if S is a quasi-compact quasi-
separated closed subscheme such that, for every closed subscheme S’ of T' containing S, the closed
embedding S < S’ is finitely presented.

T is a reasonable indscheme if T' is the colimit of its reasonable subschemes.

Ezxample 6.4.2. Every quasi-compact quasi-separated scheme is reasonable when regarded as an
indscheme.

Example 6.4.3. Every indscheme of ind-finite type is reasonable.

Ezample 6.4.4. For an ind-pro finite set T', considered as an indscheme in the obvious way, a subset
S < T is reasonable if and only if it is compact and open in the ind-pro topology.

Terminology 6.4.5. Because of Example [6.4.4] we sometimes refer to reasonable subschemes as
“compact open” subschemes. We especially use this terminology in the group setting, where we
speak of compact open subgroups, meaning group subschemes that are reasonable as subschemes.

Lemma 6.4.6. Suppose T is a reasonable indscheme and f : S — T a finitely presented morphism
of indschemes. Then S is a reasonable indscheme, and for every reasonable subscheme T' < T,
YT < S is a reasonable subscheme.

Proof. Fix a reasonable subscheme T’ < T. It suffices to show that f~1(7") < S is a reasonable
subscheme.

First, suppose that 7" < T” < T is a reasonable subscheme of 7. We will show that f~1(T") <
f7H(T") is a finitely presented closed embedding.

Note that f~1(T') — T’ is finitely presented because f is, and similarly for 7”. Moreover,
f~HT") — T" is finitely presented, since it factors as f~(1") — T’ — T" with the latter morphism
being finitely presented because T” is reasonable.

Therefore, since f~1(T') — f~1(T") sits in the diagram:

f—l(T/) N f—l(T//) "
with the composite morphism and the right morphism finitely presented, the morphism f~(7") —
f7H(T") is finitely presented as well (the relevant “two out of three” principle appears in [Gro]
Proposition 1.6.2).
To see that this suffices: suppose that f~1(7") < S’ < T is closed subscheme. We can take T” as
above we S’ — T factoring through T”. Therefore, we have:
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YT <8 < T.

That f~1(T") — f~'(T") is finite presentation means that the ideal sheaf of f~1(7") is finitely
generated over the structure sheaf of f~1(T"). Therefore, we see that it is finitely generated over the
structure sheaf of S’ as well, so that our closed embedding f~!(T") < S is itself finitely presented.

]

6.5. The key feature of reasonable indschemes is the following. Suppose T' = colim;e7 T; as in the
definition.
Then every o : T; — Tj is a finitely presented closed embedding and therefore o D!(Tj) —
D!(Ti) admits the left adjoint o 1_qr and o gr : D*(T;) — D*(T;) admits the right adjoint al.
Therefore, we have:

D'(T) = colim D'(T;)
ez (6.5.1)
D*(T) = lim D*(T;)

i€ZLop

where on the left we use functors ay1_qr and on the right we use functors al.
We deduce that for T" and S reasonable indschemes we have canonical equivalences:

D'T x S) = D(T)® D'(S). (6.5.2)

6.6. Descent. We say a morphism f : T — S of indschemes is an h-covering if its base-change by
any affine scheme is an h-covering.

Proposition 6.6.1. Let f: S — T be an h-covering of indschemes. Then the canonical functor:

D'(T) — lim D'(Cech™(S/T))
[nleA
given by !-pullback is an equivalence.
Proof. This is obvious from Proposition [3.12.1} it just amounts to commuting limits with limits.
More generally, it holds for any h-covering (in the above sense) of prestacks.
O

Similarly, we have the following result under more restrictive hypotheses.

Proposition 6.6.2. Let f : S — T be an h-covering of reasonable indschemes. Then the canonical
functor:

D*(T) — lim, D*(Cech"(5/T))

given by j-pullback is an equivalence.

Proof. As above, this follows from Proposition [3.23.1] by commuting limits with limits, using the

presentation (6.5.1)) of D*.
O
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6.7. Equivariant setting. We now render the material of and §3.24] to the indscheme setting.
Suppose that S is an indscheme and G — S is a group indscheme over S.
Suppose P is an indscheme with a morphism P — S and an action of G. We define the equivariant

derived category D'(P)Y as the limit of the diagram formed using (3.17.1)):

D'(P)Y = lim ( D'(P) —= D\(G x P)=—%D\(G X6 x P)—%.... )

Similarly, we define the coequivariant derived category by .

Now suppose that Pg — S is an indscheme with a G-action as above and that Pg is a G-torsor
in the sense that, for every closed subscheme S’ of S, the fiber product Pg x g S’ is a G x g S’-torsor
in the sense of after an fppf base-change in S’, Pg xg S’ — S’ is G-equivariantly isomorphic
to G.

Proposition 6.7.1. The pullback functor:

D'(S) — D'(Pg)?
s an equivalence.
The pushforward functor:

D*(Pg)g — D*(S)
18 an equivalence if S is reasonable, and G is a union G = UG; where the G; are closed group
indschemes in G with the property that G; xg S" — G x5 S’ is a reasonable subscheme for every
reasonable subscheme S’ < S.

Proof. For the first functor, we commute limits with limits to dévissage to the case where S is a
quasi-compact quasi-separated scheme. Then the result follows as in Proposition by Propo-
sition [6.6.1] we reduce to the case of a trivial G-bundle where it follows by using split simplicial
objects.

The second functor is analyzed similarly: commuting colimits with colimits, we reduce to the
case where S is a quasi-compact quasi-separated scheme.

Note that Pg must be induced as a torsor from some G;-torsor for some ig. Therefore, Pg is
reasonable: it is a union of the induced G;-torsors for ¢ — i, and these are obviously reasonable
subschemes. Therefore, we can apply Proposition[6.6.2]to again reduce to the case of a trivial torsor.

O

Remark 6.7.2. When our indschemes are reasonable, Example translates verbatim to the
present setting by using (6.5.2)).

Remark 6.7.3. We will sometimes use the notational convention of Remark [3.17.3] in the above
setting as well.

6.8. Placidity. We now give an indscheme analogue of the notion of placidity.

Definition 6.8.1. We say that T € IndSch is a placid indscheme if T is reasonable and every
reasonable subscheme of T is placid.

Remark 6.8.2. By Remark we see that T is placid if and only if we can write T' = colim;ez T
as in the definition of indscheme so that each T; is placid and a reasonable subscheme of T

Remark 6.8.3. By (6.5.1)) and for T placid the categories D'(T) and D*(T) are compactly
generated and canonically dual.
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The following is the indscheme analogue of Example

Ezample 6.8.4. Suppose that S is a placid indscheme and G — S is a group indscheme over S.
Suppose moreover that for every closed subscheme S’ of S the fiber product Gx ¢S’ — S’ is a group
scheme that can be written as a projective limit under smooth maps of group schemes G; smooth
and affine over S’. Then G is a placid indscheme.

More generally, if Pg — S is a G-torsor over S in the sense of then Pg is a placid indscheme.
Indeed, we reduce to showing that if S as above is actually a placid scheme, then Pg — S is a
placid morphism. But Pg is the projective limit of the induced G;-torsors, giving the result.

6.9. Fiber products. We digress somewhat to give the following technical result, which we will
need in [Ras|.

Proposition 6.9.1. Let S1 — Sy and T — Sy be morphisms of indschemes.
(1) If S1 and So are finite type schemes, then the canonical morphisms:

DNT) ® D(S;) — D'(T x Sy)

D(Sz) SQ
D*(T) ® D(Sl) — D*(T X 51)
D(S3) Sy

of ! and j-pullback respectively are equivalences.
(2) If Sy is a placid indscheme and Sy is a finite type scheme and T is an arbitrary indscheme,
then:

DNT) ® D'(S))— D'(T x S)
D(Sg) SQ
s an equivalence.

We will deduce Proposition from the following two lemmas from the finite dimensional
setting.

Lemma 6.9.2. Let S1 — Sy and T — Sy morphisms of finite type schemes, the canonical mor-
phism:

D(T) ® D(Sl) — D(T X Sl)
D(S2) So
s an equivalence.

This result is well-known, and follows easily e.g. from the 1-affineness of the prestacks Syg for S
finite type: see [Gai2] for the terminology and for this result.

Lemma 6.9.3. For f : S — T a morphism of finite type schemes, D(S) is dualizable as a D(T)-
module category.

Proof. We will show that D(S) is self-dual as a D(T)-module category.
Let Ay denote the diagonal embedding S — S x7 S.
We have the evaluation:

and coevaluation:
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D(T) EiN D(S) AXLN

One readily checks by base-change that these define a duality datum as required.
O

Proof of Proposition[6.9.1. For ()): the category D(S1) is dualizable as a D(S3)-module category.
Therefore, tensoring over D(S2) with D(S;) commutes with limits of categories. Applying the
definition of D', the result then immediately follows from the finite type case.
Similarly, to prove it suffices to show that D'(S;) is dualizable as a D(Ss)-module category.
Using the methods of [Gail], this follows from the finite type case combined with .
]

6.10. Dimension theories. Let T be a placid indscheme. We use the notation of here.

Definition 6.10.1. A dimension theory T = 7% on T is a rule that assigns to every reasonable

subscheme S of T" a locally constant function:

T§:8 > 7Z

such that for any pair of reasonable subschemes S’ € S € T we have:

TS = TS|S/ + dims//s . (6101)

Example 6.10.2. By Remark every placid scheme T carries a canonical dimension theory
normalized by the condition that dim7 be identically zero.

Ezxample 6.10.3. Let T be an indscheme of ind-finite type. Then a reasonable subscheme of T is
just a closed finite type subscheme S, and the rule 7¢ := dimg is a dimension theory on T.

Remark 6.10.4. If T = u,;S; is written as a union of reasonable subschemes, it suffices to define the
Ts,; satisfying the compatibility (6.10.1)). Indeed, this again follows from Remark

Ezample 6.10.5. By Remark the product T7 x T5 of indschemes T; equipped with dimension
theories 77¢ inherits a canonical dimension theory 77172 such that, for every pair S; < T}, i = 1,2
of reasonable subschemes, we have:

Ty xT: T T
7—511:522 = (7'511) + D5 (7'522)
with p¥ denoting the restriction of a function along the projection.

Remark 6.10.6. Dimension theories are étale local.

Remark 6.10.7. For T a group indscheme, the choice of dimension theory may be seen as analogous
to the choice of a Haar measure in the p-adic setting.

Remark 6.10.8. See [Dri] for relevant material on dimension theories. In particular, questions of
existence (and non-existence) are treated in some detail.
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6.11. We now give something of a classification of the set of dimension theories.

Definition 6.11.1. A locally constant function T — 7 on an indscheme T is a morphism of ind-
schemes T' — Z = [ [,,., Spec(k).

nez

Remark 6.11.2. For T = colim T}, a locally constant function on 7' is equivalent to a compatible
system of locally constant functions on the 7. As in Remark we can make sense of mo(7')
as an ind-profinite set, and a locally constant function on 7" is equivalent to a continuous function
mo(T) — Z, with 7y equipped with its natural topology as an ind-profinite set.

Clearly locally constant functions form an abelian group under addition. Moreover, they obviously
act on the set of dimension theories on T given d : T — Z and 7 a dimension theory on T, we
obtain a new dimension theory d + 7 with (d + 7)s = d|g + 75 for every reasonable subscheme S of
T.

Proposition 6.11.3. Suppose that S is a placid indscheme that admits a dimension theory. Then
the set of dimension theories for S is a torsor for the set of locally constant functions S — Z, i.e.,
the above action of locally constant functions on dimension theories is a simply transitive action.

Proof. The difference between two dimension theories obviously defines a locally constant function
on S.
O

6.12. The following construction of dimension theories is useful in many situations.
Definition 6.12.1. A morphism f : T — S of placid indschemes is healthy if there exists a reasonable
subscheme S’ € S such that:

(1) The inverse image of any closed subscheme S’ € S” < S is a reasonable subscheme of T'.
(2) For every closed subscheme S’ € S” < S, we have:

dimT//T// = f,’* (dimS//S//)
with f/: T — S’ the fiber product of f along S’ and T” the fiber along S”.
We say a subscheme S’ < S is f-healthy if it is reasonable and satisfies the above conditions (so
f is healthy if and only if there exists an f-healthy subscheme of S).
Ezxample 6.12.2. Every morphism f : T — S of placid schemes is healthy: S itself is f-healthy.

Counterexample 6.12.3. For n > 0, let S,, be the union of a line, a plane, up to an affine n-space all
glued together along 0. Let S = colim S,,. Let T, be the union of n (ordered) lines glued along 0,
mapping to S, by embedding the rth irreducible component into A" as a line into a vector space.
Let T' = colim,, T},. Then the resulting map 7" — S is not healthy.

Example 6.12.4. In we will give a definition of placid morphism of placid indschemes such
that every placid morphism is healthy.

Remark 6.12.5. Any reasonable subscheme containing an f-healthy subscheme is itself f-healthy.
In particular, we see that given two choices S}, S5 of f-healthy subschemes of S, there is always
a third S% containing both.

Our key use of this definition is the following construction.
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Construction 6.12.6. For f : T — S a healthy morphism of placid indschemes, any dimension
theory 7° on S induces a unique dimension theory 77 on T such that for any f-healthy reasonable
subscheme S’ € S, we have 7, = f"*(r§) for f': T" — S’ the base-change of f along S’ < S.

Indeed, that this construction can be performed follows immediately from Remarks [6.10.4] and
0.12.0l

Remark 6.12.7. Healthy morphisms are obviously preserved under compositions, and Construction
6.12.6|is obviously compatible with compositions.

6.13. As generalizes Example we now generalize Example [6.10.3

We say a morphism f : T — S of reasonable indschemes is ind-finitely presented if T = colim T;
with each T; — T" a reasonable subscheme such that T; — S factors through a reasonable subscheme
S; of S with T; — S; finite presentation.

We claim under this hypothesis that T" inherits a canonical dimension theory 77 from a dimension
theory 7% of S.

Indeed, for 77 < T a reasonable subscheme, the morphism 77 — S factors through some reason-
able subscheme S’ € S, and f’: T — S’ is finite presentation by assumption. We take:

T,I,Z:, = dimT//S/ +f/7*(7§).

To simultaneously show that 77 is well-defined and actually defines a dimension theory, take 7’ &,

T” < T reasonable subschemes mapping via f’ and f” to reasonable subschemes S’ & ognc s
respectively, and compute:

7'7,1:/ — ZT(T/III://) = dimT//S/ —ZT (dimT///S//) —+ f/’*(TS/) — f/7*Z.§ (TSSW) =

= —f”* (dimsl/sn) =+ dimT//T// —|—f/’* (dimsl/s//) = dimT//T//

as desired, where we have used the expansions:

dimT//S/ = dimT//Su —f/’* (dimsl/s//>
iT(dimT”/S”) = dimT//S// — dimT//T//

of (1),

Ezxample 6.13.1. If T is a reasonable subscheme of a placid indscheme S, then the embedding 7' < S
satisfies the hypotheses of this section. If 7° is a dimension theory on S, the induced dimension
theory 77" on T constructed above is the “obvious” one, which to a reasonable subscheme 77 < T
assigns the function 7'%} = 7':,5,.

Warning 6.13.2. If f : T — S is a finitely presented morphism of placid schemes, the pullback con-
structed above of the dimension theory 7° given in Example is not (generally) the dimension
theory on T constructed in Example they differ by dimp/g.

6.14. Renormalization. Let T be a placid indscheme and let 7 be a dimension theory on 7. We
will define the “r-renormalized dualizing sheaf” w7, € D*(T) below.
Let i : S — T be a reasonable subscheme. We formally define:

“il(wh)” = wi[27g] € D*(S).
Suppose that for S as above ¢ : S” — S is a reasonable subscheme (equivalently: of S or of T', or
equivalently ¢ is a finitely presented closed embedding). Then we have canonical isomorphisms:
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A(“il(wh)”) = d(wg™)[27s] = H7 (W) [2:(rs+dimgr )] = (W5 [2-(Ts+dimgs)] =: “(io0)l (wF)”

where the second equality is Proposition |4.12.1] and the third equality is (4.9.1]).
These identifications are readily made homotopy compatible and therefore define wl. in D*(T")

so that ¢i(wh) = “i(w])” for all 1 : S — T as above.

6.15. Let T and 7 be as in §6.14]
Let 7. : DY(T) — D*(T) denote the functor of action on wh. We immediately deduce from
Proposition that n7. is an equivalence.

6.16. Let f:T — S a morphism of placid indschemes equipped with dimension theories 77 and
S
-

Then as in §4.9 we obtain functors fi, : D'(T) — D'(S) and f*" : D'(S) — D'(T) so that we
have the commuting diagram:

1)L pis)y D) L pr(r)
Ni o | os Nl s Ni o
— | Nr — | Ms — | Mg — | Nr
p*(T) 2 prsy  pls) —L D\(T)

Example 6.16.1. If f : T — S is a map of placid schemes, each equipped with their canonical
dimension theories (see Example [6.10.2)), then the functors constructed above are the renormalized

functors of

Notation 6.16.2. In light of Example [6.16.1] when the relative dimension theory 7 is implicit we
denote the functors fr ., and f Lbren above simply by fren and fhren,

Fixing a map f : T — S of placid indschemes, we obtain a pullback map for locally constant
functions and therefore an induced diagonal action of locally constant functions on S on the set of
pairs (77, 79%) of dimension theories for 7' and S:

(a:8>2,(7,7%) — (T +do .75+ d).
Definition 6.16.3. A relative dimension theory for T and S is an equivalence class of pairs (77, 7)
of dimension theories for 1" and for S modulo the above action of locally constant functions on S.

Clearly the functors f“"*" and f#ren only depend on the relative dimension theory defined by
the pair (77, 79).

Ezxample 6.16.4. Let f : T — S be an ind-finitely presented morphism of placid indschemes with
S equipped with dimension theory. By we obtain a dimension theory on 71" and therefore a
relative dimension theory for f.

As in Examples |4.9.1| and |4.9.4|, the functors fy ren and f!””e” canonically identify with fi 1 qr
and fi respectively|]

"Unlike Example , there are no cohomological shifts in this formula. There is no real discrepancy because of

Warning @
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6.17. Next, we extend the notion of placid morphism from to the indscheme framework.
Definition 6.17.1. A morphism f : T'— S of placid indschemes is placid if there exists a reasonable
subscheme S’ € S such that:
(1) The inverse image of any closed subscheme S’ € S” < S is a reasonable subscheme of T
(2) For every closed subscheme S’ <€ S” € S, the morphism 7”7 := 5" x¢ T — S” is placid.
Remark 6.17.2. By Corollary [£.10.7, we immediately see that any placid morphism is healthy.

Ezxample 6.17.3. If f is finitely presented, smooth and surjective on geometric points, then f is
placid.

Ezxample 6.17.4. Suppose that S is a placid indscheme and G — S is a group indscheme satisfying
the hypotheses of Example Suppose Pg — S is a G-torsor on S. Then Pg — S is placid. In
particular, this morphism is healthy. Indeed, this follows by Example

6.18. We have the following indschematic version of Proposition
Proposition 6.18.1. Let f : T — S be placid and suppose that S is equipped with a dimension

theory. By Construction this choice induces a dimension theory on T .
(1) The functors:

fear : D*(T) — D*(S)
faren : DN(T) — D(S)
admit left adjoints. Moreover, these left adjoints are canonically identified with f"¢" and

I respectively.
(2) Suppose that we are given a Cartesian diagram:

T/LS/

s
1.3

of placid indschemes with f placid and g finitely presented. Then ¢ is also placid, and the
natural transformations:

| |
f"reng*,dR g w*,dRSD”Ten

| |

f.g*,ren - ¢*,ren§0.

are equivalences. Here we have equipped S’ and T’ with the dimension theories of
using the finitely presented maps g and .

Proof. Tt suffices to prove each of these statements in the D'-setting.

Then (1)) then follows immediately Proposition (say, by applying a simplified version of
Lemma . So it remains to show .

Let Sp be a reasonable subscheme of S satisfying the hypotheses of the definition of placid
morphism for f. Then combining Lemmas [4.10.6|and [6.4.6}, we find that its pullback to S’ satisfies
the same conditions for . In particular, we see that ¢ is placid.

We form the commutative cube:
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T 20 Sh
AN
Yo T S’
Ty —{L So
T S

where all faces are taken to be Cartesian squares. We equip these new schemes with the dimension
theories obtained using Example

Note that the dimension theories on the back square are not (necessarily) the canonical ones on
placid schemes from Example

Still, the relative dimension theories of T/Sp and T})/S{, are the same, so renormalized functors
for these dimension theories coincide with those of

Moreover, the dimension theories for S/Sy differs from the “canonical” one by dim56 /S0+ and

similarly for T})/Ty. Note that this error term dimg /s, pulls back to T} as dimgy 7, by Corollary
4107
We will use the notation e.g. go « ren here for the renormalized functor corresponding to our given
dimension theory, therefore differing by cohomological shifts from the so-named functor in
In this notation, we see from the above discussion that we can apply Proposition[4.11.1]to deduce:

| ~ |
fdgo,*,ren_’wO,*,renﬁpO .

Because D'(S’) is generated under colimits by D-modules of the form Ghr_ar(F) =t pen(F) as
we increase Sy, it suffices to show that the natural transformation:

! -/ 1.1
f Gxrenls ren ¢*,'r6n§0 Ly ren

is an equivalence.
Similarly, since T is a union of the schemes Ty as Sy varies, it suffices to show that the natural
transformation:

I p! -/ ! s
vf Gx,renls ren — L '(b*,ren@ Yy ren

is an equivalence.
Now we compute:

!l " L ! ~ L !
vf Gx,renly ren = fO’L %, ren90,%,ren = fogo,*,ren - ¢0,*,r6n900 =1 L*,ren¢0,*,ren<ﬁ0 =
! ’ [YARY; _ ! ’ 1L _ ! 1.1
L w*vrenL*,ren()OOZ ’ Z*,ren =1 w*ﬂ‘@n[‘*,renL 2 Z*,ren =1 w*ﬂ"@n(p Z*,ren

as desired.
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6.19. Holonomic D-modules. For T an indscheme, we define D} ,(S) and D} ,(S) by Kan ex-
tension, as in the definition of D' and D*.
We have canonical forgetful functors:

Dj,i(S) — D'(S) and Dj,;(S) — D*(S)

and compatible upper-! and lower-* functoriality, respectively. For S reasonable (resp. placid),

# (S) — D*(S) (vesp. D; ,(S) — Dj,(S)) is fully-faithful.

Definition 6.19.1. A morphism f : S — T of reasonable indschemes is a reasonable morphism if
there exists cofinal system 7 = UT; of reasonable subschemes such that f~!(7}) is a reasonable
subscheme in S (in particular: f is schematic).

Proposition 6.19.2. If f : S — T is a reasonable morphism of reasonable indschemes, then the
partially-defined left adjoint f*% to fx.dr is defined on holonomic objects in D*(T').

Similarly, if f is a morphism of ind-finite presentation of placid indschemes, then the partially-
defined left adjoint fi to f': D'(T) — D'(S) is defined on holonomic objects.

Proof. Follows from the combination of Proposition and Lemma by the same argument

as in Proposition
O

We have the following counterparts to Proposition and its Corollary proved by the
same arguments.

Proposition 6.19.3. For S a placid indscheme with a dimension theory T, ng identifies D;LOZ(S’)
with D} ,(S).

Corollary 6.19.4. For S and T placid indschemes with a dimension theories and f : S — T a
morphism, fi ren and fhren preserve holonomic objects in D' and D* respectively.
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