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1 Ergodicity

1.1 Measure Preserving Systems

Definition 1.1. Let (X,B,u) be a probability space. A measurable map
T : (X,B) — (X,B) is called measure-preserving if u(T—*(B)) = u(B) for
all B € B. The measure p is said to be T-invariant and (X, B, u,T) is called
a measure-preserving system.

Theorem 1.2. Let (X,B, 1) be a probability space and . a semi-algebra
generating B. A measurable map T : (X, B) — (X, B) is measure-preserving
if and only if W(T~1(B)) = u(B) for all B € .

Proof. Define D := {B € B | u(T-%(B)) = u(B)}. D is a Dynkin-System,
< is in particular a m-System and . C D. Hence, by Dynkin’s Lemma we
get that B =o(.¥) C D.

]

Ezample 1.1. (Circle rotation) Let T := R/Z be the 1-torus, o € R and A
the Lebesgue-measure on T. Define

R,: T—T,z—x+«a modl.

& = {[a,b) € T | a<0b modl} is a semi-algebra generating the Borel
o-algebra B. Let [a,b) € .7, then

AL ([a,0) = b —a = A(a,b)).
So (T, B, A\, R,) is a measure preserving system.
Ezample 1.2. (Circle-doubling map) Consider the 1-torus together with the
Lebesgue measure (T, B, \) and define
T : T— T,z +— 2x mod 1.
Let [a,b) € .¥ :=={[a,b) C T |a < b mod 1} as above. Then

a b a 10 1
Tt =l53)Ul+t55+5
is a disjoint union, so

MTy H([a,b)) = b —a = A([a,))).

We conclude that (T, B, A, T3) is a measure preserving system.

1



Ezample 1.3. (Gauss map) Consider X = [0, 1]\ Q together with the induced
Borel o-algebra. Define

T:X—>X,xr—>l—FJ.

x x
T(x) is the fractional part of <. Let

1 d)\(x)
~log214a’

du(x) :

where A denotes the Lebesgue measure. Take [a, b] € B, then

(T ([a,0])) = ZM[b—Il—n’ a#l—n]) - Z loig /TM (f)\fj:z -

b+n

1 > 1 > 1
- log(14+——) =S log(l4+——)) =
ol Stos(1+ ) Dl )

J/

—~—
=limy, 00 (— log(a+1)+log(1+a+n))

1 b+1 l+a+n
= s tim (g2 + 1010 )) = )
g i (1) s ) = i)

So, (X, B, i1, T) is a measure preserving system.

Lemma 1.3. Let (X,B) be a measurable space and T : (X,B) — (X,B) a
measurable map. A probability measure p € P(X) is T-invariant if and only

if
/deuz/xfonu

for all bounded functions f € L>.

Proof. Suppose the equation

/deuz/xfonu

holds for all f € £ and let B € B be a measurable set, then

1(B) :/ ﬂBd,u:/ lBOTd,u:/ Iy (pydp = px(T~(B)).
X X X



So p is T-invariant.
Assume p is T-invariant. By measure theoretic induction it is enough to

show
/ fp = / J o Tdu
X X

for functions of the form f = 13, where B € B,

/X 1pdp = p(B) = p(T~1(B)) = /X 1 0 Tdp.

]
Ezample 1.4. (Bernoulli shift) Let X = {1,2,...,n}% together with the o-
algebra B generated by finite cylinders of the form
Copi={r € X |z |p=a(F)},

where ' C Z is a finite set and a : ' — {1,...,n} a map.
Define on X the infinite product measure

pi= (Z Pidi) %,
k=1

where (p1,...,ps) is a probability vector and the left-shift on X:

0:X — X, x— (xj—&—l)jGZ-

Since p is preserved by 6 on finite cylinders and these generate B we may
conclude that (X, B, i, ) is a measure preserving system.

1.2 Ergodicity

Definition 1.4. A measure preserving system (X, B, u,T) is called ergodic
if the only T-invariant measurable sets B € B are p-trivial.

Proposition 1.5. Let (X,B,u,T) be a measure preserving system. The
following conditions are equivalent:

i)(X,B,u,T) is an ergodic system.

i) For B € B, u(BAT 'B) = 0 implies u(B) € {0, 1}.

iii)For B € B, u(B) > 0 implies

w(|JT"B)=1.

neN



w)For A, B € B, u(A), u(B) > 0 implies the existence of some n € N such
that
w(T"ANB)=1.

v)For f € L, foT = f p-a.e. implies that f is constant u-a.e.

Proof. i) = ii) Let B € B be a measurable set such that u(BAT'B) = 0.
Starting with B, we want to construct a T-invariant measurable set C' € B
such that p(B) = u(C). Define

C :=limsupT "B = ﬂ U T7*B.

n—reo neNo k>n

By construction C' is measurable and T-invariant, so u(C) € {0,1} by er-
godicity of the system. The sequence (|J,~,, T *B),>0 is decreasing and for
eachn >0 -

BA|JT*BC | ) BAT*B.

k>n k>n
So
p(CAB) < lim pu(| J BAT™B) < lim Y pu(BAT*B) <
n—00 on n—00 o
k—1
< lim Y (| JT'BAT'B) = 0.

n_mmen\ =0 ,

=0

This implies that u(C) = u(B).
i1) = iii) Let B € B such that pu(B) > 0. Define

A= U T "B.

neN

Then T7'A C A and p(A) = u(T—1A), since T is a measure preserving
transformation. Hence u(AATtA) =0, so u(A) € {0,1}. Since B C A and
p(B) > 0 we conclude p(A) = 1.

i1i) = iv) Let A, B € B, u(A), u(B) > 0. Then

p(JT74) = 1.

neN

So
0<u(B)=puBN|JTTA) <) u(BNTTA).

neN neN



This implies the existence of some n € N such that u(BNT""A) > 0.
iv) = i) Let A € B be a T-invariant set. Let n € N, then

u(T~(A)NA°) = 0.
~——
=A
So pu(A) =0 or p(A°) = 0.
i1) = v) Let f € L so that foT = f p-a.e. Without loss of generality we
can assume f to be real-valued. Let n € N, then

B A k(n)
x=Uru.—n=Ua
keZ keZ

is a disjoint partition of X and

T 'AF(n)AAE(n) C{x € X | foT(x) # f(x)},

is a null-set for all k(n) € Z. For any n € N we obtain u(AL™) € {0,1}.

So, for all n € N there exists exactly one k(n) € Z such that ,u(AIfL(")) = 1.

Define
Y = ﬂ AZ(").

neN

Then, f |y is constant p-a.e. on Y. So f is constant u-a.e.
v) = ii) Let B € B such that u(BAT !'B) = 0. Define f := 1, which is
T-invariant since
fol'=lpap=1p=Ff
So f = const. p-a.e. Hence pu(B) € {0, 1}.
O

Ezample 1.5. (Circle rotation) Let (T, B, \, R,) as above.

Suppose first a = § € Q is rational, then f := yx, is not constant and
foR,=f.So(T,B,\ R,) is not ergodic if « is rational.

Assume o € R\ Q is irrational and f € L*(T, p) is a T-invariant function.
The Fourier series corresponding to f

f = Zaan

nel

converges in L?. Moreover g — g o R, is an L% isometry. Hence

foRa=)_ anXnoRa.

nez
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Uniqueness of the Fourier coefficients implies that for any n € N
a, = ane27rina.
Therefore, a,, = 0 if n # 0 and f = a¢ p-a.e. So (T, B, \, R,) is ergodic if «

is irrational.

Ezample 1.6. (Bernoulli shift) Let (X, B, u,0) be defined as above and let
B € B be a f-invariant set. For any ¢ > 0 there exists a finite cylinder
Ce = Cy(e),r(e) With u(C.AB) < e. Without loss of generality we may write
F(¢) = [-N,NJ]NZ. Take any M, > 2N,. Then 0~<(C,) and C. are two
independent events. So
p(0M(C)\ Ce) = p(0M<(C)) u(CE) = p(C)pa(CY).
=u(Ce)

B is f-invariant. Hence,
w0 MC.AB) = n(0~MC.A07MB) = u(C.AB) < e.
Therefore (0~ C.AC,) < 2¢ and

p(B)p(B°) < (1(Ce) + €)(u(CE) + €) = p(Co)p(CE) +e + € < Be.

2e

This holds for each € > 0. Therefore u(B) € {0,1} and we can conclude that
(X, B, ,0) is ergodic.

1.3 The Mean and Pointwise Ergodic Theorem

Theorem 1.6 (Mean Ergodic Theorem). Let (X, B, u,T) be a measure
preserving system. Denote by Pr the orthogonal projection onto the closed
subspace I :={g € L*(X,u) | goT = g}. Then, for any f € L*(X,u)

| N1 ,
=N foTt = it
n n—oo
k=0
Proof. The basic idea is to see that if f € I, then the theorem holds, so we

just need to prove this for elements on the orthogonal complement.
A candidate for a dense subset of the orthogonal complement of I is

Bi={gel*(X,p)|goT—g}
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It suffices to verify that B+ = I. Suppose now that f = goT — g € B, then

n—1
1 1
||ﬁ ;(QOT—Q) o T"|| 2 = EH!JOT" — g2 —0.

O

Corollary 1.7. Let (X,B,u,T) be a measure preserving system. Then, for
any f € L,(X) there exists a T-invariant function f' € L\(X) so that

n—oo

n—1
1 1
k=0
In particular ' is given by

f=E(f[F),
where F :={B € B | u(T"'BAB) = 0}.
Proof. We want to show that for any f € L®(X,u) C L*(X, u) the conver-
gence to Prf isin L'. By density of L=(X, i) in L'(X, u) we can extend the
same conclusion to any f € L'(X, p).
Let f € L®(X,u), then ||Prf|loo < ||floo- Moreover || - |11 < || - |12, so the

convergence to P;f is in L.
]

Theorem 1.8 (Birkhoff). Let (X, B, u,T') be a measure preserving system.
If f e L}L(X), then there is a T-invariant function f* € L}L(X) so that for
p-a.e. v € X

n—oo

/Xf*duz/xfdu,

and if the system is ergodic, then for p-a.e. x € X

P = [ fdn

Proof. Without loss of generality we may assume that f is real valued. For
any x € X define following two functions,

LS o) =25 fa)
k=0

Moreover,

n—o0

n—1
f(z) = limsupi o T"(x)
k=0



and
n—1

fe(x) = lim inf > foT*a).
k=0

We want to show that the set on which these two functions differ is a null
set. For this, note that

{(rrycU{rzp>a=r}

P,q€Q

It is sufficient to show that for any rationals p > ¢, the set {f* > p > ¢ > f.}
is a null set. This follows from the maximal ergodic theorem, since

/ fau > puf* = p>q> 1))
{f*>p>q¢>f«}

and
/ fdu < qu{f*>p>q>f}),
{f*2p>q2f*}

implies that {f* > p > ¢ > f.} is a null set.
To prove convergence in L' we know from the previous corollary, that

n—1
1 1
L= — T =
fo= g f

n—o0

Hence, we can find a subsequence (f,, )ken such that limg_,oo(fi, Jken = f’
p-a.e. So f' = f* and the convergence

is in L1



2 Markov Processes and G-Spaces

2.1 Markov Processes and Convergence Results

Let X be a compact metric space. Denote by P(X) the space of probabil-
ity measures defined on the Borel g-algebra B of X. By the Tychonoff-
Alaoglu theorem P(X) forms a non-empty compact metric space in the
weak*-topology.

Definition 2.1. Let X be a compact metric space and
U:X = PX), = py,

a continuous map. The Markov operator acting on C(X) is the map

PC(X) x X = C(X), (f,2) = Pf(a /f Yo (y

The measures i, are called transition probabilities of P. The dual operator s

defined on P(X) by
P P(X) x B = P(X), (1, B) s P*u(B) = /X,uI(B)du(x).

Remark. A Markov operator defines in a natural way a stochastic kernel from
(X, B) to itself, namely by setting
K: X xB—10,1], (z,B) — Plg(x) = u.(B).

Ezample 2.1. (Random walk on the n-cycle) Let X = Z/nZ and define

1
5(61—1 + 53:+1)‘

The corresponding Markov operator is given by

U:X = P(M), x> p, =

P:C(X)x X = C(X), (f,2) — Pf(z) = %(f(x +1)+ flx — 1))

Alternatively if we identify C(X) = R™ we may represent P in the canonical
basis as

04 0 0y
Lo Lo 0
P:(_) h
o 0
R
1o 0 10



Remark. For any x € X, the transition probability u, can be interpreted as
the probability of the process to move from z to a measurable set B € B.
The corresponding Markov operator is the description of all these possible
moves.

Definition 2.2. Let X be a compact metric space, P a Markov operator
acting on C(X) and py € P(X) a probability distribution on X. A stochastic
process (X, )nen, with state space X is called a Markov process with respect
to P and po if for any bounded measurable function f € L2(X) and any
n € Ny we have for pg-a.e. v € X

E(f(Xnt1) [ Xo, .- Xn) = E(f(Xni1) | Xn) = PF(Xn),

and the distribution of X is given by .

Remark (Canonical space of Markov processes). Define on XM the projec-
tions
X, XM = X (21)ks0 = T

and the o-algebra By := o(|J, ey, Xn) generated by these. The measure space
(XMNo By) is the canonical space of Markov processes.

Lemma 2.3. Let X be a compact metric space, P a Markov operator acting
on C(X) and g € P(X) a probability distribution on X. Then, there exists
a unique probability measure P on (XN By) such that (X,,)n>0 i a Markov
process with respect to P and pg. Moreover, for any n € Ny and any bounded
measurable function f € L(X") on X"t

]EP“(f(XO,...,Xn)):/M...Af(wo,...,xn)duwn_l(xn)...duxo(xl)duo(xo).

Proof. This is an application of the Ionescu-Tulcea theorem taking as stochas-
tic kernels copies of the stochastic kernel induced by P.
O

Theorem 2.4. Let X be a compact metric space, P a Markov operator acting
on C(X), po € P(X) a probability measure on X, (X, )nen, @ Markov process
with respect to P and pg . For any f € C(X) and PH-a.s.

I 1
11m su

>~ 00 < sup{ [ fdu| e POX) s P g
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Proof. Let f € C(X) be a continuous function on X. The theorem follows
from the following two observations

Claim 1. Suppose there exists some g € C(X) such that f = Pg — g. Then,

PHo_g,.s.
1 n
li E Xi) =

Claim 2. For any € > 0 there exist g, h € C(X) so that f = Pg — g + h and

HhuoosSup{/deer =)t

Without loss of generality we may assume that f is positive. For any € > 0
we can find g,h € C(X) so that f = Pg— g+ h and

n

3 (P(Xa) — 9(X5) + (X))

lim sup Z f(Xg) = lim sup

n—oo N+ Nn—00

gnmsupuhnoo<sup{/fdwe7>< )i Pu— )+ e

n—oQ

Proof (Claim 1). Without loss of generality we may assume that f > 0, so
Pg > g. Then, for any n € Nj

1 n
n+1kz:;f( Zk—Hf -

We want to construct a martingale that converges in L? and behaves like
(M,)nen,- Define for n € Ny the following process

-y %H(pgog’“) +9(X0).

(Nn)nen, 1s a martingale with respect to the filtration generated by the
Markov process since

BN | Xov.: Xo) = B(N) + 0 BPO(Xa) ~ g(Xor) | Koo Xa).
= Pg(X;) — Pg(X,) =0

Moreover

Sup |12 < 2oy 5 <00
k=1

11



So by Doob’s martingale convergence theorem (N, ),y converges in L? and
Pro-a.s. By rearranging the sum to reconstruct M, we get P*°-a.s. conver-
gence of the process (M), )nen,.- Applying Kronecker’s lemma to (M,,),en, We
conclude, that PHo-a.s.

1 n
1 X,) = 0.
nggonﬂ,;f( k)

]

Proof (Claim 2). Define the linear subspace S := {Pg—g¢g | g € P(X)} and
denote the distance of f to S by

0:= inf ||f (P9 —9)ll-

geC(x

By the Hahn-Banach theorem, there exists a continuous linear functional

A € C(X)* so that [|[All,, = 1, A(f) = § and A |s= 0. By the Riesz-
representation theorem there is a signed measure |u| representing A with
Il =1, P*lpl = |pl and [ fd|u| = 6.

Decompose || into its positive and negative parts |u| = |u|™ — |p]~. Then,
P luf* = |pl*.

ul* =l
Define p := HLI*H € P(X). Then P*u=p and [ fdu> [ fdlu| = 9.

Let € > 0, choose g € C(X) so that [|f — (Pg — g)|lcc <0+ € and let
h:=f—(Pg—g)€C(X). Then |||l < 0+ € and

5 < sup{ [ fdu | € POX): =,

+

since for p := HIZI*H € P(X) we have [ fdu > .

Corollary 2.5. Let X be a compact metric space and P a Markov operator
acting on C(X). The space of P*-invariant probability measures

PP (X) = {p € P(X) | P'u= u}.

18 not empty.

12



Corollary 2.6. Let X be a compact metric space, P a Markov operator
acting on C(X), up € P(X) a measure on X, (X,)nen, @ Markov process
with respect to P and po . Let f € C(X) so that for all p € PY(X)

/deuz 7

where f is a constant. Then, P*-q.s.

lim —— " F(X,) = f.
k=0

Proof. This follows directly from the theorem applied to f and — f:

li 1
11m su

> 06 <supd [ fd| e PP} = 7,

and
_ 1 < - .
s 5 32 1% < s [t w0y =~
So,
: 1 O N
lim sup ——— ;f(Xk) < f<liminf = kz:%f(Xk)'

]

Ezample 2.2 (Bernoulli process). Let (X,,)nen be a Markov process on X =
{—1,1} with transition probabilities

p = fi—1 = pd + (1 —p)o_;.

Consider a continuous function f € C(X) on X. Note that any P*-invariant
probability measure u € PP (X) on X is equal to p1, since for any B € 2%
we have

P*u(B) = /X 1a(B)du(x) = ju(B) = u(B).

Hence, P (X) = {u1}. Moreover,

/X fdm = pf(1)+ (1 — p) F(~1).

13



So we can deduce, that

n

S = pf() + (L - p)f(-1),

k=0

lim

for any f € C(M). Consider f = 1y € C(M). Then for any n € N,
n+r1 Y ro Li13(Xk) can be interpreted as the relative number of successes of
the Markov process and converges to

1 n
li 142 (Xk) = p.
ey o =

2.2 Stationary Measures

Definition 2.7. Let X be a compact metric space and jn € P(X) a probability
measure on X. A sequence (,)nen, € X0 is equidistributed with respect to

o if

1 n
li 5. =
s DI

converges in the weak*-topology.

Ezample 2.3 (Random equidistribution on T). Let X = T be the 1-torus and
A € P(T) the Lebesgue measure on T. Take as transition probability p, = A
for any x € T, i.e. the probability to move from x to any other point in T
is uniformly distributed. Note that PF"(T) = {\}, since for any B € B we
have

P*u(B) = / A(B)dp(x) = \(B) = u(B).

Hence, for any f € C(T) we get

n

, 1
o Do 100 = g

0

So the random sequence fi,+1 = n+r1(5 x, + -+ Jx,) equidistributes with
respect to the Lebesgue measure .
In general, for any p € P(T) it is possible to construct a random equidis-

tributed sequence by choosing as transition probabilities p, = .

Remark. Last example shows that it is simple to construct a random equidis-
tributed sequence if the set of P*-invariant probability measures P¥"(X) is
uniquely determined.

14



Proposition 2.8. Let X be a compact metric space and T : X — X a
measurable map. The space

PL(X) :={p e P(X) | p is T-invariant }

of T-invariant probability measures p € P(X) is a weak*-compact convex
subset of P(X). The extremal points of PT(X) are precisely the ergodic
measures in PT(X).

Corollary 2.9. Let X be a compact metric space, P a Markov operator
acting on C(X) and p € P*(X) a P*-invariant probability measure on X.
Then P* is an ergodic measure for the shift 0 : XNo — XNo 4f and only if u
is an extremal point of P (X).

Proof. Suppose p is not an extremal point of of P¥"(X). Then, we can find
two distinct extremal points u, po € PP (X) and some ¢ € (0,1) so that
p=tu + (1 —t)ps.
By uniqueness of the measures P#, P{, P4 € P(X™) we obtain
PH =Py + (1 —t)P5.

Assume by contradiction that P* is an ergodic measure. Let B € By be a 6-
invariant set. Then, P} and P, are also ergodic measures, since P} (B), Py (B) €

{0,1}. Let f € £L2(X™) be a bounded measurable function. By Birkhoff’s
ergodic theorem we conclude, that

. 1 n—1
J;rgo;kzzofﬂk(w) Z/deP”fZ/fdPS,

for P, Ph-a.e. w € XMNo. Therefore we get that P} = P4, which is a contra-
diction.

Suppose P# is not ergodic. We want to find distinct measures yy, po € P (X)
and some ¢ € (0,1) so that

po=tpn + (1 —1)po.

Since P* is not ergodic there exists a f-invariant measurable set By € By so
that P#*(By) =: ¢t € (0,1). Moreover since P* is #-invariant we can find some
measurable set B € B such that u(B) = P#(By). Define

pr(A) = Tu(ANB), palA) = (AN B°).

Note that p = tu; + (1 — t)pe and py, o are distinct measures. So, p is not
extremal.

[]

15



Corollary 2.10. Let X be a compact metric space and P a Markov operator
acting on C(X). If the space PY"(X) of P*-invariant probability measures
on X contains more than one element, then there are two mutually singular
measures fi1, iz € P (X).

Proof. Without loss of generality suppose g1, pa € P (X) are two distinct
extremal probability measures. Let f € C(X) be a continuous function so

that
/X Fdur # /X Fdps.

Since P} and P4 are ergodic measures for 6 we conclude for the Markov
process (X, )nen, With respect to P and 0, using Birhoff’s ergodic theorem
that

n—1
nh_{{.lok;of(Xk):/de,ul

for pi-a.e. x € X and

n—1
lim Y f(Xy) = [ fdp

for po-a.e. x € X. It follows that the set
n—1

A= {reX | lim 3 f(X0) = /fdul holds }
k=0

is measurable and has p1(A) = 1 but py(A) = 0.
[l

Corollary 2.11. Let X be a compact metric space and P a Markov operator
acting on C(X). If PP (X) has a unique P*-invariant measure u € P(X),
then P* € P(XMN0) is an ergodic measure with respect to the shift 6.

Remark. If P (X) has more than one invariant measure, then we can find a
measurable disjoint partition By, By € B of X so that if the Markov process
starts in By then it will stay in B; almost surely.

16



2.3 Random Walks on G-Spaces

Definition 2.12. A compact metric space X 1is called a G-space if there is
a locally compact group G acting on X so that

GxX—=X, (g,x)—~g-x

is continuous. Given p € P(X) and m € P(G), the convolution probability
measure m x p € P(X) on X is the image of m X p under the action map.
For f € C(X) we have

/X Fd(m x p) = /G /X F(g - 2)dp(z)dm(g).

Moreover, p is called m-stationary if m * u = p.

Remark (Induced random walk). The continuous map
U:X = P(X), T iy =m %0y,

induces a Markov operator by setting

P:C(X)x X = C(X), (f,z) = Pf(x /f Ydp, = /fg x)dm(g

Moreover, if for any x € X, the associated measure m * §, is m-stationary.
Then any probability measure p € P(X) is P*-invariant

/m*5 V(z /5 Jdu(z) = v(B).

Remark. A probability measure m € P(G) induces a random walk on X,
where X, 1 arises by applying some g € G to X,, and ¢ is chosen with
respect to the probability measure m.

The random walk may be transient or recurrent. In the case where the
random walk is recurrent and the expected return time is finite, we talk
about positive recurrence, this is the case if and only if the Markov process
has an m-invariant measure p € P™(X).

Proposition 2.13. Let G be a locally compact group and m € P(G) a prob-
ability measure on G. If X is a G-space, then the space

PX) = A{p e P(X) | mx*p=p}

of m-stationary measures is not empty.
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Proof. Note that m € P(G) induces a Markov operator P acting on C(X), so
a measure p € P(X) is P*-invariant if and only if it is m-stationary, and we
already know that the space P¥" (X) is not empty. Nevertheless the following
proof is more constructive. Let p € P(X) be any probability measure on X.

Define the averages
n—1
1 n
= — E m" %
Hn n 2 2

where pxm = m* (m* (... (m*p)...)). (fn)nen € P(X)Y is a sequence of

probability measures on X and P(X) is a weak*-compact space. Therefore,

we can find a subsequence (fin,)ien C (tn)nen SO that g, — pt e P(X).
—00

We want to show that the limit p* is m-stationary. Let f € C(X) be a
continuous function. Then, for any | € N we can approximate the difference

of m x i, (f) from py, (f) by

[ g ) = [ fdi] < 1)

The triangle inequality yields the desired result.
O

Ezample 2.4 (Random walk onZ ). Let p € [0, 1) and consider the probability
distribution on Z given by

m = péy + (1 —p)o_1.
The induced Markov operator on Z is then
P:C(Z)XZ—C(Z), (f,r)—»pflc+1)+ (1 —p)f(z+1).

We want to describe the space P™(Z) of m-stationary probability measures.
Let u € P™(Z), for any = € Z the measure p must satisfy

() = mx p(z) = / / Lo(y + 2)du(y)dm(z) =

-/ (pﬂx@/ 1)1 )Ly — 1))61#(3/) —pule — 1) + (1 — pula + 1),

Solutions of this linear recurrence are of the form
_ P\
p(x) —Oz+ﬂ(1_p) .

So P"™(Z) = @. This shows that X has to be compact.
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Ezample 2.5 (Lazy random walk on the hypercube). Consider as state space
the hypercube X = {0,1}¢. Two vertices x,y € X are said to be neighbors,
x ~ g, if and only if they differ in exactly one coordinate or equivalently if the
(euclidean) distance is one Each vertex has exactly d neighbors. The group
G = (Z/2Z)* acts on X by addition. Denote by e, = (0,...,1,...,0) € G
the basis elements and introduce the following probability measure on G,

1

T

1
(0e; + -+ -+ 0e,) + 560.

The corresponding Markov operator is the map

d

1 1
P:C(X)x X X — = .
CX) X X = €N, ()= 5 3 Slew+0) + 510
The Markov process moves at each step to one neighbor or stays put with
with equal probability % This can be seen by looking at the transition

probabilities

%l Jfx ~y
pe(y) = Plyy(z) =91 Jifz=y
0 ,else
Note that the uniform distribution on X is P*-invariant (resp. m-stationary).
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3 Examples of G-Spaces

3.1 Law of Large Numbers for Matrix Products

An application of the last section is the following case: G = GL,(R) is a
locally compact group. Denote by P"~!(R) the (n—1)-dimensional projective
space. Suppose m € P(G) is a probability measure on G with compact
support supp(m) CC G. P"}(R) is a G-space with respect to G and the
group acts continuously on P"~!(R) by multiplication

G x P"H(R) = P""'(R), (g, [z]) = [92],

where [z] € P""!(R) denotes the equivalence class of z € R™\ {0}. Introduce
the Markov operator induced on C(P"*(R) by G,

P : C(P"(R)) x P""(R) = C(P""'(R)), (f,[a]) = /Gf(g- [z])dm(g).

Fix some [z] € P }(R), let (X,,)nen be a sequence of G-valued independent
indentically m-distributed random variables and consider the random walk
on P*""1(R) defined by

g Xp... Xy [z] ifn>1
" 2] ifn=0

Note that for any f € C(P"'(R)) we have

E(f(Sn) | Soy---sSn-1) =E(f(Xn... Xy - [2]) | X1,..., Xno1) =

_ / (g (Koo X []))dm(g) = Pf(Sa).

So (Sp)nen defines a Markov process on P"~(R) with respect to Pg. The aim
of this example is to construct a non-commutative analogue of the Law of
Large Numbers. In order to do this, we will analyze the following expression

1 1
lim —log||Sy|l = lim —log || X, ... Xy - [z]||.
n—oo 1 n—oo 1
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Theorem 3.1. Let m € P(G) be a probability measure with compact support
and (Xp)nen @ G-valued independent identically m-distributed sequence of
random variables. Then, for any x € R™\ {0} with probability one

1
hmsup log | X ... X1 - 2] <

n—oo

lgly]ll S
< sup{ / / log 4t Sdm(g)dv(y]) | 1 € P (B (R)).

Moreover, if there is a constant 5 so that for any m-invariant measure
p € PP H(R)),
[ [res i dmapail) = 5.
Then, with probability one
o1

lim —log || X, ... Xq|| =8

n—oo M,
Proof. Define X := supp(m) x P""}(R)

P C(X) % X = COM), (f,(a.[a)) = [ 1(h - [adm(h)

Note that if a function f € C(X) is of the form f(g,[z]) = f([z]), then P
coincides with Pg.
For any g € G and [z] € P*"}(R) the expression ”gH 2l o 18 independent of the

choice of = € [z]. Therefore, the map

f:M =R, (g,[z]) >—>10g( Gl )

lg~" ]

defines a well-defined and continuous function on M. The process

) (X, Sn) Lifn>1
") Gd,[z])  Lifn=0"

is as above a Markov process with respect to P. Then, for any n € N

I — | X X1~x\|)
log(V;) = —— ) log
a2 Z (me X1

1
= log(|| X, ... X5 - z||) —

1 .
— log(|«])
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So,

. 1 .
limsup - log([1 X, - Xy - ) < sup{ / log | g“i'Lndm y)) | v e PP (M)},

n—o0

We want to show that there is a bijection between P*-invariant measures and
m-invariant measures.

Suppose v € PP (X) is a P*-invariant measure on X. Denote by

p € P(P"1(R)) the projection of v on P""}(R). If f € C(X) is a continuous
function of the form f(g,[z]) = f([z]), then

[ Heldu(lo /f )iy, o /f g.lal) =
— [ Pitahavig.la) = [ [ #lg- lehamg)an(e).

So u is m-invariant. Conversely suppose that p € P™(P"}(R)) is an m-
invariant measure. Define a measure v € P(X) on X by

/f g, [x])dv(g, = //f 9,9 - [z])dm(g)dpu([z]),

for f € C(X). Then v € PP (X) is a P*-invariant measure, since

[ tae) = [prav= [ [ Pra.g- ehimig)in(ia) -
= [ [ e adminydlel) = [ gav

Let v € PP (X) be a P*-invariant measure on X and pu € P™(P"}(R)) the
corresponding m-invariant measure on P"~!(R). Then

y]| ||gy||
[ rom pvto. ) = [ [ s i am(o)dns)

Hence, we can rewrite the above inequality as

1
lim sup — log(HXn LX) <

n—o0

<sup{ [ [ 1o 1l dntg)an(i) | e P ).
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Corollary 3.2. Let m € P(G) be a probability measure with compact support
and (Xp)nen @ G-valued independent identically m-distributed sequence of
random variables. With probability one

1
lim —log ||.X,, --- Xi|| =

n—oo N,

—sup( [ 108 (Y5 )t duta) | P ),

Proof. Note that the previous theorem implies directly that

1
lim sup — log(HX LX) <

n—o0

\g H mpn—1
<sup{// 5 L Am(9)di((a]) | 1€ PTE(R))

holds with probability one, independent of the choice of norm. We want to
show the inverse inequality for the lim inf.

Let u € P™(P"}(R)) be an m-invariant probability measure and [Up] a pu-
distributed random variable independent of the sequence (X, ),en. Consider
the random walk on P"}(R) defined by

") U] ifn=0"

and the process
v — (Xn,Sp) Lifn>1
"\ Gd, [Ug]) Lifn=0"

on M := supp(m) x P""}(R). The latter process is a Markov process with
respect to the Markov operator

P C(M) X M = COM), (£, 0. [5) = [ f(h b+ [a])dm()
G
The process (S,)n>0 is stationary: For n = 0 this is clear, for n > 1 this
follows from the fact that X, and U,_; are independent. So the process

(Yo)n>o is stationary. Hence

lim —log [ X,.... X,Up|| = f

n—oo M
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where f* € L'(X) and

7= [ 1o (1) amigrintia),

1
liminf —log | X,, . .. X1Up||
n—oo M

Note that

is a random variable, which is measurable with respect to the tail o-algebra
Foo = [Nys00(Xn, Xnt1,...). So by Kolmogorov’s zero-one law it is a.e.
constant. Moreover, there must be a measurable set B of positive probability
so that

1
liminf ~log | X,,... X,Uo|| > //log<H”g H”)d (9)du([z]).

Hence B is a set of full measure. Since p was arbitrary, we conclude that

hmmf—logHX S XaUol| >

n—oo

sunf [ [ 1os (”Hg H“) m(g)du(z) | o € Pm(E (R))}

holds with probability one. The previous theorem gives the remaining in-
equality.
O

3.2 Rotations on the 2-Sphere

Let S? := {z € R® | ||z|| = 1} be the 2-sphere embedded in R? together with
its Borel o-algebra. Parametrize S? in spherical coordinates,

) cos(¢p) sin(0)
xo | = | sin(p)sin(d) |,
T3 cos(0)

where 6 € [0,7] and ¢ € [0,27]. The Haar measure on S* is the usual
Lebesgue measure given by

1
dp = — sin(0)dfdp.
4m

Let G = SO(3) = {g € O(3) | det(g) = 1} be the special orthogonal group.
G acts continuously on S? by left-multiplication,

GxS*—=§% (g,2) > g-.
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SO(3) is a compact subgroup, each element g € SO(3) can be parametrized
(up to measure zero) by the Euler angles as

9= gohego
where 6 € [0, 7], ¢ € [0,27], ¥ € [0,27] and

cos(p) —sin(p) 0 1 0 0
go = | sin(yp) cos(p) O], hg= |0 cos(f) —sin(f)
0 0 1 0 sin(f) cos(f)

The normalized Haar measure on SO(3) is then given by

2m 2m
/ f(g)dm(g =3 2/ / f(g9,hegs) sin(0)depdddd,
S0(3) ™

for f € C(SO(3)). The main observation for this example is that SO(3) acts
as measure preserving transformations on S%.

Lemma 3.3. SO(3) is a family of measure preserving transformations of the
sphere S?.

Proof. Let f € L be a bounded function on the sphere and g € SO(3) an
arbitrary element. Then

fogdu= / fdp,
NG NG

since det g = 1. Since g € SO(3) was arbitrary we conclude the claim.
]

We want to construct a Markov process with a unique P*-invariant prob-

ability measure. The idea is to use the left-invariance property of the Haar
measure. Take any g € SO(3) \ {id} and define

Uy S* = P(S?), 2+ 60

The corresponding Markov operator acting on C(S?) is the map

Pr:C(S%) x §* = C(S7), (f,2) = . fW)dpa(y) = f(g - @),

Lemma 3.4. Let (X,,)n>0 be a Markov process with respect to Py and some
initial distribution po € P(S?). Then

X, € g" - supp(po)

for Pro-g.e. x € S2.
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Proof. For Xj it is clear by definition of the initial distribution. Consider
first n =1,

P(Xl €g- supp(ﬂo)> = P(P()ﬁ € g - supp(o) | Xo)) =

- E(Plﬂ-{Xoeg-supp(uo)}(XO)) = P(.g : XO S g- Supp(MO» =1
Let n € N be arbitrary, then by conditioning on the first n — 1 steps and
using the Markov property we get

P(X, € " - supp(po)) = P(P(X, € g" - supp(po) | Xo, ..., Xno1)) =

= E(Plﬂ{anleg”supp(uo)}(XO)) = P(gn_l : Xn—l S gn—l : Supp(MO)) =1
O

Corollary 3.5. Suppose py = 6., is the initial distribution for the Markov
chain with respect to P, for some xo € S®. Then, for any n € Ny we have
X, =g"-xo for PPo-g.e. x €S2

Moreover {g" - wo}n>o C I, where T C S? is a circle radial to the awis
of rotation and the sequence equidistributes with respect to the line element
along I induced by p if and only if the rotation angle along the axis of rotation
1s irrational.

Proof. Without loss of generality we may assume that g € SO(3) is a rotation
of angle a € [0, 27] about the z-axis and that {¢" - zo},>0 has more than 3
three elements.
Let ' = ENS?, where E is the unique plane through the orbit of zy. In
particular I' is a circle radial to the axis of rotation.
If a € Q is rational then {g" - ¢ },>0 is finite. If @ € R\ Q is irrational then
the map ¢ |r: I' = T is an ergodic transformation of I' with respect to the
line element induced by u (Circle rotation). Hence, the sequence {¢" - x¢ }n>0
equidistributes on I" if and only if « is irrational.

O

Lemma 3.6. p € P(S?) is the unique non-atomic Pj-invariant probability
measure.

Proof. Suppose v € P(S?) is a Pj-invariant probability measure on S?. For
any B € B we get

Piv(B) = /2 e (B)dv(x) = /2 dg2(B)dv(z) =v(g- B) = v(B).
S S
So v is invariant under g. The only rotation-invariant non-atomic probability

measure on the sphere is p. Hence v = p.

[]
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Remark. If x,y € S? are the unique points on the sphere fixed by ¢, then
Oz, 0, € P(S?) are the only atomic Pj-invariant probability measures.

Corollary 3.7. Let (X,),>0 be a Markov process with respect to Py and
o € P(S?). For any continuous function f € C(S?), P*-q.s.

i 1
1m su

> 506 < sup( [ fav | v € i 8.,6,)
k=0 §?

Lemma 3.8. For any f € C(S?), Pi.f = f p-a.e. implies that f is constant
p-a.e.

Proof. Suppose f € C(S?) and P, f = f p-a.e. For any x € S* we must have

Pif(z) = f(g- ) = f(x).

This holds if and only if f is constant, since g # id.
O

The second Markov process that we want to describe is the Markov pro-
cess induced by the natural map

Uy S? — P(S?), 2 d, xm.

The corresponding Markov operator acting on C(S?) is the map

Py :C(S?) x §* = C(S?), (f, ) — f(g-x)dm(g).
50(3)
The dynamics of this Markov process is the following: If at time n the Markov
chain is at the point X,, = z,, € S?, then it moves to some z € B C B in the
next step with probability Plg(x). Informally, the Markov process moves
from x, to x with probabililty dm(g) if there is some g € SO(3) so that
T=q-Tp.

Lemma 3.9. The space of m-invariant probability measures on S* contains
only u € P(S?).

Proof. Let f € C(S?) be a continuous function and v € P™(S?) an m-
invariant probability measure. Let g € SO(3), then

flo-a)vta) = [ flg-aydmer)e) = [ [ fhegea)dvie)im(n) -
2 2 50(3) Js?
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— /S2 /50(3) f(h-z)dm(h)dv(r) = " f(x)d(m*v)(z) = g f(@)dv(z).

So any m-invariant probability measure is SO(3)-invariant. Since P™(S?)
is not empty and p is the only SO(3)-invariant probability measure on the
sphere, we may conclude that P™(S?) = {u}.

O

Corollary 3.10. Let puy € S? be an initial probability distribution for the
Markov process (X,,)n>0 with respect to Py and f € C(S?) a continuous func-
tion on the sphere, then P*-a.s.

1 n
I X)) = [ fdu
nglgonH’;f( k) /Squ

Lemma 3.11. For any B € B, u(g"*BAB) = 0 for m-a.e. g € SO(3)
implies u(B) € {0,1}.

Proof. Let B € B be a measurable set so that gB = B for m-a.e. g € SO(3)
and p(B) € (0,1).
Since B # S%, we can find (1, @2) X (61, 02) X (91,792) € [0, 27] x [0, 7] x [0, 27]
so that for any g,09 € SO(3), where (¢,0,7) € (p1,p2) x (01,05) x (¥1,02)
we have

ggo,@,z? NnB 7£ B:

and

m({g € SO3) | g = gpo, (¢, 0,9) € (p1,02) x (01,02) X (J1,92)}) >0

which is a contradiction.

3.3 Stationary Measures on the Torus

Let T¢ := R?/Z% be the d-torus and p the Lebesgue measure on T¢. Denote
by SL4(Z) := {g € GL4(Z) | det g = 1} the special linear group of integer
matrices.

Proposition 3.12. Let g € SLy(Z). The action of g on Z2 is ergodic if and
only if no eigenvalue of g is a root of unity.

Proof. The proposition follows directly from the following claim,

2mi(n,Al.xz) _ 2mi(n,x)

Claim. g is ergodic with respect to p if and only if e
p-a.e. for some [ > 0 implies n = 0.

e
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Proof (Claim). Suppose that g is ergodic. Let n € Z? and [ > 0 so that
p-a.e.

27i{n, )

2mi(n,g-x) —e

e

Without loss of generality we may assume that [ > 0 is the smallest exponent
so that the above equality holds. Define

I—
f(l’) — 627ri<n,gk-x).

0

—

B
Il

Note that fog = f p-a.e. By assumption g is an ergodic transformation, so
f is constant p-a.e. Hence, n = 0.

Conversely suppose that e2mi(ng'e) — ¢ p-a.e. for some [ > 0 implies
n =0. Let f € L?(T¢, ) and suppose that fog = f p-a.e. Since fog' = f
p-a.e. for all [ > 0, we get from the Fourier series for both functions following

expression,
. l. .
E alk627rz<k,g z) _ E ak62m(k,az> )
kezd kezd

2mi(n,x)

By the uniqueness of the Fourier coefficients we obtain for any & € Z¢,
ak:agk:H':agzk:....

Note that if a; # 0, then there must be some [ > 0 so that k = g'k. So
e2milkgt@) — 2milka) | _a o hence k = 0. Therefore f = ag p-a.e.
O

Suppose g were no ergodic, then there is some n € Z%\ {0} and some
[ > 0 such that e2mi(ng' @) — c2mifn.z) p-a.e. So (¢")'n = n. Hence, ¢' has an
eigenvalue 1 and ¢ an [-th root of unity as eigenvalue.

Suppose g has an [-th root of unity as eigenvalue. Then, ¢’ has 1 as an
eigenvalue. So n(g' —id) = 0 for some n € R4\ {0}. Since g € Z? we can

27i(n,gt-x) _ 627ri<n,x

take n € Z%. Moreover e ). So ¢ is not ergodic.

]

The first Markov process we will analyze on the torus is the following
trivial Markov process: Let g € SL4(Z) so that no eigenvalue of g is a root of
unity. Consider the following probability distribution on G' = (g) < SL4(Z),
my := 8, € P(G). The corresponding Markov operator acting on C(T?) is

P : C(TY x T — C(TY), (f,2) = f(g-x).
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Remark. The space P™ (T?) contains the Lebesgue measure p, and Dirac
measures (0g)qzc{0,0(g)}, Where o(g) denotes the spectrum of g.

Lebesgue measure is invariant with respect to the action of g, since det g = 1,
and g fixes any x € {0,0(g)}.

This is the usual behavior of invariant distributions, convex combination of
the Haar measure and atomic measures. Following proposition explains one
case.

Proposition 3.13. Let G<SLy4(Z) be a finite index subgroup and p € PC(T?)
a G-invariant probability measure on T?. Then, u is a convex combination
of the Haar measure and atomic measures on finite orbits.

Proof. Suppose v € PY(T?) is not the Haar measure. Then there exists some
n € Z4\ {0} so that |?(n)| > 0. For any g € G,

v(n) = / 2Ty (1) = / 29" ) dy () = D(g"" - n),
Td Td

since v is G-invariant. By Wiener’s lemma,

> v({a})* = lim Z

z€Td

> o(b)*

| ”| be B,

where the sum is taken over all atoms and B,, = {b € Z¢ | max|by| < n} It
follows that v has atoms, since it is not the Haar measure. Moreover, any
orbit Gn C Z?\ {0} has positive measure. So the atoms of v must lie on
finite orbits.

[

Ezample 3.1 (Finite index subgroups). For any n € N define the reduction
map

O : SLy(Z) — SLo(Z/nZ), (‘CL Z) — (Z Z) mod n.

® is an epimorphism and SLy(Z)/ker(®) is a subgroup of index n. This can
be seen by considering the generators

11 10
b3 ) o= (1)

of SLy(Z) and observing that SLy(Z/nZ) is generated by ®(A) and ®(B),
which have both order n.
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Proposition 3.14 (Benoist & Quint). Suppose G < SLy(Z) is a subgroup,
whose action is strongly irreducible and proximal, and m € P(G) is a gen-
erating probability measure on G so that supp(QG) is finite. Then the Haar
measure [ 1S the unique m-stationary, non-atomic probability distribution.

For the sketch of the proof we introduce a new dynamical system, we
define Q = G, P = m" the product measure on  and 6 the Bernoulli shift

0(g1,92,---) = (92,93, --.), where w = (g1, go,...) € Q.
We say that a measure v € P™(T?) is m-ergodic if it is an extremal point of

P™(T9).

Lemma 3.15. If v € P™(TY) is a m-stationary and m-ergodic probability
measure on T¢, such that its support supp(v) is countable. Then v is G-
mwvaritant and its support is finite.

Proof. Choose some x € T? such that it has maximal measure, say v({r}) =
p > 0. Then

v({r}) = /G v({g~'x})dml(g).

For m-a.e. g € G, g~'z has also maximal measure. So the support of v has
to be finite.
O

Lemma 3.16 (Furstenberg). Let v € P™(T) be a m-stationary measure
on T¢. For P-a.e. w € Q) the following limit exists

v, = lim (g1...9n)0,
n—oo
it satisfies the equivariance condition

Vo = (01) ,Vow,

and v can be recovered as the average

V:L%mwy

Proof. Define the o-algebra F,, :=c({g1...9n}). The process (M, )nen

M, :Q— P(TY, w— (g1--- Gn)sV

is a bounded martingale with respect to (F,)nen. By Doob’s martingale
convergence theorem the limit exists and is a probability measure on T¢.
The remaining properties follow for continuous functions on T¢, hence also
for the measure v,,.

[]
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Lemma 3.17. For P-a.e. w € §Q there is a line V,, € P"Y(R) so that any
cluster point g of 729" has image im(g) = V,, and satisfies the equivariance

lg1---gnll
property
Vio = 91 Vouw-
Proof. See Theorem 4.3 in [3].
[l
Furthermore we choose some v, € V,, such that ||u,|| = 1 and k(w) :=

log ||g1v7y ||, so that for P-a.e. w € 2 we have
G1vps = ",

(we assume that we can choose it to be positive). The main step in the proof
of the proposition is the following observation:

Lemma 3.18. For P-a.e. w € (), the limit probability v,, is V,-invariant;
that s v,, is translation tnvariant, x — x + v, with v € V.

Proof (Sketch of Proof of Proposition). Let v € P(T?) be a non-atomic prob-
ability measure. We want to show that v = p.
The stabilizer of v

G,={9€G|gw=r}

is a closed subgroup. The measure v, is translation invariant, so we can
consider C,,, the connected component of V, inside of T?, which satisfies the
equivariance condition

Cw = glcew'

C,, is by construcion a non-zero subtorus. The push-forward measure P, of
P under the map w — C,, is a m-stationary and m-ergodic measure on the
countable set T of non-zero subtori of T?. By Lemma 3.15 this implies that
the support of P, is finite and G-invariant. Since the action of G is strongly
irreducible we may conclude that C,, = T¢. In particular this conclusion,
together with the first part of Lemma 3.16, implies that v, is the unique
Haar measure on T¢, hence v, = p. The second part of Lemma 3.16 recovers

v as the average over all v, so v = pu.
O
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Remark. (Conditional measures) Let (X, B, u) be a o-finite measure space
and A C B a o-subalgebra. Let Y C X be a measurable subset of finite
positive measure p(Y') > 0 and consider the restriction of the measure p to

Y,
|
My ‘= Ky -
n(Y)
Formally we define the inclusion ¢ : ¥ — X and denote by Ay := 1A
the o-algebra generated by A on Y, so that uy is a measure on Ay. If
f € LY (X, B), then for uy-ae. y €Y,

E(Ly[A)(y) # 0,

and

E(f ot Ay)(y) = W

To check this it is enough to note that the set D := {E(1y|A) = 0} is A-
measurable and satisfies (Y N D) = 0. The equality follows directly from
the defining property of the conditional expectation.

Proof (Sketch of Proof of Lemma 8.18). Introduce the dynamical system on
Q x T¢,

P:.= / 0w ® V,dP(w),
0
T:QxT—=QxT (w,2) = (B(w), gy 'z).

The probability measure P is T-invariant. Let w € Q and define the parametriza-
tion of the leaves by

T,  R—=>ax+V, t—x+tu,.

For P-a.e. (w,x) € Q x T¢ the conditional measure along the leaves K (w, 7)
is a Radon measure on R. Lemma 3.18 can be reformulated as translation
invariance of these measures K(w, ). Define the translation on R by

7w R—>R, s— s+t

We need to show that for P-a.e. (w,r) € Q x T? and € > 0 there is some
t € (0,¢€), such that
(1) K (w,2) = K(w,x).
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The map K satisfies the following two properties:

i) There is a measurable set A C Q x T¢ of full measure so that if (w,z) € A
and (w,x + tv,) € A then K(w,z) = (1)K (w, x + tv,,).

i) For P-a.e. (w,z) € Q x T? we have K (w,z) = ("), K (T (w,z)).

Property i) implies that we need only to find enough points (w,z) € A
and (w,z + tv,) € A on the same leaf such that K takes the same value on
them. Property 4i) implies that for all n € N

K(w,z) = (™). K(T"(w,x)),

where i, (w) = k(W) + -+ + k("W).

The strategy is first to find a measurable set, which is large enough and
contains a measurable set containing a large proportion of elements satisfy-
ing the first property of the map K. The next idea is to find a set on which
we can control the map K, by the second property we can actually control
it on {|0,(hnw(a)) — 0,(w)| < 1}, where a € supp(m). We just need to show
that the set of elements satisfying this inequality is almost of full measure.
The limit measure v, has no atoms for a.e. w € ). This will allow us to
contruct on a set of almost full measure for any point (w,z) € Q x T¢ a
sequence (see below) which will be near to the line V,,. The sequence has
a limit point and by the first property above the cluster point is invariant
under translation, which is what we want to show on a set of full measure
up to an e-set.

Let € > 0, then by Lusin’s theorem we can find a compact set C' C A
such that P(C) > 1 — € and on which the functions #, K, and w + V,, are
continuous.

To simplify notations, assume that |supp(m)| = 2. Define

P = Supp(m)™ — T (T"(w,z)), ar (hnw(a),a; .. .anggl .. .gflx),

where h,,(a) = (a1,...,0n, Gni1s Gni2,---) and w = (g1, G2,...) € Q. As
a varies, fzn,w(a) parametrizes the fiber T-"(T"w) € Q x T¢ and h,,,, the
fibers of 7™ (which contain 2" elements). Introduce

Ay = {a € supp(m)" | 16, (hn.0(a)) = Bu(w)] < 1.

The following Lemma implies that up to an e-negligible set, all elements in
I (@) lie inside of the Lusin set C.

34



Lemma 3.19. Let C C QxT? be a measurable set. ForP-a.e. (w,r) € QxT?
the following limit exists

1
Py = lim

n—oo |An7w|

Z ﬂc(hn,w,w (a)),

CLGAn,w

and satisfies

Yy dP(w, z) = P(C)
QxTd
Pick C' as in Lusin’s theorem, then by Egoroff’s theorem we can also find
a compact subset L C A such that P(L) > 1 — ¢ and on which the averages
above are larger than 1 — € uniformly for n > N.
The last part uses a so-called exponential drift argument:

Lemma 3.20. For P-a.e. w € Q and for any v € T¢ we get v, (z +V,,) = 0.

This lemma implies that we can find a set of full measure such that
the above condition holds. Hence if we take the Lusin set L we can find
(conditioned) on L a set of full measure such that for P-a.e. (w,z) € Q x T¢
there is a sequence y;, := x + v, € T? so that (w,yx) € L, vp — 0 as k — o0
and vy, ¢ V,, for all k € N.

For each k£ € N we can find some n; € N such that

" gnt g o < L

At least 1 — 8¢ of all elements a € A, ,, parametrize elements of both fibers
which belong to C,

P w(@) = (W' 2", iy oy = (W) € C,

where we can write ¢ = 2/ + v and v = a5 .. .obnkg;k1 ... gy 'vg. This drift
vector v’ can be controlled by

1l < N an Mg, - - g1 el < fle™s @ llgn b gyt <

< e @g b g < L
After taking a subsequence we may assume that 0, (h,(a)) — O, (w) = O.
Without loss of generality we can assume that 6, = 0. Taking the limit
(with respect to the subsequence) of the above sequences we find

/ !/

(Woo» Tho)s (Weo o) € €,
with ¥\, =zl + v, v = toeVy_ and to < 1. Up to a set of e-measure we
stay in the Lusin set L, so

K(w,r) =KW, ,2) = (1) KW,z + ) = (1) K (w, 7).

o0 Yoo
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4 Random Transformations

4.1 Random Ergodic Theorem

Let (X,B, ) be a probability space and ® C X* a familiy of measure-
preserving transformations of X. Suppose m € P(®) is a probability measure
on ¢ and consider a sequence (X,)neny of m-distributed ®-valued random
variables defined on the product space (€, P) := (®, m"). As in the example
of products of random matrices we will be interested in the random walk on
®. For this define for n € N the product of random transformations

S, =X,0---0Xj.
Furthermore we will assume that the action of ® on X
O x X = X, (p,2) = o(x)

is measurable with respect to the measurable structure on ® and on X. Note,
that if ® is a family of invertible transformations, then we can talk about
the group G of transformations of X generated by ®.

Denote by 6 the Bernoulli shift on €2,

0:Q— Q, ((,Dn)neN = (Qpn—l—l)nENa

and consider the following transformation of the product space 2 x X,

T:OxX = Q%X X, ((¢n)nen, ) = (0((¢n)nen), p1(z)).

Since T is the composition of measure preserving transformations, it is also
measure-preserving. Consider the Markov operator acting on LP(X, i), for
p € [1, 00|, defined by

PoIP(X ) x X = (X, ), (foz) o / F(o(@))dm(p).

Note that if X is a compact metric space, then it is sufficient to define P on
the space of continuous functions C(X) on X.

Proposition 4.1. Let G be a locally compact group, m € P(G) a probability
measure on G, X a compact G-space and p € P(X) a probability measure
on X. Then,

i) The product measure P X p is T-invariant if and only if u is m-invariant.
ii) The product measure P x p is an ergodic measure if and only if u is an
extremal point of P™(X).
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Proof. 1t is sufficient to note that any continuous function f € C(X) can be
identified with a continuous function on Q x X by setting f(w,z) := f(z).
Let f € C(X) be a continuous function on X. If the product measure P x p
is T-invariant then

fd(Px p) = fon(}P’x,u).

OxX Q><X
N g

z/;fdu //fg:cdm Ju(a)

So pu is m-invariant. Conversely if 44 is not m-invariant, the same computation
shows that P x p is not T-invariant.

]

Theorem 4.2 (Random Ergodic Theorem). The following conditions
are equivalent:

i) For any B € B, u(p"'BAB) =0 for m-a.e. p € ® implies u(B) € {0,1}.
ii) For f € LP(X, ), Pf = f p-a.e. implies that f is constant p-a.e.

iii) The measure preserving system (Q x X,P® u, T) is ergodic.

Moreover, if any of these conditions is satisfied, then for any f € L*(X, p)
and for P @ p-a.e. (w,x) € A x X,

—ZfoS ) deﬂ

n—oo

Proof. i) = i) Let f € LP(X,u) so that Pf = f p-a.e. We want to show
that sets of the form f~! ([r, oo)) € B are p-trivial for any rational r € Q.
Note that |f| = |Pf| < P|f|, so |Pf| — |f| € LP(X,u) is non-negative.
Moreover we have

J@isi=1man= [ [ 1 mP)inte) - [ 1sldu=0

- / F1dP*
X
Since P*u = p:

B)= [ [ trstedin(e)ante) = [ uteB) i) = i)

= p(B)
So | f| = P|f| p-a.e., that is | f| € LP(X, ) is P-invariant. Hence,

f*zfv0=%(|f|+f),
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is also P-invariant, so the set Ep:=f1([0,00)) satisfies u(p ' EgAEy)=0 for
m-a.e. p € ®. Therefore Ej is p-trivial.

Repeat the argument for the function f — r, where » € Q. Then, all sets of
the form ffl([r, oo)) € B are p-trivial, so f is constant p-a.e.

i1) = i11) We will show that any T-invariant function f € L*®(Q2 x X,P® u)
is constant P ® p-a.e. Let f € L?(2 x X,P ® u) be a T-invariant function.
For P ® p-a.e. (w,z) € Q x X we have

foT(w z) = f(bw,¢1(x)) = flw,x).
Fix x € X. Consider the projections
Wp Q= D, w=(Vn)nen — ©n
and the martingale generated by these projections and =,
M,(z) =E(f(w,x) | wy...wy).
Since f is T-invariant we can rewrite M, (z) in the following way:

M,(z) =E( f(w,x) | wi .. wp) = E(f(Ow,wi(x)) | we...wyp) =

= f(fw,wi(x))
= =E(f(0"w,wy ...w1()) = Mo(wy, . .. w1).

In particular, for n = 0 we obtain for any x € X

Mo(z) = E(f(w, z)) = E(E(f(w, ) | 1)) = E(f (6w, wi)) = PMo(z),

PMoa) = [ M(0(@) dm(6) = E(f(w. )
o S
= E(f(w,x))

So My is P-invariant. Hence it is constant p-a.e. In particular we get that for
any n € N, M,, = M, is constant u-a.e. Denote by F,, := o((wy,...wy),id)
the o-algebra generated by the projections and x.

The sequence L*(F,) C L*(2 x X,P ® u) increases to L*(Q x X, P ® u),
so the limit function f(w,z) has to be constant and equal to My P ® p-a.e.,

since the orthogonal projection of f(w, ) onto each L*(F,) is constant.
[
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Corollary 4.3 (Kakutani). Let G be a locally compact group and m € P(QG)
a generating probability measure for G. Moreover, suppose that the action on
X is ergodic; that is, for any g € G the system (X, B, i, g) is ergodic. Then,
for any f € LN X, u) and for P® p-a.e. (w,z) € Q x X,

) 1 <&
wg;f o Si(w)(x) = /X fdp.

Proof. We want to show that for any B € B, u(¢BAB) = 0 for m-a.e. g € G
implies p(B) € {0,1}, the previous theorem implies the rest. Take any such
B € B. The unitary representation of G on L*(X, i),

7:G— L*(X, ), g (x > f(gilx))

is continuous in the weak topology. Moreover, m(g)(1g) = 1p for m-a.e.
g € G. So by continuity, m(g)(1g) = 1p for any g € supp(m). Since for any
g € G the system (X, B, p,g) is ergodic, m(g)(1p) = 1p implies that 1 is
constant. Hence, u(B) € {0, 1}.

[

4.2 Examples

Ezample 4.1. Let (X, B, u,T) be an ergodic system. Then, the group G =
{id} acts trivially on X and the above theorem is just the ergodic theorem
from section 1.

Example 4.2 (Simple rotation on the 2-sphere). Consider the 2-sphere S? with
the Lebesgue measure p and the special orthogonal group SO(3) with mea-
sure m = §,, where g € SO(3) \ {id}. The corresponding Markov operator
is the map,

PLC(S) <8 = C8), () > [ fW)dpaly) = (g ).

From Lemma 3.9. we already know that for any f € C(S?), Pf = f p-a.e.
implies that f is constant u-a.e.

Ezample 4.3 (Rotation on the 2-sphere). Consider as above the 2-sphere with
the Lebesgue measure and SO(3) acting on the sphere with the Haar measure
m. The induced Markov operator is the map,

P:C(S?) x$* = C(S?), (f,z) — f(g-x)dm(g).
SO(3)
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In Lemma 3.12. we proved that for any B € B, u(¢BAB) = 0 for m-a.e.
g € SO(3) implies u(B) € {0,1}.

Ezample 4.4 (Automorphisms on the torus). As above, let g € SLy(Z) so that
no eigenvalue of g is a root of unity and consider the probability distribution
m =09, € P(G) on G = (g) < SL4(Z). The corresponding Markov operator
acting on C(T?) is

P :C(T% x T — C(T%), (f,x) — f(g- ).

Since no eigenvalue of g is a root of unity, the action of G on T¢ is ergodic.
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