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1 Introduction

Let Z = (Z;)ter, be an R-valued semimartingale, (J; 5)¢>0,0<s<t & two-parameter R%-valued

process such that (¢ )o<s<¢ is Z-integrable and consider the process

t
Xt = / ﬂt,sts-
0

If Z is Brownian motion and ¥J; 5 is non-random then X is a Volterra-type integral process
and there are many Gaussian-type results. If Z is a Lévy process and 9, s = g(t — s), where
g : Ry — R? is deterministic, then X is called a moving average, which occurs in stochastic
Volterra equations (e.g. Protter (1985)) and stochastic delay equations (e.g. Reifl et al.
(2007)) among many. In particular, the question whether X is a semimartingale or not is
of great importance, for instance if X models an asset-price, then it is of particular interest
to show that integration with respect to X is possible. Basse/Pedersen (2009) show in this
case that X is a semimartingale if and only if g is absolutely continuous with a density ¢’
satisfying some integrability conditions which depend on the Lévy triplet.

If Z is a general semimartingale, then Protter (1985) reduces the problem to the stan-
dard stochastic Fubini theorem under the assumption that ¢ — ¥, ;(w) is C' with a locally

Lipschitz derivative, where the main idea is to decompose X as
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The stochastic Fubini theorem as in Theorem 1V.64/65 of Protter (2005) yields

t t a t r 8
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which shows that X is a semimartingale, as the right-hand side is absolutely continuous

with respect to the Lebesgue measure. Choulli/Schweizer (2013) go further and assume that



t — U4 is for each s > 0 of finite variation but does not admit a dominating measure
simultaneously for all s > 0 as above. The standard Fubini theorem cannot be used as
discussed above, as the main assumption is that there is a fixed measure that depends on
a parameter but not on the randomness (see van Neerven/Veraar (2005), Veraar (2012)).
The main idea will be to construct a stochastic integral with respect to Z, where suitable
integrands are (d-dimensional) measure-valued processes u;(w) € #([0,T])%, the integral
fg psdZs(w) € A ([0,T]) is a (1-dimensional) measure-valued process and it satisfies for any
continuous function f € C([0,7T]) the property

/[O,T] fd(/otusdzs> - /Ot (/M] fdus)dzs,

which we call the weak® Fubini property. We show, that under an extra integrability con-
dition on the variation process of (t — ¢ 4)ser, the process X introduced above is a semi-
martingale.

Our strategy is the following: we view the space .Z ([0, T]) of signed Radon measures on
[0,T] abstractly as the dual space of a Banach space E. In the setup of the problem it is
natural to think of the desired integrands for the new stochastic integral as being . ([0, T])%-
valued. However, we will interpret this space rather as the tensor product of two Banach
spaces . ([0, T]) ® RY, which together with a suitable norm is again a Banach space. The
main reason for this approach is that we can view R? as the space of (bounded) linear forms
Z (R4 R) from R? to R. Recall that in the spirit of Métivier, natural integrands of an
‘H-valued semimartingale Z are .Z(H,G)-valued processes, where H and G are separable
Hilbert spaces, so that if Y is an allowed integrand, then [YdZ is a G-valued process.

We can rephrase our abstract problem setting as follows: given a separable Banach space
E., two separable Hilbert spaces ‘H and G and an H-valued semimartingale Z we would
like to define a new stochastic £* ® G-valued integral such that allowed integrands X are
E* ® £ (H,G)-valued and the new stochastic integral [ XdZ is E* ® G-valued and satisfies

a compatibility condition with the old stochastic integral, namely

[ xazer- [ xene

for all £ € E, where we interpret [ XdZ as a linear operator from E* to G and similarly X
as an operator from F to Z(H,G). Note that this equation implicitly suggests that allowed
integrands X of the new stochastic integral should at least pointwise, for each £ € E, be
integrands of the old stochastic integral. Hence, our basic strategy will be to extend to old
stochastic integral pointwise, satisfying some continuity properties that are well-suited for
our purposes. To make this clear, if E* = .Z([0,T]), H = R? and G = R, then a suitable
integrand of the new stochastic integral should be of the form p = (uy,. .., uq) € #([0,T])?



or in tensor notation = S0 u; @ ¢; € A([0,T]) @ R? such that [ pdZ is an .#([0, T])-
valued process, for any continuous function f € C([0,7]) we have the weak* Fubini property
anounced before and the process u(f) = (u1(f), ..., ua(f)) € R? is Z-integrable. The main
drawback or difficulty of this extension is that allowed integrands of the new stochastic
integrals are not necessarily measurable, and hence many arguments require special care
when measurability is needed. Another technicality that we have to address is the tensor
product of two Banach spaces E* and F as discussed above. We will be forced to construct a
suitable norm on E*® F' such that the completion of this space satisfies our requirements, the
resulting tensor product is then innately related to the well-known injective tensor product.

In section 2 we discuss measurability of Banach space valued functions and processes
and repeat the construction of the stochastic integral with respect to a Hilbert-valued semi-
martingale in the sense if Métivier. In this section we introduce the basic notation that
will be used throughout this text and try to convey the main difficulties and known results
regarding measurability of Banach space valued functions and processes. In section 3 we
construct the new integral, which we call a weak* stochastic integral and discuss a measura-
bility result that is tailor-made for the case of the two-parameter process. Section 4 contains
the main result on the two-parameter process.

I would like to acknowledge Martin Schweizer, first for giving me the opportunity of
studying the beautiful and elegant approach to the problem described above, developed first
in Schweizer/Choulli (2013), then for providing guidance and sharing his deep intuition, in
particular Proposition 3.22, which is the soul of the main result in this work, would not have
been possible without him. His dedication and patience to provide guidance and feedback

made this work possible.

2 Preliminaries

This section is divided into two parts. We start by discussing the concept of measurability
for Banach space valued functions and processes. The main result contained in this part
is Pettis’ measurability theorem and the techniques involving the proof will be used later.
In the second part of this section we recollect the construction of the stochastic integral
with respect to a Hilbert space valued semimartingale via control processes in the sense of
Métivier. The construction of the weak* integral that we develop later in Section 3 is an

extension of this case, and as such several ideas already appear here.

2.1 Banach space valued functions and processes

Let (E,|| - ||) be a Banach space over R and (C, %) a measure space. We start by recalling

the notion of measurability of functions between measure spaces.



Definition 2.1. Suppose that B is a o-algebra on E. We say that a function X : C' — E
is (€, B)-measurable if X Y(B) € € for all measurable subsets B € A.

When E = R and £ = B(R) is the Borel g-algebra generated by the standard topol-
ogy on R, any (%, B(R))-measurable function is the pointwise limit of a sequence of step
functions. It is natural to expect that this result should generalize to the case of Banach
valued functions, but this is not true for a general o-algebra. However, as step functions are

extremely practical, we define the set of ¥-measurable E-valued step functions

E(E,€) = { > 1

=1

neN,Cie%,gieE}.

Each step function satisfies the property that it is (¢, #)-measurable, irrespective of the
o-algebra % on E.

Lemma 2.2 (Measurability of step functions). Let % be a o-algebra on E and let
X € &(E,€) be a €-measurable E-valued step function, then X is (€, %)-measurable.

Proof. Let X =37 1§ € &(E,€) and B € # a measurable set, then either X !(B) is
empty or it is not. Suppose X 1(B) # &, then im(X) N B = {&,,...,&,}, with 1 <4; <
-+ < iy, < n, which implies that X (B) = J}_, C;, € €. O

Consider a (%, %)-measurable function X : C' — FE for some o-algebra & on E. A
natural question that arises is whether it is possible to approximate X with step functions
or vice versa. This question implicitly entails a choice of the topology on E, which must
not necessarily be the norm topology. For instance, we rarely view the dual space E* of a
Banach space F together with the norm topology, instead we take the weak* topology on

E*, which has in some cases more convenient properties compared to the norm topology.

Definition 2.3. Let O be a topology on E. We say that a function X : C' — E is strongly
¢ -measurable with respect to O if there is a sequence (X™)pen C &(E, %) of €-measurable
E-valued step functions such that X"(c) SCEN X(c) forallce C.

n—oo

Note that it does not directly follow from the definition whether a strongly %-measurable
function with respect to a topology O is (¢, %)-measurable or not, even if & is the Borel
o-algebra generated by O. We start by discussing the case where O is the norm topology on
E. Denote the Borel o-algebra on E generated by the norm topology by B(E). The following
result due to Pettis (1938) Theorem 1.1 characterizes strongly %-measurable functions with

respect to the norm topology.



Proposition 2.4 (Pettis’ measurability theorem). Let X : C' — E be a function. Then,

X is strongly € -measurable with respect to the norm topology if and only if X is separably
valued and the function A(X) : C' — R is (€, B(R))-measurable for all A € E*.

Proof. The proof we give here is basically identical to the original proof given in Pettis (1938).
This following version can be found in van Neerven (2008) Theorem 1.5 up to minor changes.
If X is strongly %-measurable with respect to the norm topology we can find a sequence
(X™")nen C E(E, %) of €-measurable E-valued step functions that converges pointwise to
X in the norm topology. Each step function X" has finite range im(X") = {&f,..., & }.
Hence, if we denote by Ej the closure of the subspace spanned by all these vectors we obtain
that im(X) C Ey , which shows that X is separably valued. Moreover, if we take any A € E*,
the R-valued step function A(X™) is (¢, B(R))-measurable by Lemma 2.2 for any n € N and
AX™(c)) — A(X(c)) for any ¢ € C, which shows that A(X) is (€, B(R))-measurable.

Convergglgfo suppose that im(X) C Ey for a separable closed subspace Ey C E. Let
{& }nen C Ey be a dense countable subset in Ey. Denote by Ef the closed unit ball in the
dual space E* and choose a countable subset {\, },en C ET such that for any £ € Ey

€[] = sup [An(£)]-
neN
For completeness we show how to find such a sequence: recall that
1€]] = sup [A(§)],
AE€E:

hence for any n € N we may choose A, € Ef such that 0 < [|&,[| — [A\(&)] < £, Soif € € Ey,
then for subsequence (&,, Jken C (§)nen, such that ||€ —&,, || = 0, we get
—00

1
SgglAn(f)l < EN <€ = Enill + €]l < 11€ = &nill + o [ Ani (Eni)| <

Hé - Enk” + ni + |)‘nk(£ - 5nk>| + |)‘nk(§)| < 2”5 - 5?’1]@” + i + sup |>‘n(€)’ —— sSup |/\n(§)|v
k N neN k—=oo  peN

which proves the existence of the countable subset {\, },en as claimed above.

For any ¢ € E, we notice that the function

C' — [0, 00)
e IX(0) - €l = sup P (X(0) - )

is (¢, B(R))-measurable, as it is the countable supremum of (%, B(R))-measurable. Hence,



for any m € N and 1 < k < m we know that the sets

1<i<n

ot = {c € c‘ d(X™(c), \x) = min d(Xm(c),Ai)} and

or? = {c € C’) V1<I<k-—1:d(X™(c),N)> min d(Xm(c),)\i)},

1<i<n

are (¢, B(R))-measurable. Let m € N, £ € Ejy and denote by k,,,(§) the least integer with
the property that

(€)= min {1 <k< m\us ~ &l = min le - &H}-

1<i<m

Note that ||&,.(n) — &]| — 0, by density of the subset {&, }nen in Ep. Define the function
m—ro0
X":.C—F

C— Z ﬂcgn (C)fk,
k=1

where CJ* = 7' NC™ = {c € C|X™(c) =&} € €. Let c € C, then X™(¢c) —— X(c) in
m—0o0
the norm topology by the previous discussion, which shows that X is strongly %-measurable

with respect to the norm topology. O

This powerful result due to Pettis (1938) implies that measurable Banach valued functions
behave like R-valued measurable functions under the Borel o-algebra generated by the norm
topology, in the sense that they can be approximated by step functions and pointwise limits

are measurable. The next results make this clear.

Corollary 2.5 (Pointwise limit of strongly measurable functions). Suppose that
(X™)nen 18 a sequence of strongly €-measurable functions with respect to the norm topol-
ogy that converges pointwise to a function X : C — FE, then X is strongly € -measurable

with respect to the norm topology.

Proof. Suppose that (X™),en is a sequence of strongly %-measurable functions with respect
to the norm topology that converges pointwise to X. By Proposition 2.4, each X™ takes
values in some separable closed subspace £ C E. Hence, X takes only values in the closure
of the span of these separable subspaces, which in turn is separable again. Moreover, if
A € E*, then each \(X™) is measurable by Proposition 2.4 and A\(X™(c)) — A X (c)) for
all ¢ € C, which shows that A\(X) is (¢, B(R))-measurable. By Proposition 2.4 it follows
that X is strongly %-measurable with respect to the norm topology. O]



Proposition 2.6 (Strong measurability and measurability). Let X : C — FE be a
function. Then, X is strongly € -measurable with respect to the norm topology if and only if

X is separably valued and (€, B(E))-measurable.

Proof. This proof can be found in Rieffel (1970) Chapter 3 Theorem 10 and Lemma 12.
Suppose that X is separably valued and (%, B(E))-measurable. Any A\ € E* is in particular
continuous, so A\(X) is (¢, B(R))-measurable. Hence, by Proposition 2.4 we may conclude
that X is strongly (¢, B(F))-measurable.

Conversely, if X is strongly %-measurable with respect to the norm topology, then in
particular it is separably valued. Let (X"),en C &(E,%) be a sequence of ¢-measurable
E-valued step functions converging pointwise to X in the norm topology. To show that X
is (¢, B(E))-measurable it suffices to verify that X ' (U) € ¢ for all open sets U € E, since

X!is a Boolean algebra homomorphism. Let U € E be open, we claim that

o =UUnen({ee E\ a6v)> 1)

m>1n>1k>n

where d(¢, U°) = inf{||¢ — ¢'||| ¢ € U°}. Indeed, c € X'(U) if and only if X(c) € U if and
only if X*(¢c) € {¢ € E| d(&,U¢) > L} for some m,n € N and all k > n, where we use that U
is open. By Lemma 2.2 X* is (¢, B(E))-measurable for any k € N, hence X 1(U) € ¢¥. O

Let (92, .#, P) be a complete probability space. We start by extending the notion of strong
measurability to the notion of P-strong measurability and by defining the (Bochner-)integral

with respect to Banach valued functions.

Definition 2.7. Let O be a topology on E. We say that a function X : Q — E is P-strongly
F -measurable with respect to O if there is a sequence (X™),en C &(E,€) of % -measurable
E-valued step functions such that X™(w) SN X(w) for P-a.e. w € €.

n—oo

The results presented above extend naturally to the P-a.e. case, hence we do not repeat
them. Instead we refer to Talagrand Chapter 3. The (Bochner-)integral of an E-valued
function with respect to P, which as we will explain, is an extension of the naturally defined

integral with respect to step functions.

Definition 2.8. Let X ="' | 1p¢& € &(E,.F) be an F -measurable E-valued step function.
We call

E(X) := /QXdP = iP(Fi)fi €E,

the integral of X with respect to P.



Lemma 2.9. Let X : Q — FE be a P-strongly % -measurable function with respect to the
norm topology, then the R-valued function || X|| : Q@ — R is (%, B(R))-measurable.

Proof. By Proposition 2.4, respectively the extension to the P-a.e case, there is a conull set

Qo C Q such that X : Qy — E is separably valued. Suppose that X () C Ey for a closed

separable subspace Fy C E and choose a countable subset {\,},eny C E7 in the unit ball

of E* as in the proof of Proposition 2.4, such that ||£|| = sup|A,(§)| for all £ € Ey. Note
neN

that A(X) is (%, B(R))-measurable for all A € E* by Proposition 2.4, so || X|| is (#, B(R))-

measurable, as a countable supremum of measurable functions. O

Definition 2.10. Let O be a topology on E. We define the class L°(Q, #; E,O) of P-
strongly % -measurable functions with respect to O, where we identify functions that are
equal P-a.e. Whenever we say that an element X € L°(Q,.%; E,O) has a given property,
we mean that there is a representative in the class corresponding to X with this property,

and we denote this representative by X.

Whenever the topology on E is clear, we write L°(Q,.%; E) instead of L°(Q,.Z; E, O).
Note that if E is separable and B(F) is the Borel o-algebra on E generated by the norm
topology, then the conditions (%, B(F))-measurable and P-strongly .#-measurable with
respect to the norm topology are tautological by Proposition 2.6. This discussion enables a
definition of the integral with respect to P for an (%, B(FE))-measurable function X. The
mapping defined by

H ’ HLl : L0<Q,9,E,B(E)) — [07 OO}
X = E(| XT)),

which is well-defined by Lemma 2.9, defines a seminorm on the vector space

Vo = {X € LO(Q,L@;E,B(E))’ E(||X]) < oo}.
Indeed, it is positive and if XY € V; then || X (w) + Y(w)|| < || X (w)|| + ||Y (w)]| for P-a.e.
w € €, which proves the triangle inequality. Moreover, note that &(E,.%) C V.

Definition 2.11. We denote by L'(Q, % ; E, B(E)) the closure of &(E, F) in Vi with respect

to the seminorm || - |11 identifying functions that agree with respect to the seminorm || - || 1.

The next result defines the integral with respect to P for an element in L*(Q, #; E, B(E))

and gives a practical characterization of this integral in terms of the dual pairing.



Lemma 2.12. Let X € L'(Q,.Z; E,B(E)), then E(X) € E exists and A\(E(X)) = E(A(X))
for all X € E*.

Proof. Suppose that (X"),en C &(F,.%) is a sequence #-measurable E-valued step func-
tions such that || X" (w) — X(w)|| —— 0 for P-a.e. w € ), then
n—o0

[EGE - X)) < B(IX" — X)) —— 0,
we denote the limit of this Cauchy sequence in £ by E(X). Let A € E*, then
AE(X™)) = E(AX™)),

n—oo

for all n € N. By continuity of A € E* we have A(E(X")) —— AE(X)). Moreover,
P-a.e.

P-a.e. a.
AX™) 2205 A(X), AX™) < IAMIX"] and A(X) < ||A]|||IX]| which implies by domi-
n—00
nated convergence that E(A(X")) —— E(A(X)). O
n—oo

Notice that we defined the integral with respect to P just for (%, B(FE))-measurable
functions, where B(F) is the o-algebra generated by the norm topology. With more effort, it
is possible to define an integral with respect to P if the topology that generates the o-algebra
satisfies some regularity conditions. However, we will circumvent this issue and exploit the
definition and properties of this integral.

We are now able to introduce the notion of conditional expectation in this setup. Suppose

that &4 C % is a sub-o-algebra, define the mapping
E(-19):8(FE,7)— &(E,9)

Z ﬂFz‘éi = ZE(ILFZ| g)flv
=1 =1

and note that for any .#-measurable E-valued step function X = >"" | 1r¢; we have

B(IECE )1 ) < ZE 10)

where we assume that the measurable sets in the representation of X are disjoint, which

EXX1D,

we may always assume. Hence, E( - | ¢4) is a continuous linear mapping from a dense
subspace of L'(Q, . #; E,B(F)) into L'(Q,¥; E,B(E)), such that the operator norm sat-
isfies ||E( - | ¢4)|lop < 1. This mapping can be uniquely extended to an operator from

LYQ, Z; E,B(E)) into L'(Q,9; E,B(E)) satisfying the same norm. We emphasize that

this conditional expectation is defined without using any Radon-Nikodym type of theorem.



Definition 2.13. Suppose that (F;)icr, is a filtration in F. A process M : R x Q — E is
called an E-valued martingale if My € LY(Q,.%; E,B(E)) for allt € Ry and for all s < t
E(M,| Z,) "2 M,

Corollary 2.14. Let (M) cr, be an E-valued martingale and X € E*, then (A(My))ier, is

an R-valued martingale.

Proof. This is a direct application of Lemma 2.12. Indeed, if A € E*, then A(M) is adapted
and integrable. If s <t and F, € .%,, then

E(LTJ\(Mt - Ms)) = )\(E <1F5(Mt - Ms))) =0,

which shows that A(M) is an R-valued martingale. O

Note that when £ = R the space L' we defined above is the regular L'. We turn
to the discussion of measurability for Banach valued processes processes. Suppose that
¢ C B(R) ® . =: .7 is a sub-o-algebra on  := Q x R.

Definition 2.15. Let O be a topology on E. We say that an E-valued process X = (Xi)icr,
is P-strongly € -measurable with respect to O if there is a sequence of € -measurable step
functions (X™)pen C &(E,€) that converges to X up to indistinguishability, that is

o
P({w € Q‘ JdteR, : Xy(w) # lim Xt"(w)}) = 0.
n— oo
We define the class L°(Q,€; E,O) of P-strongly €-measurable processes with respect to O,
where we identify processes that are equal up to indistinguishability. Moreover, we say that
X € LY(Q,€;E,0) has a given property, if there is a representative in this class that has

this property and we denote this representative by X.

As above we repeat that this definition does not directly imply that a P-strongly %-
measurable process X is (¢, #)-measurable, even when Z is the Borel o-algebra generated
by O. However, in the case where O is the norm topology on E the previous results translate

in the language of processes into the following:

Corollary 2.16. A process X is P-strongly € -measurable with respect to the norm topology
if and only if X is separably valued up to indistinguishability and the process A(X) : Q — R
is P-strongly (¢, B(R))-measurable simultaneously for all A € E*.

Proof. Suppose that X is P-strongly %-measurable with respect to the norm topology.

Let (X™)nen C &(E, %) be a sequence of @-measurable E-valued step functions such that

| X} (w) — Xi(w)|| — 0 for all (t,w) € R x €y, where Qy C 2 is a conull subset. The
n—oo

10



process X := lgyq,X is strongly (¢, B(E))-measurable, so by Proposition 2.4 it is separably

valued. Suppose that im(X) C Fy for a separable closed subspace Ey C E, then

P({w € Q' JdeR,: X(w) ¢ EO}) < P(Q) =0,

which shows that X is separably valued up to indistinguishability. Let A € E*, then by
continuity we obtain

MXi()) = Alim X{(w)) = lim AKX} (),
for all (t,w) € R x g, which shows that the process A(X) : Q@ — R is P-strongly (%, B(R))-
measurable.

Conversely suppose that X is separably valued up to indisinguishability and let Ey C F
be a closed separable subspace such that X;(w) € Ey for all (t,w) € Rx €y, where Q; C Qisa
conull set. By assumption A\(X) : Q — R is P-strongly (%, B(R))-measurable simultaneously
for all A € E*, so there is a conull subset Q3 C 2 such that Iryo,A(X) is (¢, B(R))-
measurable for all A € E*. The set € := Q; N, is a conull subset such that X := Irxa, X
is separably valued and A(X) = Igryxo,A(X) is (%, B(R))-measurable for all A € E*, so X
is strongly (%, B(E))-measurable by Proposition 2.4 and indistinguishable from X. Hence,
if we let (X")pen C &(E, %) be a sequence of ¢-measurable E-valued step functions such
that || X/ (w) — X(w)]] — 0 for all (¢,w) € Q, then

I
P<{w € Q‘ JdeRy: Xy(w) # lim Xf(w)}) < P(Q5) =0,
n—oo
which shows that X is P-strongly %-measurable with respect to the norm topology.
O

Corollary 2.17. Suppose that (X"),en is a sequence of P-strongly € -measurable processes
with respect to the norm topology that converges up to indistinguishability to the process

X :Q — E, then X is P-strongly € -measurable with respect to the norm topology.

Proof. Let Qy C Q be a conull set such that || X;(w) — X[ (w)|| — for all (t,w) € R x Q.
n—oo
For each n € N let 2, C Q be a conull set such that Igyxq, X" is strongly 4-measurable

with respect to the norm topology. The set Q, :=) Q,, is still a conull set, the function

n€eNg

X" = lrxq, X" is strongly ¥-measurable with respect to the norm topology for each n € N

and || Xy(w) — XP(w)|| — 0 for all (t,w) € R x Q,. Hence, X := lIgyq,X is strongly
n—oo

%-measurable with respect to the norm topology by Corollary 2.5. Let (Y"),en C &(E, %)

be a sequence of E-valued %-measurable step functions such that || X;(w) — Y*(w)|| —— 0
n—oo

11



for all (t,w) € Q, then

P({w € Q’ HeR, : X, (w) ';AH lim Yt”(w)}) < P(Q°) =0,

n—o0

which proves that X is P-strongly %-measurable with respect to the norm topology. [

For a more detailed and thorough discussion we refer to Chapter 3 in Rieffel (1970),
Chapter 1 in van Neerven (2008) and Chapter 3 in Talagrand (1984) for the topic of measur-
ability for Banach space valued functions and processes. We refer to Chapter 1.10 in Métiver
(1977), Chapter 1 in Dinculeanu (2000) and Pettis (1938) for a discussion on the Bochner
integral. It should be noted that all results presented here were only valid for the norm
topology, respectively the o-algebra generated by this topology. In general, it is not clear at
all, whether and when the limit of strongly measurable processes is still strongly measurable
and whether and when a measurable function is again strongly measurable and vice versa.
The usual definition of measurability is not useful in the case of Banach valued functions,
this was already noted by Bochner (1933) and Pettis (1938), who call strongly measurable
functions directly measurable functions. This measurability issue will be discussed in more
detail in Sections 3 and 4. However, it is beyond our scope to give a full characterization in
these cases. Even in the case where the o-algebra is generated by the norm topology, there
may exist (depending on the axiomatic system being used) measurable functions that are
not strongly measurable, we refer for instance to Chadwick (1982) for a discussion on this
topic. In Section 3 we return to this problem when discussing measurability with respect
to the o-algebra generated by the weak® topology on E*. It is very important to notice
that many of the results presented here do generalize under some circumstances to the case
where the topology on FE is metrizable in a suitable way, or if the process takes values in a

metrizable subspace of E.

2.2 The stochastic integral

Let (0, #,(#)icr, , P) be a filtered probability space satisfying the usual assumptions and
set as above Q := R, x Q. The main o-algebra we will consider on  is the predictable

o-algebra & generated by all adapted and left-continuous R-valued processes.

Lemma 2.18 (Predictable rectangles). The family of predictable rectangles defined by

K = {(s,t] x F

s,t eRy, s <t Feﬁs}u{{o} X F‘Feﬁo},

generates the predictable o-algebra & .
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Proof. The proof given here is standard and a general version with more generators of & can
be found for instance in Theorem 3.3 in Métivier (1982). Suppose that R = (s,t] x F' € %,
where F' € .Z,. The function 1z : Q — R is adapted and left-continuous, hence 0(%) C £.

Conversely suppose that X : Q — R is adapted, left-continuous and bounded. Define for
all n € N the process

XZZ(W) = ]]_{0} + 21(12 n l+1)2 n]( )X12 n( )
€N

Let B € B(R) be a measurable set, then

(X" (B) = {0} x {w € Q| Xo(w) € B}U[ ( (127", (i+1)27" x {w € Q| Xipn(w) € B}),
1€N

is & measurable, as {w € Q| Xo(w) € B} € %, and {w € Q[ X;p-»(w) € B} € F-n by

adaptedness. Let (t,w) € Q then X! (w) — X;(w) by left-continuity of X, which implies
n—o0

that & C o(Z%). O

Hence, whenever P € &2 is a predictable set, there is a sequence of step functions of the
form X" := 371, Lpp A} with A € R and R} € # such that Xj'(w) —— 1p(t,w) for all
(t,w) € Q. This in turn implies that it is sufficient to consider %Z-measurable E-valued step

functions of the form

o) ={ > 1ns

i=1

neN,Rie%,@eE},

instead of working directly with the set &(FE, &) of &-measurable E-valued step function,
which we defined above. As it will become apparent in the next few lines, the structure of
predictable rectangles is optimal for the definition of an integral.

We start by defining the stochastic integral of an Z-measurable Z(H,G)-valued step
function with respect to an H-valued process, where .Z(H,G) denotes the Banach space of

bounded operators from a Hilbert space H to another Hilbert space G.

Definition 2.19. Let H and G be two Hilbert spaces and Z : Q — H and H-valued process.
For an Z-measurable £ (M, G)-valued step function X = Y"1 L, xrnli € E(L(H,G))
we define the process

[z ZILF 1 Zu ) = Za(e)) €.

and we call [ XdZ Q — G the stochastic integral of X with respect to 7.

13



Let ‘H be separable Hilbert space, denote the set of H-valued semimartingales by .7 (H)
and fix Z € %(H). The semimartingale Z and the Hilbert space H will be kept unchanged
throughout this part.

Definition 2.20. We call an increasing, positive and adapted process A = (A¢)er, a control
process for Z if for any Hilbert space G, any Z-measurable L (H,G)-valued step function
X € &(L(H,G)) and any stopping time T € T we have

t 2 T
E(sup /XSdZS )gE(AT/ HXSH;(HQ)CJAS),
t<t 0 g 0 ’

where A, - (w) == /I%I?)At(w). We denote by o/ (Z) the set of all control processes for Z.
t,/T(w

An intuitive explanation of why we require 77, shared to me by Martin Schweizer, is that
this corresponds to pre-stopping, for instance if X is a left-continuous process and 7 is the
first time at which the process exceeds a given constant, then the pre-stopped process X7
will be bounded by this constant, but this may not be true for the stopped process X7.

To illustrate the concept of a control process we show how to construct it for a process

of finite variation and a continuous locally square integrable martingale.

Example 2.21 (Processes of finite variation). Suppose that V is an RCLL H-valued
process of finite variation. We denote by |V| the increasing process such that |V |(w) is the
variation of V.(w) on the interval [0,t], that is

V]i(w) := Var(V(w),[0,t]) :=

sup { Z HV;%'-H (W) - V;fz(w)H?‘l

Let 7 € T be a stopping time, X = Y"1, 1ixrTi € E(L(H,G)) an Z-measurable
Z(H,G)-valued step function and assume without loss of generality that the predictable

nEN,0§t0<t1<---<tn§t}.

rectangles in the representation of X are disjoint, then for P-a.e. w € ) we have

/XdV

(W)~
sup ZﬂF Tl 200 [1Vine (W) = Vins (@)l S/ 1Xs(@)L2ae6)dV]s(w) < oo,
0

t<r(w) ;1

n

5 10T Vi o) = Vinn )

=1

sup
t<7' w

= sup
t<7(w)

<
g

and the Cauchy-Schwarz inequality for the Lebesgque-Stieltjes integral in the last inequality

/XdV

yields

sup
t<7' w

T(w)~
V@) / 1Xu 2 01V ().

14



Taking the integral with respect to P gives

t T
E(sup [ xav, )SE(WIT / ||Xs||?sf(ﬁ,g)d|‘/|s>7
<t 0 g 0

which shows that the variation process of any RCLL H-valued process V' of finite variation

s a control process for V.

Example 2.22 (Square integrable continuous martingales). Suppose that M € ///Iicc(”;‘-[)
is an H-valued locally square integrable martingale and let X = Y77 | (s, rxr1i € E(ZL(H,G))
be an Z-measurable £ (H,G)-valued step function, where we can and we do assume that the
rectangles in the representation of X are disjoint. Notice that if (7,)nen S a localizing se-

quence for M, then for anyn € N

( / XdM)Tn = / XdM™ € H*°(G),

is a G-valued continuous square integrable martingale and so [ XdM € ///2’0(9) s a G-

loc

valued continuous locally square integrable martingale. For notational purposes denote the
process [ XdM by N. We will show that |N||3 is an R-valued submartingale. The process
|N|g is adapted by assumption and integrable. Let s <t and F, € F,, then

0 <E(1% - Nl31s ) = E(INl51r ) - 28( (8] Nots, ) + E(IN. 316, ).

where (- | )g denotes the scalar product in G. We claim that

v)
g

Indeed, if NI == " Langl € E(F5,G) is a sequence of Fs-measurable G-valued step func-

tions such that || N (w)— Ng(w)||g — 0 for P-a.e. w € Q, then using the fact that G € F
n—oo

and applying Lemma 2.12 yields

f) Pae ZE((MI Moler

(] N.Jg

7.) = (Bl 2

(] 87)

35) e ZE((M| 9

w).
g

for allm € N. Recall that conditional expectation is an L'-contraction, this proves the claim.

ys> :H.G;l P-:a.e.

n

> (v 7

i

g?) 1y P (E(Ntl %)
g

This argument can be found in Kunita (1970) Proposition 1 or for an alternative approach

15



see Métivier (1977) Satz 10.5. Hence we obtain that

0 <E(I¥ - NlB1s ) = B(IN131s ) - E(INI315 ),

for all s <t and Fy € F,, which means that |N||g is an R-valued (positive) submartingale,

which is in particular continuous. So by Doob’s LP-inequality we obtain for any stopping

time T € T )
(sup ) < 4E< / X,dM, )
t<t 0 g

Similarly as in the real case there is a unique up to indistinguishability, predictable, in-

creasing, positive and continuous process (N) of finite variation and null at zero, such that
IN|E — (N) is an R-valued martingale, see Métivier (1982) Corollary 15.4 (Doob-Meyer

decomposition theorem). In particular this implies that

o | [ ) =e(( fvar) ) =2({ fxar) )

where in the second equality we use that (N) is continuous in this case. We claim that

( fron) ) <x( [ v,

So let 0 € T be a stopping time such that M° € #*°(H) is a square integrable continuous

martingale, then for all (t,w) € Q we have

t
/ XsdM? (w
0

Z 1, (w (HT Mt/\amt (w) — MtAaASi(w)) ||é - ||M\?%(H,g)(<M>tAa/\ti (W) = (M)inons: (W)) <

)|, - / X @) 2 ) M) ()

Z L) T e (HMWM (@) = Munonss (@) — (M) inonss (@) — (M) snone <w>>).

E(</XdM"> —/ \|Xs\|éd<M“>s> <
- 0
T 2 T 2 T
E(</XdM"> _ H/ X, dM?|| + / X dM? —/ !\Xs\|§d<M°>s) =
T 0 g 0 g o

> ||Tz'||iﬂ(H,g)]E(ﬂF %= Le ((M)inons; — <M>tAaAsi)) <0,
=1

Hence,

i Mt/\a/\si
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since (([ XdM?) —|| [ XdM°(|%) and (|[Minont, — Minons; 3 — (M) iront, — (M )inons,)) are

R-valued martingales and this in turn implies that

E(</XdM>T) < E(/o ||Xs||?g<y,g>d<M>s),

which proves the claim. The previous discussion shows that for any stopping time T € 7

and X € &(ZL(H,G))
t 2 t 2 T 2
E(sup /Xsd]\/[s )gE(Sup /XSdMS > §4E<‘ / X dM, ):
t<t 0 G t<t 0 G 0 g

4E(</XdM>T_> < 4E(/OT ]\X5\|2(H7g)d<M)s) <

B((1+00)) [ 1K wodin). ) =BG [ 1Kot )

where we set A := 2(1+ (M),.-) and use in the last equality that d(2(1 + (M))) = d(2(M))
as Lebesgue-Stieltjes measures. This shows that A = 2(1 + (M)) is a control process for

M. For a general locally square integrable martingale M, a control process is of the form
A =21 + (M) + [M]), where M is the pure jump-martingale part of M, and [M) is the
quadratic variation of M, see Métivier (1982) Theorem 19.4 or Métivier and Pellaumail
(1979) Theorem 2 and 2" for a Doob-like inequality in this general setup and see Métivier
(1982) Theorem 23.14 or Emery (1980) for the construction of the control process of M in
the general case. In particular we refer to counter-examples 1.1.3 and 1.1.4 in Métivier and

Pellaumail (1979) for examples on why “sup” cannot be simply replaced by “sup”.

s<T s<Tt

As discussed in the previous examples, any semimartingale allows the existence of a

control process and this is in fact a sufficient condition for a semimartingale, namely:

Theorem 2.23 (Métivier). An RCLL H-valued process is a semimartingale if and only if

it admits a control process.
Proof. See Métivier (1982) Theorem 23.14. O

The extension of the stochastic integral to a suitable class of integrands requires the
construction of seminorms that control the integral with respect to elementary step functions
defined above. Let G be a separable Hilbert space. We denote by L° (Q, P L(H, g)) the
class of P-strongly &7-measurable processes with respect to the norm topology on Z(H,G).

17



For a control process A € &/(Z) and a stopping time 7 € .7 such that E(A2_) < oo we

consider the mapping
q LO(Q, 9;3(7—[,@)) — [0, o0
- )
X HE(AT/O ||XS||??(H,Q)dAs> .

We remark that an element in L° (Q, P L (H,g)) is not necessarily Z?-measurable,

however, there is a sequence (X")neny C &(Z(H,G), P) of P-measurable £ (H,G)-valued

Z(H,9)

step functions such that X" X up to indistintinguishability, which implies that

X(h) € L°(Q, 2;G) for all h Té_);-ol and by Proposition 2.6 this means that X (h) is &-
measurable for all h € H, since G is separable. The assumption that H is separable implies
then, that [|.X|| ) can be realized as a countable supremum of Z?-measurable processes,
S0 || X || (s,0) is P-measurable and hence ¢2(X) is well-defined. The mapping ¢ defines a

seminorm on the vector space

ANL(H,G)) = {X € L°(Q, 2, 2(H,9))

200 < o0

Indeed, if X € AA(Z(H,G)), then (¢*(X))? is the integral of || X||* with respect to the
(finite) measure on (2, &) defined by

P® A, (B):= ]E(AT /OT 1p(s, -)dAs) ,

for B € &, in other words, ¢2 is an L2?-seminorm. An important observation is that the
(quotient) space L2(Q, &, P ® A,-) of square integrable &-measurable R-valued functions
with respect to the measure P ® A,- contains the space of #Z-measurable R-valued step
functions &(R) as a dense subspace by Lemma 2.18. This implies that any Z-measurable
ZL(H,G)-valued step function in &(Z(H,G), &) can be approximated with respect to ¢4 by
a sequence of Z-measurable .Z(H, G)-valued step function in &(.Z(H,G)). To be more pre-
cisely, suppose that X = Y0 | 1pT" € &(ZL(H,G), P), where P, € & and T" € L (H,G).
For each 1 < i < n there is a sequence (X™),,cy C &(R) of Z-measurable R-valued step
functions such that

m—r0o0

||Xm,z _ ]lPiH%Q(Q,W,P@AT_) = /Q |Xm,z _ ]lpl|2d(P ® AT*) - 0.

Hence,

¢NX =) X™T) <Y Tl zaua | X™ = 1pll2@.2,pea,_) — 0.

N N m—oQ
=1 =1
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Lemma 2.24. The space of Z-measurable £ (H,G)-valued step functions &(ZL(H,G)) is a
q2-dense subspace of the seminormed vector space A2 (L (H,G)).

Proof. The ideas contained in this proof can be found in the proof of Proposition 22.4 in
Métivier (1982). Let X € AA(ZL(H,G)). By separability of H we may write

X1 2300) = sup X (Al

for a dense countable subset {h,},en in the unit ball of H. Note that for each n € N
the process || X (h,)|lg : @ — [0,00) is P-measurable, which implies that || X|| #.g) is -
measurable, as it is a countable supremum of predictable processes. For any (s,w) € Q we
have [|1(x| 4.6 <K} (8, W) Xs(W) — Xs(w)l| 2.6 = 0, so by dominated convergence it
holds that

E(AT— /0 HIL{HXHE(H,Q)SK}(S’ )XS — XsH?gﬂ(H’g)dAs> — 0.

K—oo

Hence we may assume that sup | X,(w)|lz@,g < K for some K > 0. Let {hy,}nen be an
(s,w)eQ
orthonormal basis of H and {g, }nen an orthonormal basis of G. Denote by Span(hy, ..., hy,)

and Span(gi,...,g,) the linear subspaces generated by {hi...h,} and {gi,...,g.} re-
spectively. Let 7, : H — Span(hi,...,h,) and 73 : G — Span(gi,...,g,) be the or-
thogonal projections onto Span(hy,...,h,) and Span(gi,...,g,). Notice that the process
X" =mg Xy € (L (H,G), P) is a P-measurable £ (H, G)-valued step function. More-
over, since {h,}nen and {g,}nen are orthonormal bases, we obtain for each k£ € N and
(s,w) €Q

—— 0 and

n—oo

| (rex.toms - Xt ) )

1

so by dominated convergence it follows that

g

< 2K,
g

(e X = X)) )

T 0 9
s(a [ 1K Xlgda) o0

T

A
that is X® ——— X. This is sufficient, as any X" can be approximated by a sequence of

n—oo
Z-measurable Z((H,G))-valued step functions as explained above, where we showed that

E(L(H,G)) is a gA-dense subspace of &(ZL(H,G), #). Note as an aside that we do not
use the full strength of the P-strongly &2-measurability of X. Instead we just exploit the
separable Hilbert-structure and require for any h € H the process X(h) : Q — G to be
Z-measurable. O
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Let 11(G) := {Ljpo.)Y|Y € L°(Q,#;G)is RCLL}, where we consider the stochastic
interval [[0,7)) := {(t,w) € |0 <t < 7(w)}, and

pr: L2(Q,.F:G) — [0, 0]

1
Y E(sup lmné) :

s<T

Note again that the mapping p, is well-defined. Indeed if Y € L°(Q,.%;G) then Y (g) is .Z-
measurable by Proposition 2.4 for any g € G and since G is separable, ||Y||g is .#-measurable

as a countable supremum of .%-measurable processes.
Lemma 2.25. The vector space 11.(G) is complete with respect to the seminorm p..
Proof. The proof is the same as of the real case in Lemma 24.1.1 in Métivier. The mapping

p- is positive and if Y1 Y2 € I1,(G) then

P (Y1 4Y?)? = E(sup ||Y;+Y3||z~) < E(sup V222 5up [V lg sup [[¥2[lg-+sup ||Y3||é> <
s<T s<T s<T s<T

s<T

s<T

1 1 2
2 2
B (sup V213 ) +28 (sup V21 ) B (sup 1213 )+ sup 213 ) = (o))
s<T s<T s<T
where we use the Cauchy-Schwarz inequality in the second estimate and this proves that p,

is indeed a seminorm. Let (Y,),en be a Cauchy sequence in I1.(G) and choose a subsequence
ny /" oo such that

p({weo

then for any [ € N we have

P({wen

and the Borel-Cantelli lemma implies that

1 1
sup [[Ya(w)™ 1 = Ya(w)™ |2 > —}) <1

s<T 2k

sup [V, (w)™* = Y (w)™ || > 2k4}) =

s<T

1

P( limsup § sup [[Y7*H — V|2 > —— 4 ] = 0.
k—o0 s<T 2k—4

Hence, the mappings ¢t — Y;"*(w) converge uniformly on [0, 7(w)) to a function ¢ — Y;(w) for

P-a.e. w € Q. The process 1y )Y is then RCLL and it belongs to the seminormed vector

space I1.(G) by Corollary 2.5, since it is the pointwise limit of P-strongly .#-measurable

processes with respect to the norm topology. O
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Formally we can view the stochastic integral as a linear operator defined by

d4: &(L(H,G)) — 11,(G)

X = ]l[[oﬂ-))/XdZ,

where the notation ®4 indicates that the mapping X Tij0,7)) [ XdZ is not only viewed
as an algebraic map, but as a continuous operator with respect to the seminorm ¢? on
&(L(H,G)) and for this it is necessary for the process to be defined on Iy )y, as we want

to exploit the bounding property of the control process A, more precisely:

Lemma 2.26. The mapping ®2 : &(L(H,G)) — 11.(G) is a bounded operator with respect
to the seminorms ¢ on &(L(H,G)) and p, on I1.(G).

Proof. Let X € &(ZL(H,G)) be an Z-measurable Z(H,G)-valued step function, then
[XdZ € L°(Q,.Z;G) and it is RCLL so 1., [ XdZ € I1.(G). Moreover,

2 t 2 T
Pr (h[o;))/XdZ) = E(SUP / X,dZ, ) < E(AT/ ||Xs\|?zﬂ(y,g)dAs) < o0,
t<T 0 g 0

where the second to last inequality uses the main property of the control process A and

the last inequality uses that || X|| #(z,g) is globally bounded as it is a step function and
E(A2_) < oo by assumption. O

Hence, 4 can be uniquely extended to a bounded operator ®4 : A4(Z(H,G)) — I1.(G).
However, we want a process defined on R, x 2 and not just on the stochastic interval [[0, 7)).
The basic technique to overcome this problem is to define the stochastic integral for each
stopping time of a sequence of increasing stopping times (7, ),en and to glue the resulting
processes on overlapping stochastic intervals. This requires the process ®4 to be independent

of the stopping time 7 € .7 in the following sense:

Lemma 2.27 (Independence of stopping times). Suppose that T, o € 7 are two stop-
ping times such that both satisfy the property that E(A2_) < oo and E(A2_) < oco. If
X e NMA(L(H, Q) NANL(H,G)), then

Lijo,rno) @2 (X) = Ljo,rne) @5 (X).

Proof. This is part of the proof of Lemma 24.1.2 in Métivier (1982). Let X € AA(Z(H,G))N
AJ(Z(H,G)) and choose a sequence (X{)pen C &(ZL(H,G)) of Z-measurable Z(H,G)-

A A
valued step functions such that X7 s X. In particular this implies that X7 LLLES'S
n—o0 n—o0

Note that for each n € N we have

Lornon®2(XT) = &2

TNO

(XT)-
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PrAc

(X) and @4, _(XT) — Ljo,7n0)) P2 (X), which by uniqueness

TNAO TAO TAO

of the extension implies that ®2, (X) = L{jo.rr0))®2(X) in IL(G). Similarly, this argument

TN

can repeated for a sequence (X7)nen C &(Z(H,G)) of Z-measurable Z(H, G)-valued step

A
functions such that X7 7 4 X, which gives the result. ]

n—oo

Hence, &4, _(X7) 2225 oA
n—oo

To conclude the construction of the integral with respect to the semimartingale Z we
require an integrand X to allow the existence of an increasing sequence of stopping times as
described above, in order to be able to glue the process on overlapping intervals. A class of

processes which admits this is described by the following result:

Theorem 2.28 (The stochastic integral). Let X € L°(Q, 2; £ (H,G)) and consider the

pTOCGSS
t
M(X) = At/o 1 X% (70.6)0As.

If MM(X) < oo P-a.e. for all t > 0, then there is an increasing sequence (T,)pnen C T

of stopping times such that lim 7, PLe oo and for any n € N we have E(A2_) < oo and
n—00 Tn

X € Afn (ZL(H,G)). In particular there is a unique RCLL G-valued process [ XdZ up to
indistinguishability, such that for any n € N

@7 (X) = 1[{o,m>>/XdZ~

Moreover, the process fXdZ is independent of the control process A € o/ (Z), whenever
M(X) < 0.

Proof. This proof can be found in Lemmas 24.1.2 and 24.1.3 in Métivier (1982). The sequence
7o 1= inf{t > 0|4; A M} (X) > n} satisfies the properties above. Define Y by setting

A L A
Y ‘[[O:Tn)) T IL[[Oan))(I)Tn(X)

Lemma 2.27 shows that the process Y4 is defined independently of the sequence (7,)nen-
To show that this definition is independent of the control process A let Ay, Ay € o/ (Z) be
two control processes such that A’ (X) < oo and M (X) < co. Then, A' + A% € o/ (Z) and
M A (X) < 00, Lemma 2.27 shows that

Al A2 Al A2
1ooY" = ooy = ooy ™,

where o, := inf {t > 0](A}l + A2) v \A 47} O
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Therefore, we consider as the class of Z-integrable processes the set

MLH.G) = | {X e L0, 2, L(H, g))' M(X) < oo}.

Acd/ (Z)

We finalize this part with an example that shows that the construction above yields the
same stochastic integral as the well-known isometric stochastic integral with respect to a

continuous locally square integrable martingale.

Example 2.29 (The case of a continuous R-valued martingale). Suppose that M =
(My)ier is a continuous locally square integrable martingale. Denote by L*(Q2, P, Py) the

L?-space with respect to the Doléans measure Py of M, that is

1 ey = E( / H§d<M>s),

and by //ZOQ’C(R) the Hilbert space of continuous square integrable R-valued martingales with
respect to the norm
1My = E(|Mx|*) = E((M) ).

Then, there is a unique isometry

®y o LA(Q, P, Py) — My (R)
H— He M,

such that (H ¢ M,N) = [Hd(M,N), for any continuous local martingale N and H €
L%(Q, 2, Py). Moreover, we know by Ezample 2.22 that A = 2(1 + (M)) is a control
process for M and any H € L*(Q, P, Py;) satisfies fot H2d{M), < oo P-a.e. for anyt > 0.
So that XA (H) < oo P-a.e. for anyt > 0, which means that H is M-integrable in the sense

we described above. Let (Tp)nen C 7 be a sequence of stopping times such that

E(ATJ / ’ HfdAs) < o0,
0

for all n € N, which exists by Theorem 2.28. It suffices to show that for each n € N we have
Lo,y H @ M = 10,5,y [ HAM, hence let T = 7, for some | € N. Choose a sequence (H™),en

of Z-measurable step function as in Lemma 2.24 such that

IE(AT_ / (H. —Hs”)QdAs> Y
0

n—oo

then Lo, H" BN Lo H in L*(Q, P, Py), since A>1 and dA = d{M). Note that for
n—oo
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any n € N we have H* e M = [ H"dM, see for instance Chapter 4 Lemma 2.10 in Schweizer
(2012). Hence

2\ 3

) <

(EEE (He M), — (H" o M)

( sup
t<t

where we use that ®y is an isometry and [ H"dM LN [ HdM. This shows that for all

n—oo

H € L*(Q, P, Py) the processes fHdM and H e M coincide up to indistinguishability. A

similar argument, just using a localizing sequence of stopping times, can be repeated to show

/tHdM—(HoM)t

) + E(sup
t<T

) +2E<‘(H0M)T—(H"0M)T

E ( sup
t<t

-

=

2
[V

2 4
)_>o

n—oo

that any locally integrable process H € L2 (Q, 22, Py) is also integrable with respect to M

in the sense we described above.

We refer to Métivier (1982) Chapters 20 and 26 for results on martingales and the con-
struction of the stochastic integral as we did. In particular the construction of the stochastic
integral with respect to a martingale that allows unbounded operators as integrands is par-
ticularly fascinating, see Chapter 22 in Métivier (1982) for this. The construction of the
control process for a general martingale can be found in Métivier (1982) as we stated above.
However, this involves the development of too many techniques, the main ingredients being
the notion of the dual predicable projection of a process (see Chapter 15 in Métivier (1982)
or Chapter 5 §22 in Dinculeanu (2000)), the pure jump-martingale part of a martingale (see
Chapter 19 in Métivier (1982)) and the stopped Doob’s inequality (see Métivier and Pel-
laumail (1980)). Once the characterization of semimartingales through control processes is
known, these results just serve the purpose of illustrating the concept of a control process, as
they are not needed in our construction, which is the main reason we refrained from proving

this (painstaking) result.
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3 Construction of the weak” integral

Let (2, .7, (Z)ier,, P) be a filtered probability space satisfying the usual assumptions, H
and G two separable Hilbert spaces and Z € .(H) an H-valued semimartingale. Let E
be a separable Banach space and denote the set of dense countable subsets in the unit ball

E; := BE(0) by 2(E;). We will consider elementary step functions of the form

E(E"6.L(M,G)) = { Z Lp,ui

i=1

n c N, RZ € %,Ui S E*®€$(H7g)}’

where E* is the dual Banach space of E and E*®..Z(H, G) denotes the weak* injective tensor
product of E* and Z(H,G), by which we mean the closure of E*®.Z(H,G) as a subspace
of Z(E,Z(H,G)). Recall the definition of the algebraic tensor product,

Definition 3.1. Let R be a commutative ring and M, N two R-modules. The tensor product
of M and N is an R-module T' together with an R-bilinear mapping @ : M x N — T such
that for any R-module P and any R-bilinear mapping 5 : M x N — P, there exists a unique
R-linear mapping v : T — P such that f =10 ®.

Proposition 3.2. Let R be a commutative ring and M, N two R-modules. The tensor

product of M and N exists and is unique up to isomorphism.

Proof. See for instance Atiyah, MacDonald (1969) Proposition 2.12. However, we sketch the
existence-part of the statement. Let C' be the free R-module RM*YN so elements in C' are
formal finite sums of the form Zle ri(mi,n;), with k € Ny, € R, m; € M and n; € N. Let
D be the submodule generated by elements in C' of the type

(m+m',n)— (m,n)— (m',n), (m,n+n")—(m,n)— (m,n’),

(rm,n) —r(m,n), (m,rn)—r(m,n),

where r € R, m,m’ € M and n,n’ € N. Define M ® N := T := C/D and denote the
image of (m,n) under the projection C' — T by m ® n. M ® N is then a model for the
tensor product, and it is the model that we will use. Elements in M ® N are of the form
Zle m; @ n; with £ € N, m; € M and n; € N. Moreover for all m,m’ € M, n,n’ € N and

r € R we have the following relations
(m+mh)@n=man+m ®n, mnm+n)=men+maen

(rm)@n=r(m®n) =m (rn).
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If F'is a Banach space, we denote the algebraic tensor product over R of E* and F' by
E*®F. The bilinear mapping

B:E*xF — Z(E,F)

e (00 260),

gives rise to a unique linear mapping ¢ : E*®@F — Z(F, F'), such that the following diagram

commutes

E*xF Z(E,F)

E*QF
We start by justifying that we can view E* ® F' as a subspace of Z(FE, F).

Lemma 3.3. The linear mapping ¢ : E* @ F — ZL(E, F) is injective.

Proof. Suppose that > | \; ® ¢; € ker¢ and for simplicity that n = 2, then

L(Al L+ ® 42) (6) = M(E)e + 2o(€) 8 o = 0,

for all £ € E. Suppose that \y(&) = —1 for some & € E, otherwise this would imply that
Ao = 0 and hence \y ® (; = 0. So

G = A1(&2) 1,

and therefore
MG F+FA®G=AM®0G+A®(M(E)0) = (A + Ai(&2) ) ® ¢ = 0.

This implies either (; = 0 or A\; = =\ (&) Aa. If ¢ = 0 then (3 = 0 and s0 AR+ X2®( = 0.
If )\1 = _>\1(€2))\2, then

MG +FA®G=X®(—A(&)G+ () =0,

since (o = A1(&)¢;. This argument is sufficient for the case of a general n € N. Indeed,
suppose that n > 3 and suppose that \,(&,) = —1 for some &, € E then

n—1
Go=> Xil&)G,
=1
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and plugging this relation in yields

n n—1
Z)\i®Q = Zj\i®€i>
=1 =1

where \; := \; + Ai(&n) A € E*. So repeating this argument reduces to the case where n = 2,
which we proved above. Hence, kert = {0} and this ends the proof. ]

However, note that f is not injective. In particular ¢ induces a norm || - || on E*®F,

which can be explicitly written as

n

PRI

=1

5 Ais Gi)

= sup
Z(EF) &R

lulle :== ||e(u Hf(EF )

F

where Y"1 | \; ®(; € E*QF is any representation of u € E*®F. We define the space E*®.F
to be the closure of «(E* ® F') C Z(E,F) with respect to the norm | - ||.. Traditionally,
the subscript € stands for the injective norm, but due to the similarities between this tensor
product and the injective tensor product (both coincide if F is reflexive) and due to the
fact that we do not use the injective tensor product, the subscript ¢ will denote the tensor

product constructed above.

Example 3.4 (Motivating example). Suppose that X is a compact topological space, then
C(X)* = #(X) by the Riesz representation theorem, where C(X) denotes the Banach space
of continuous functions on X with respect to the sup-norm || - ||o and A (X) denotes the
Banach space of signed Radon measures on X with respect to the variation norm || - ||v
Let d € N and set A (X)* = @?:1 A (X). Recall that the direct sum and the direct
product of finitely many modules is the same, however we prefer to write it as a sum. For
a suitable A (X)*-valued process p, our aim is to define an A (X)-valued process [ pdZ,
where Z € . (RY) is an R¥-valued semimartingale, such that

Jo( o) ()

whenever [ € C(X) is a continuous function. Moreover, [([y fdus)dZs should coincide
with the stochastic integral constructed above for all f € C(X). As we will explain in this
section, it is more natural to work with .4 (X) ® R? instead of M (X)?, as R? = Z(R% R)
18 the space on which we defined the stochastic integral above. More precisely, note that we

have the following algebraic isomorphisms

IIZ

MX)RR = #(X) e PR=P .7

69 M(X)
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i fact the mapping

o MX) = M(X)DR?

M1 d
= Z Hi @ €
Hd =t
is an isomorphism, where e, ..., eq € R? is the canonical basis of R?. Note that the space

M (X) ®Re is complete with respect to the norm || - || defined above. Indeed, if (un)nen C
M (X)@R? is a Cauchy sequence with respect to || || and we fix the standard representation
Uy = Zf 1 @ e, then for any 6 > 0 and m,n € N large enough we have

/fd//f—/fdui”
X X
= sup :

1fI<1 R4
/ fdury / Fdpy
X X

which implies that (U )nen C A (X) is a Cauchy sequence with respect to the variation
norm || - ||v for each coordinate 1 < i < d and in addition this implies that A (X) @ RY =
M (X)DRE. The space 4 (X)? is also a Banach space if we endow it with the natural norm

<0,

[ = u™e

H1 d
H f H:ZWHV.
=1
Hd

It follows directly that ¢ is a homeomorphism or alternatively this follows from the open
mapping theorem, since @ is an isomorphism of vector spaces and a bounded operator between
two Banach spaces. Hence, in this case we have M (X)® R = 4 (X)QR? = 4 (X )4, which

explains the motivation behind the choice of the tensor product introduced above.

The space E*®.%(H,G) has two natural identifications, either as described above as a
subspace of Z(E, Z(M,G)) or of Z(H, E*®.G). To explain the identification as a subspace
of Z(H,E*®.G) suppose that u € E*®.%(H,G) and let (u,)nen C E*®@Z(H,G) be a

Cauchy sequence such that

sup [[u(§) = un(&)ll2t.9) —— 0.
§€E1 n—oo
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Similarly as above we have a bilinear mapping
B:E*xL(M,G) — L (H E*®G)
NT) — <h = A® (T(h))),

which induces a unique linear mapping 7 : £* ® Z(H,G) such that the following diagram

commutes

E*x.Z (1, Q) L(H, E*6.G)

Nt

E*®ZL(H,9)

A'®T" be a representation

The same proof as above shows that 7 is injective. Let u, = > ;| Al

of u,,, then

Z)\" ) € E*©G C E*'@4F,

for all h € H. Note that if we denote by H; the unit sphere in H, then

1P = 1um) | 2.8-5.6) = SUp [[/(tn = tm) ()]

eH1

E*®.G —

n

2 NI () =2 AT

i=1

sup
heHt1, E€En

= sup [|(un — um)(&)||2r6) —— 0,
e fEEl n,m—oo

which implies that (i(u))nen C ZL(H, E*®.G) is also a Cauchy sequence in £ (H, E*®.G)
and we denote the limit by W(u), which is independent of the choice of the Cauchy sequence
that approximates u. Indeed, if (ul),en, (U2)nen C E* ® Z(H,G) are two Cauchy sequences
such that

sup [lu(§) — U};(f)”z(ﬂ,g) —— 0 and
IS n—00

sup [|lu(&) — ul (€l .2pug) — 0,
EGEI n—oo

then,
eCun, = up)ll 20.208.0) = sup 1 = un) (€l 2r0) <
sup || (u, — u)(§)ll.ze) + sup [[(u —uz)(€)l 2oue) —— 0.
¢eE?! I3

This discussion implies that we have a natural isometry ¥ : B*®..Z(H,G) — L (H, E*®.G)

onto the image of this map, which gives the desired identification.
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So, if £ € E then we can think of u(§) as an operator in Z(E, Z(H,G)) or if h € H
then we can think of ¥(u)(h) as an element in E*®.G or as an operator in .Z(E,G) and we
will denote W(u)(h) by u(h) for notational purposes. In order to avoid confusion with this
abuse of notation, which we need in order to keep the notation as clear as possible, we will
only denote by £ elements in E, so the only case where u(§) is interpreted as an operator in
Z(E, £ (H,G)) will be when £ is in the argument of u. Note that with this identification

we may write
u(§)(h) = u(h)(&) € G,

for all £ € E and h € H. Indeed, take an approximating sequence (u,)nen C E* @ L (H,G)
for u as above, then

wl©0) = (L AOT ) =A@ = (N @ T )(© = wlt)e)
foralln € N, £ € E and h € H. Therefore, if £ € E; \ {0} and h € H; \ {0} we get

[u(€)(h) = u(h)(E)llg < [[u(€)(h) = un(§)(A)llg + [lu(R)(§) — un(h)(E)llg <

[u(€) = un(E)ll2e.0) + l[u(h) — un(h)]

Moreover, note that whenever E is reflexive, the weak* injective tensor product and the

E*®€g ﬁ“_}m O

injective tensor product coincide, but the converse is not true in general, see Chapters 42
and 43 in Treves (1967) and Chapter 3 in Ryan (2002) for a discussion on the injective tensor
product and tensor products on locally convex vector spaces in general.

Furthermore, we endow E*®..Z(H,G) with the weak* topology O*, that is the coarsest
topology such that the evaluation maps u — u(§) € Z(H,G) corresponding to £ € E are
all continuous and we take the o-algebra on E*®..Z(H,G) generated by this topology. Note
that for H = G = R, this is precisely the usual weak* topology on E*. We will write
LY(Q, Z; E*®. %L (H,G)) instead of L°(Q, P; E*®.Z(H,G),o(0O*)) for notational purposes,
so a process X is of the class L°(Q, #; E*®..Z(H,G)) if there is a sequence of Z?-measurable
E*®.ZL(H,G)-valued step functions (X"),eny C &(E*®.Z(H,G), Z) such that

P({w € Q’ JdeRy: Xy(w) # lim Xt”(w)}) =0,
n—oo
where the limit is taken with respect to the weak*-topology. However, note that X is not

necessarily (£, o (0O))-measurable and limits in the class L%(Q, 22; E*®..%(H,G)) need not

necessarily lie in this class.
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Suppose that X = Y"1 | L5, nxrnti € E(E*®.Z(H,G)) is an Z-measurable E*®..Z (H, G)-
valued step function, then, since Z is H-valued, we can define the following process

t n
[ %20) = 3 1000 Zs) - Zinaf)) € B
0 i=1

This mapping will be extended to a suitable class of integrands taking values in B*®..%(H, G)
such that the property

/0 ' XdZu(€) - /0 ' X.(€)dz,

holds for all ¢ € E and [ X (§)dZ coincides with the stochastic integral constructed in Section
2, this property will be called the weak® Fubini property.

This section is divided into five parts. The first part introduces a class of processes for
which the construction of this new stochastic integral is almost a pointwise extension of the
stochastic integral constructed in Section 2, we call this stochastic integral a weak* stochastic
integral. In part two and three we discuss the ambient space of the weak* stochastic integral
and some issues regarding well-definedness of the integral. Part four gives the main result of
this section, that is the construction of the integral and the statement and proof of the weak*
Fubini property. In the last part of this section we discuss the subtle issue of measurability
for E*®.F-valued processes and state a sufficient condition for strongly Z?-measurability
of an E*® R?%-valued processes, which is relatively simple to verify for the case of the two-

parameter process.

3.1 The space A(E*®.Z(H,G))

Let A € &/(Z) be a control process for Z, 7 € 7 a stopping time such that E(A?_) < oo,
let v € IL(N) := {y € I"(N)|Vk € N: 7, > 0} and let £ := {&}ren € Z(E1) be a dense
countable set in F4, we define

A QP E @ L (M, G)) — [0,00]

qT,’y
X (S (4 [0 1@ wsaa.) )

keN

and the vector space

AA

T,7,§

(B*®.ZL(H,G)) := {X c L°(Q, 2 E*"0. % (H,G))

qf%(X) < oo}.

Note that g2 (X)? = >, 7 @2 (X (&))? is the y-weighted sum of the processes (X (&) ke

with respect to the seminorm ¢# defined in the previous section, hence it is well-defined.
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Lemma 3.5. &(F*®. % (H,G)) C A2 (E*®.Z(H,G))

7,7:§

Proof. Let X ="  lpu; € &(F*®.Z(H,G)) be an Z-measurable £ (H, G)-valued step

function . For any k£ € N we have
i ()|l 231.0) < Sup [wi ()Nl 2.9y = llwslle < oo,
1

hence if we set C' := n’E(A2_) max ||u;||> we obtain
1<i<n

qﬁ77§(X)2 = Z’Y’fE (AT—/O |’XS<£R)‘|?$(H,Q)dAs> =

keN
T n 2
= Z%E (AT— / Z Lr,ui(8k) dAs) < Ol < oo,
keN 0 i1 Z(H.G)
so X € Af,%é(E*QAQOZ(H, Gg)). O

Lemma 3.6. The mapping q;‘f,%5 defines a seminorm on Afmg(E*@)ef(H, g)).

Proof. This argument is taken from the proof of Lemma 1.5 in Choulli/Schweizer (2013).
Denote by [2(N,v) the [?-space with weights (13)ren. If X € A2 (E*®.Z(H,G)) then

T,%,§
qf% (X) can be interpreted as an [>-seminorm in the following way:

T (X) = H{E(Ar—/ !\Xs(ﬁk)l@(ﬂ,g)dfls) }
) 0 keN

which shows that qf,y ¢ 18 a seminorm, since q2 is a seminorm. O

= [{a (X (&) brenll2aig),

12(Nyy)

Lemma 3.7. The set of Z-measurable E*®.. % (H, G)-valued step functions & (E*®.L(H,G))

is dense with respect to qﬁ%é in the seminormed vector space A‘T“’%é(E*@ef(H, g)).

Proof. Let X € A2, (E*®.Z(#,G)), then by separability of £y and # the process || X is
Z-measurable. Indeed, since { C Z(FE;) is dense in the unit ball F;, we can write for any

dense subset (hy,)nen in the unit sphere of H
[ X (w)lle := sup [ Xe(w) (&)l 21,6) = sup [[Xe(w)(&n) () g,
neN n,keN

for all (t,w) € €, where we use the identifications described above. This shows that
| X || is &-measurable, since || X (&,)(hg)|lg is &P-measurable for all n,k € N. Moreover,
[(Lgyx g <x3 Xs(w) — Xo(w)) (&) 2.0) = 0 for all (s,w) € Q and £ € E. Hence, by
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dominated convergence

Z%E(AT/ (Lgpxpe<xy Xs — Xs)(ﬁk)||,2sf(ﬂ,g>dAs> =0

-
kEN 0

So without loss of generality we may assume sup || X;(w)|le < K for some K > 0. Choose
(s,w)EN

a sequence (X™),eny C E(E*®.ZL(H,G), P) of P-measurable E*@..Z(H,G)-valued step

functions such that
P({w € Q‘ JdteR: Xi(w) T;é lim Xt”(w)}) =0,
n—oo

where the limit is taken with respect to the weak* topology and note that we may choose this
sequence such that || X"|| < K + 1, for instance by taking X" := L{jx_xn|,<13X", which is
still a predictable step function and converges to X pointwise in the weak* topology, more
precisely for any (s,w) € Q and £ € E we have

I(X3 (w) = Xs(@)(E)llzpg) —— 0.

n—oo
Therefore we obtain that
Sk (A [ 6] - X1 g dd) =2 0
keEN 0

by dominated convergence. Just as in the remark preceding Lemma 2.24 we can show
that &(E*®cZ(H,G)) is a ¢ .~dense subspace of &(E*®.Z(H,G), ), which finishes this
proof. n

Analogously as in the previous section we introduce a class of processes that allow a

suitable increasing sequence of stopping times.

Lemma 3.8 (weak* Z-integrable processes). Suppose that X € L°(Q, 2; E*®. 2L (H,G))

1 such that the process
t
A’ ’£
AT 1= 3w [ 1K) g < 0
keN 0

s finite P-a.e. for anyt > 0. Then, there is an increasing sequence of stopping times such
that lim 7, "% 0o and for anyn € N we have E(A? ) <ocand X € AL | (E*®©.Z(H,T)).

n—oo T’"«?’Y?é
. . . A, .
Proof. Define for any n € N the stopping time 7, := inf {t > 0|A; A A, 7§(X) > n}. This
sequence is increasing, lim 7, = oo P-a.e. and it satisfies the desired properties. O]
n—oo
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Hence, it is natural to consider as the space of integrands, which we call weak* Z-

integrable processes, the class

AME*®.Z(H,G)) = U {X e L°(Q, 2; E*®5$(H,g))‘ ME(X) < oo},

A (Z)xIL (N)x 2 (E)

where the union is taken over all control processes A € &7 (Z), all sequences v € I% (N) and
dense countable subsets £ € Z(E;), where A7£(X) < oo means that )\fmé(X) < 0o P-a.e.
for all ¢ > 0. Note that if £ = R, then A(E*®.Z(H,G)) and A(ZL(H,G)) coincide, but
in general these two classes of integrands are different. Moreover, the class of weak* Z-
integrable processes as presented here is not as large as we would like it to be, for instance,
it is not clear if the pointwise limit of P-strongly &?-measurable processes is still strongly
measurable. In part four of this section we will discuss a natural extension of the class of

allowed integrands.

3.2 The Space II(E*®.G)

Let A € &/(Z) be a control process, 7 € 7 a stopping time such that E(A2_) < oo,
& = {&}ren € Z(E1) a dense countable set in Ey and y € I} (N). Define the space

I, (B*®G) = {ILHO,T))Y‘ Y:Q— F*®.Gis RCLL, V¢ € E:Y(€) € LY, .7; g)},
and the mapping

DPryg - HT,%§<E*®eg) — [0, o0

Y= (Z WE(sup HYs(ﬁk)”é)) é,

keN s<T

and note that p,,¢(Y)? = >, oy %0 (Y (&))? It is tempting to define in analogy to the
last section Hng(Z%’* ®.G) as the space consisting of processes of the form 1 ,))Y such that
Y € L°(Q, .Z; E’:®Eg) is RCLL. However, due to the lack of regularity of E*®.G, we would
not be able, in general, to show that it is complete with respect to the seminorm p, ¢,
since the pointwise limit of a sequence in L°(Q,.%#; E*®.G) is not necessarily of that class.
Surprisingly (or not), the class of processes Y : 0 — E*®.G such that Y (¢) € L°(Q,.7;G)
for all £ € E, which we will later call weak* measurable processes, are more well-behaved for
our purposes. We start by showing that p, ¢ is a seminorm and the weak® Fubini property
for step functions, which will later be extended to a larger class of processes after we show

that HT,%é(E*@gg) is a complete space.
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Lemma 3.9. The mapping p-~¢ defines a seminorm on H%(E*@eg).

Proof. 1Y € I,.¢(E*®.G) then pre(Y) = [{E(sup,er [[Ya()lI3)2 drenlleorq- =

Lemma 3.10 (The weak* stochastic integral and the weak* Fubini property for
step functions). Consider &(E*®.2(H,G)) together with the seminorm ¢ . and the space
HT’%é(E*é@Eg) with the seminorm p; ¢, then the mapping

A
(I)ng :

E(E*®L(H,G)) = 1L (E*®G)

X = 1[[07T))/Xdz,

1s a bounded operator and it satisfies the weak™ Fubini property, namely

ﬂuo,r»/XdZ(f) = ﬂuo,T))/X(f)dZ,

forany € € E and X € &(E*®.ZL(H,G)).

Proof. Let X = 37" | L5, 1ixmti € E(E*®.Z(H,G)). Since A € &/(Z) is a control process
for Z we get for any £ € E the inequality

B(swl [ x©aziz) <B(4- [ 1K@l ).

s<T 0

(X)) < qu%g(X ) < oo. To verify the weak® Fubini property let £ € E,

77,6
then
t n n
XdZ(§) = Z Lrui(Zing — Zins;)(§) = Z 1rui(§)(Zint; — Zins;) =
0 i=1 i=1
t o t
/ (Z ﬂ-(si,ti]xFiui(é))dZ Z/ X(§)dz,
o \ 7 0
where we use the identifications of EF*®..Z(H,G) described above. O

The notation @;‘%%5 is used to stress that this is a bounded operator when we endow

E(B*@.ZL(H,G)) with the seminorm qﬁm, however as an algebraic map, the only A-

A
7,7,§

prove as announced before that the space Hmé(E*@)eg) is complete.

dependence is due to 7. In order to argue that ® has a unique extension we still need to
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Lemma 3.11. The space HTmé(E*@eg) is complete for the seminorm pr¢.

Proof. Suppose that (Y™),en C Hmé(E*@Eg) is a Cauchy sequence, that is

nykE(supHY"(fk) Ysm(fk)Hé) e 0.

keN s<T

Choose a subsequence (7, )men such that the second inequality

PLU sz @) - v (@l > g }) <

1

2 S (sup V6 - V@I ) <

keN s<T

holds for all m € N. Hence, for all m,l € N we obtain

1 1
P< U {sup Y+ (&) — Y™ (€ k)”é > %2m_4}) < om—1

keN s<T

which follows from the fact that

1
U {sup vt - vem@lp > s b

keN s<T

I
1
MNm, z Nm+i— 2 _
U U{supHY (&) = Y (&) g > ,YkZm—‘ri—l}'

keNi=1 s<T

n Nomti—1 1
Indeed, if w ¢ U U { sup Y (&) — Y+ (&) g > W}, then for all £ € N we

keNi=1
have the following chain of inequalities

sup [V (@) (€0) — Yo ()02 < (ZHY"’“*’ _ypmes <><§k>ug) <

s<T

(i 1 )2 (i1>2 1+f)< 1
0\ [yp2mtic] k2m N\ & Vo W2m T p2met

(2

and this in turn gives

PU {smibzrico (60l > g ) <

s<T
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l 00
- - 1 1 1
P L) =i @0l > S ) €3 gt = g

i=1 keN \ °<T i=1

which proves the claim we made above. The Borel-Cantelli lemma implies that

Q\ Qp := limsup U {sup Y (&) = Y m(&:)“é > }
keN

m—o00 s<T 'Yk2m74

is a null-set, in particular if w € €y then

sup ||V (w) = V" (W)][5eg,g = sup sup [V (w) (&) — Y (@) (€0)lIG —— 0,

s<7(w) s<7(w) keN m=—r00
which means that the functions s — Y™ (w) converge uniformly for all w € € on the interval
[0,7(w)) to a function s Ys(w) € E* ®.G. Define the process Y := 1(R+XQO)Q[[0’7))?, then
Y is RCLL, due to the uniform convergence, and Y (¢) € L°(Q,.#;G) for all ¢ € E by
Proposition 2.4 or more precisely Corollary 2.17, so Y € Hmé(E*@)Eg). ]

Corollary 3.12 (The local weak®* stochastic integral). The mapping defined above
L E(E* QL (H,G)) = M, qe(E*®G) extends uniquely to a bounded linear operator

o4 A4

77§ €

(E*@eZ(H.G)) = Iy e (B"®:G)

X = ]l[[oﬂ-))/XdZ,

which satisfies the inequality pT,%é(QDTmé

(X)) < a2, (X) for any X € A2 (E*6.2(H.0)).

7,7.€

Hence the space
H(E*®eg) = U H’T,’y,é(E*®€g)7
7

where % := {(A,7,7,¢) € &/ (Z) x T x I"(N) x Z(Ey)| E(A2_) < oo}, is a natural ambient
space for this integral. In the next part we argue why it is possible to extend the stochastic
integral using an increasing sequence of stopping times in analogy to Section 2. The main
difficulty is that we have to prove prove independence of the choice of stopping times, inde-
pendence of the choice of weights v € I} (N), independence of the choice of a dense countable
subset £ € Z(F), independence of the choice of control process A in a suitable way and fi-
nally paste all independence claims together, so that we are able to glue a stochastic integral

as in Section 2.
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3.3 The extension

Lemma 3.13 (Independence of stopping times). Let A € &/(Z) be a control process
for Z, v € I.(N) and § € D(E1) a dense countable subset. Suppose that T, o € T are two
stopping times such that E(A%_) < oo and E(A%_) < oo.

If X € Amg(E*@)EX(H,Q)) N Afvg(E*@)E(Z(H,Q)) then

L(0.710) @70, (X) = L(0.700)) Py e (X) = @7 (X))

Proof. The assumption X € ATvg(E*é@EZ('H, g))n Afvg(E*ébEX(H, G)) implies in partic-

ular that X € ATAmg(E*®€$(H G)). Choose a sequence of Z-measurable &*®..Z(H,G)-

. 9,
valued step functions (XM),eny C E(E*®.Z(H,G)) such that X? —% X. Note that

n—o0
A
Y7 no .6

X' — X and for any n € N we have the identity

n—o0

]].[[0J/\g))q)f,y£(Xn> ]]-[[07'/\0 [[0,7) /X dz = I].[[()T/\U /XndZ q)T/\U'y{(X’ln>'

o, pT 0,7,
Moreover, the fact that X7 Trons, X, implies that 4, (X7) ——— @4, (X) by
n—00 n—0o0

Corollary 3.12, but X7 *’—> X in turn shows that 10,0y Pr,q.e (X]) —> Lijo,rno) Prome (X)
and the convergence also holds with respect to praq¢. Hence, by umqueness we obtain

Lifo,rn0)) Prye(X) = 2

TAGY,§

(X),

in the seminormed vector space Il . ¢ (E*®.G). The same argument can be repeated for a

9, : :
sequence (X7)nen such that X %5 X, which proves the claim. O

n—oo

Lemma 3.14 (Independence of weights and dense subsets). Let A € </ (Z) be a

control process and T € 7 a stopping time such that E(AE_) < oo. Suppose that ',
e ll(N) and &', € € 2(B). If X € A, (B &L (H,G) N AL, (B &L (H,G))

1 51 2 52
then
@;ﬁvlél (X) = @;{723 (X).

Proof. The ideas contained here can be found in the proof of Theorem 2.1 in Choulli/Schweizer
(2013). Define the interlaced sequence v := (v{,77,73,73, - . .) € I} (N) and the dense count-
able subset £ := {¢],£1.63,63, ...} € Z2(Ey) in Ey. Then

qg»y,g(X)z = Qﬁ,ylél(X) —|—qu 52(X)2,
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so X € A (E*®.Z(H,G)). Choose a sequence (X"),eny C &(E*®.ZL(H,G)) of %-

7,7,§

Qf,’ qﬁ 1l
measurable £ (H, G)-valued step functions such that X™ NN ‘e , then both X" NN 'e

n—00 n—oo
A
qT, 2, 2 . A
and X" 55 X Moreover, if Y € I, ¢ (E*®.G) then
n—oo -
pTa’Yyé(Y)2 = p’T,’Yl,él (Y>2 + pT,’YZ,éQ (Y)z'
Dy, i Pryl el
Hence, since CIJ;“’%(X”) ﬁ (I>;4’%§(X), we obtain that @ﬁvlél(X”) ﬁ (ID;“’%é(X), but
p.,-7 lY 1 . . .
simultaneously we have q)fvl o (X™) BN cI)fT“71 o (X), which by uniqueness of the extension
) S n—oo ’ >
implies that
A A
¢T,’Y,§(X) = CI)T,'yl,él (X)7

in the seminormed vector space Il ¢ (E*®.G). Repeat the argument for the triplet (,~?, §2)
to obtain the desired result. O]

Lemma 3.15 (Independence of control processes). Let v € I} (N) and £ € Z(E)
a dense countable set in Ey. Let A', A> € &/ (Z) be two control processes and T € T a
stopping time such that E((AL_)?) < oo and E((A2_)?) < cc.

If X € A (E*®.ZL(H,G)) NAL (E*&.ZL(H,G)) then

7,7.§ T,7,§

Al
q)ng

(X) = 24 (X).

T,7,€

(X) = o2

7,7.€

Proof. Note that A' + A2 € &/(Z) and X € A4 (E*®.Z(H,G)). Choose a sequence

7,7,§

of Z-measurable .Z(H,G)-valued step functions (X"),eny C E(E*®.Z(H,G)) such that
Alya?
X £ 5 X. Note that
n—oo
(bgv,é(Xn) = (I)f,’y—,EA (Xn)a

holds for any n € N and &4 +47(X™) T, pAEAT (X), which implies that the equality

T”y’é n—o00 T”y’é
Al A1+A2
¢T,"/,§(X) = (X)7

7,%.§

holds in II,, ¢(E*®.G) with respect to p,.¢. Repeating the same argument for CI>;4;§(X )

gives the desired equality. O]
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Corollary 3.16 (Independence). Let A', A? € @/ (Z) be two control processes and T,
o € T two stopping times such that E((AL_)?) < co and E((A2_)?) < co. Let~y*, v* € I}(N)
and §', & € D(Ey).

Suppose that X € AAll EI(E*&DS,”(H, G)) NAY

o 2£2(E*®6$('H,Q)), then the following iden-
tity holds

ﬂ[[oﬂ-/\g))@f’i{l’g (X) = ﬂ[[ojﬂ\g))@ﬁi’z’éz (X) cI)A1+A2 (X) = CI)A1+A2 (X)

TAoy! El T/\J,'y2,§2

Proof. Note that X € AA + o §1(E*(§§>€.$(?'-l,g)) N Af;:jjéZ(E*@ef(H,g)), so the result

follows from the previous Clalms stated above. O

3.4 The weak" Fubini property

Proposition 3.17 (The local weak* Fubini property). Let v € I} (N), £ € 2(E1) a
dense countable subset in By, A € o/ (Z) a control process and T € T a stopping time such

that E(AE,) < 00. The mapping @Aw satisfies the weak* Fubini property, that is, whenever

&€ E then
10,7 /XdZ = Lo, /X

for any X € Ava(E*@) ZL(H,G))

A

. ad,

Proof. Choose a sequence (X"),eny C &(E*®Z(H,G)) such that X" % X, For any
n—oo

n € N we know by Lemma 3.10 that

B4, (X)) = Ljosy [ X(©)a2

We may assume by linearity that { € £y and by density of the subset { C E; we may also

n Pr 'y 5
assume that £ € §. Since CIDTvg(X ) — — @fﬂ/é(X) = Lj,r)) | XdZ we actually have that
2
E(sup |, (X7 (©) - 0,00 ) =20
s<T g
Hence, there is a subsequence (ny)ren such that
n P-a.e.
sup |94, (X7)(€) — @2 (X)(©)| 220,
s<T g >

A
Moreover, 7 ¢

(X"™)(§) = 2F(X™(€)) for all k € N and &7, (X™)(€) —— &7(X (),

n—oo
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where ®4(X(€)) = Lo, [ X(£)dZ is the stochastic integral from Section 2, so

E ( sup
s<T

Therefore, for a suitable subsequence also denoted by (n)reny We obtain that

BA(X()) — DA(X™)(€) ) 0

n—oo
g

P-a.e.
sup <

s<T

(X (8)) — D2, (X)(€)

P-a.e. A A - A ny, A P-a.e.
< Sl<1p (I)T (X(g)) - q)T,’y,ﬁ(X )(é) + Slip q)r;y,ﬁ(X )(é) - (I)T,'yﬁ(X)(g) ? 07
s<T = g s<T = = g S
which shows in particular, that the processes Ly -y [ X(§)dZ and 1y, [ XdZ(€) coincide
up to indistinguishability. O]

Theorem 3.18 (The weak* stochastic integral and the weak® Fubini property).
There is a well-defined mapping

MNE*®.ZL(H,G)) = H(E*®0)
X / XdZ,

called the weak® stochastic integral with respect to Z, that satisfies the weak* Fubini property.

Proof. Let X € A(E*®.Z(H,G)). Let A € «/(Z) be a control process, v € [} (N) and
£ € 9(F) such that A74(X) < co. By Lemma 3.8. there is an increasing sequence of
stopping times (7,)nen C 7 such that X € (N, oy A2 (E*®cZ(H,G)). Define the process
YA€ by setting for any n € N

yARE| =

077'71,)) TTL:’Y?é

(X).

Lemma 3.13 shows that Y47<¢ is independent of the sequence of stopping times. Finally
Corollary 3.16 shows that if (A, !, £"), (42,72,€) € & (Z) x I} (N) x Z(Ey) are two triplets
satisfying A7 € (X), M*7 € (X) < 0o then YA = YA*7°€ hence Y474 is indepen-
dent of the triplet (A,7,§) € & (Z) x IL.(N) x 2(E}). So the process Y 47¢ =: [ XdZ is well
defined and Proposition 3.17 shows that it satisfies the weak® Fubini property. O

We finish this part by discussing an extension of the class of allowed integrands of the

weak® stochastic integral to a particular class of processes that preserves the weak* Fubini

property.
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Lemma 3.19 (The weak* stochastic integral and the weak* Fubini property for
the limit of strongly measurable processes). Let X : Q — E*®. % (H,G) be a process
such that X (&) : Q — ZL(H,G) is P-strongly &-measurable for each ¢ € E. Suppose that
there is a control process A € o/ (Z), an increasing sequence T, ,/* oo of stopping times
such that E(Az,) < 0o for alln € N, a sequence v € I} (N) and a dense countable subset
€ D(E) in Enl such that

S E(d [ I i) <o

neN

If a sequence (X"),en C ME*®.Z(H,G)) of weak® Z-integrable processes, satisfying the
condition M7E(X) < oo, converges pointwise to X in the weak® topology, then the process
[ XdZ is a well-defined E*®.G-valued process and satisfies the weak* Fubini property.

Proof. Tt suffices to construct the process [ XdZ locally, so let 7 = 7; for some [ € N. By

dominated convergence we obtain for any n € N
Sk (4 [ IX(E6) - XMy ) — 0

Therefore, the sequence (X™),,en is a Cauchy sequence with respect to the seminorm qf%f
and by Corollary 3.12 this implies that ( [ X™dZ)en is a Cauchy sequence in I1, ., ¢(E*®.G),
which is a complete space by Lemma 3.11. We denote the limit in H77775(5*®eg) by
Ljjo,ry) [ XdZ. Let £ € E, for each m € N we know by Proposition 3.17 that i

/ X™dZ(€) = / X™(&)dZ.

Hence, as in the proof of Proposition 3.17 we may choose a suitable subsequence (my)gen
such that

® s P—a.e.
sup / XdZ(§) —/ X(&)dz <
s<T 0 0 G
sup / XdZ(§) — / X™dZ(€)|| +sup / X™(€)dZ ~ / X(&)dz|| L=,
s<T 0 0 g s<T 0 0 g k—00
which shows the claim. 0

This last result is satisfactory in the sense that a reasonable pointwise limit of a sequence
in A(E*®..Z(H,G)) is weak* Z-integrable and satisfies the weak* Fubini property.
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3.5 A note on measurability

Let E and F be two Banach spaces and define E*®.F as above as the closure of E* @ F
as a subspace of Z(FE, F) endowed with the o-algebra generated by the weak* topology,
that is the coarsest topology on E*®.F such that the evaluation maps u +— u(§) € F
corresponding to £ € E are all continuous. Let (C;%) be a measure space. Recall that a
function X : C — E*®.F is strongly €-measurable with respect to the weak* topology if
it is the pointwise limit with respect to the weak* topology of ¥-measurable F*®.F-valued
step functions. This property is in general very difficult to verify and during the case of the
two-parameter process we will need to argue that a process is strongly measurable. However,
we expect to simplify this task by obtaining a generalization of Pettis’ measurability theorem
(see Proposition 2.4) to this case. Recall that Pettis’ measurability theorem states that a
process is strongly measurable with respect to the norm topology if it is separably valued and
the dual pairing of the process with any linear form is measurable as an R-valued process.
A sufficient condition for the strong %-measurability with respect to the weak* topology
of a function X : C = E*®.F should include X to be separably valued with respect to
the weak® topology and X (£) : C' — F to be strongly %-measurable with respect to the
norm topology or equivalently (¢, B(F'))-measurable for all £ € E, where B(F') is the Borel
o-algebra generated by the norm topology on F'. This is a guess based on the statement of
Pettis’ measurability theorem. Let us first introduce a name for these kind of functions that

behave well under the dual pairing.

Definition 3.20. A function X : (C,€) — E*®.F is called weak® €-measurable if for any
¢ € E the function X(§) : (C,€) — F is strongly €-measurable with respect to the norm
topology on F' or equivalently (¢, B(F'))-measurable.

Recall that the proof of Pettis’ measurability theorem is a constructive approximation
argument with respect to the metric induced by the norm. However, we cannot expect a
separable subspace in E*®.F to be metrizable. We therefore restrict ourselves to the much
simpler case when F' = R", since we understand the weak* toplogy on E*®.F better and
this is precisely the situation that will be encountered during the discussion of the two-
parameter process in the next section. If F = R" then E*®R" = (E*)", as explained above
for B* = 4 (X) (see Example 3.1). A reasonable choice of a metrizable subset of E*® F is
just a norm-closed ball of the form mﬂ with > 0. This basically follows directly from
the Tychonoff-Alaoglu theorem. However, as the proof will show, the mere existence of a
metric that generates the topology is not sufficient if we only want to assume the process
X to be weak®™ measurable, we actually need a concrete metric. The next result states this

intuition formally.
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Proposition 3.21. Suppose that E is a separable Banach space, let X : (C,€) — (E*)"
be a weak® € -measurable function and suppose that X takes its values in Bf*(O)n for some

r > 0. Then, X is strongly € -measurable with respect to the weak™ topology.

Proof. Without loss of generality assume that n = 1. Since E is separable, the weak*
topology restricted to W is metrizable. Hence W is separable, as it is a compact
metric space. Let {\; }ren be a weak* dense countable subset of BE*(0) and {&; }ren a dense
subset of the unit ball £ of E. Recall that the metric defined by

d : BE(0) x BE(0) — [0, oo)

()\1 , )\2) — Z

keN

A (&) — Aa(&k) s

induces the weak* topology on BF"(0). This can be seen by noting that the function

: BF*(0) — [ [ BE(0)

keN

A= (k) ren,

is weak® continuous and injective, hence a topological embedding and the standard metric
on the product space induces then the metric d defined above. For any A € BE"(0) the

function

C — [0,00)

¢ = d(X(c), M),
is @-measurable, since each X (&) is @-measurable and d(X(c), A) is the pointwise limit of
% -measurable functions. Note that we do not assume X to be %-measurable, hence it is

a priori not clear whether for any metric d the process d(X, \) is ¥-measurable. For each

m € N and A € BE"(0) define

fem(N) = min{l <k< m‘ d(\ M) = min d(\, \; )}

1<i<m

and note that d(Ay,,(n), A) —— 0 by density of {\x}ren. Define the function

m— 00

X".C—= E*

€ Ao (X(0))s
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and notice that X™ has finite range. Moreover, for each 1 < k < m the sets

1<i<n

ot = {c € c‘ d(X™(c), \x) = min d(Xm(c),Ai)} and

Cp? = {c € C‘ V1<1<k—1:d(X™(c),\) > min d(X"‘(c),Ai)}»

1<i<n

are ¢-measurable and CJ" = {c € C|X™(c) = A} = Crt N G, Hence,

X" =Y leph € E(E", ).

k=1

is a ¥-measurable F*-valued step function that converges to X pointwise for any ¢ € C in
the weak* topology, that is for any ¢ € C' we have X™(c) —— X (c). O
m—r0o0

This proof relies on the assumption that £ is separable and F' is finite dimensional. With
more effort, one could (probably) weaken the assumption that F' is finite dimensional and
replace it with separability. However, F' has to be separable as noted above. Previously we
worked with F' = Z(H,G), where H and G are separable Hilbert spaces, but .Z(H,G) is in
general not separable (for instance let H = G = [*(N), then [*(N), which is not separable,
can be isometrically embedded in Z(H,G)). As we explained before, we will need to check
in the next section whether a process X is P-strongly measurable in the special case where
F = R". The following result gives a condition that is simple to verify and is tailor-made

for the case of the two-parameter process we discuss in the next section.

Proposition 3.22. Suppose € C B(R,) ® Z is a sub-c-algebra and X : (2, %) — (E*)" a

weak* € -measurable process such that

P({w e Q’ HeR, : X (w) ¢ BE—(O)"}) =0,

for some r > 0. Then, X € L°(Q0,€; (E*)") is P-strongly €-measurable with respect to the
weak® topology.

Proof. Let €y C Q be a conull subset such that for any w € y and ¢ € R, we have
Xi(w) € Wﬂ Hence X;(w) := 1g, xo,(t, w)X;(w), which is indistinguishable from X,
is a weak” €-measurable process and X,(w) € BE (0)" for any (t,w) € €. By Proposition
3.21 we can find a sequence (X"),en C &(E*, %) of €-measurable step functions such that

xXr Y X pointwise, which implies that

n—0o0

P({w S Q‘ JteR, : Xy(w) & lim Xt”(w)}) < P(Q5) =0.

n—oo
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4 Applications

4.1 A natural setting

Let (2,7, (%)ier, , P) be a filtered probability space satisfying the usual assumptions. We
consider now the special case H = RY G = R and £ = C(X), where X is a compact
Hausdorff space. Then, Z(H,G) = R% and C(X)* = .#(X) is the Banach space of Radon
signed measures on X, where the norm is the variation norm, so if p € .#(X) then the

variation norm of y is given by

ol =sw{ [ fdu] reB™ | —su{ Y lum)
=1

where B(X) denotes the Borel o-algebra on X. Moreover, by definition of the weak* injective
tensor product we may identify ./ (X)&.R? = @¢_| 4 (X) = .4 (X)* (see Example 3.4).
Let Z € (R?) be an R%valued semimartingale. Suppose that u € A(.#Z(X)?) is a
weak* Z-integrable process and consider a control process A € <7 (Z), a sequence 7 € I} (N),
a dense countable subset f € Z(C(X);) in the unit ball of C'(X) and 7,, /* 00 a sequence
of stopping times such that E(Ai;) <ooand p € A2 (A (X)) for each n € N. The

Tn :’77§

process [ pdZ is A (X)-valued and for any continuous function f € C(X) we have the

[ | tusdzs> -/ ( | sa.)az.

A suitable class of integrands that extends the Fubini property to bounded measurable

By,...,B, € B(X) disjoint},

Fubini property

functions is the following:

Proposition 4.1. Let u € A(# (X)) be as above and suppose in addition that there is a
sequence of constants C,, > 0 such that for any continuous function g € C(X) andn € N we
have ¢2 ([, gdp) < Cullglleo- Let f € Z£>(X) be a bounded measurable function, then the
process [ X fd( Ik ,udZ) exists and satisfies the weak® Fubini property, that is

[ fr) - ()

Proof. The argument contained here is adapted from the proof of Theorem 2.3 in Choulli
and Schweizer (2013). Let f € Z°°(X) be a bounded measurable function and suppose
without loss of generality that ||f||.c < 1. It suffices to show the existence of the process
and the weak* Fubini property locally, so let 7 = 7, and C' = Cj for some [ € N. Choose

a subsequence (f,, )ken C f such that f,, — f pointwise and assume without loss of
- — 00
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generality that || f,,[|cc < 1+ |/ f]|eo for all & € N. First note that for P-a.e. w € €, if ¢t >0

then
( / fdu)( / e

— [ dp )

34,(w Aw)s + 3A(w dA(w)s < o0,

/ e

for all n, € N large enough, by dominated convergence. This implies that the process
[y fdp € A(R?) is Z-integrable in the sense of Section 2. The property ¢2( [y fu,dit) < C|l fuxlloo
ensures by dominated convergence that Ly ) [ ([ « fn,dp)dZ converges with respect to p-
to Lo, [ ([ fdu)dZ in I1.(R). Indeed, note by Fatou’s lemma, that

1A )

2
dAs> :E(AT—/ hm /fnkdus

E(AT- |\ i

— 2
E(AT liminf/ / frodits dAS) < hmmf]E( ‘/ Fredits dA> C,
k—o00 0 X k—o00
therefore we may argue using Lemma 2.26 and dominated convergence, that
t 2 T 2
E(sup / (/ (for — f)dus>dZs ) < E(AT—/ /(f— fy )it dAs> — 0.
t<r | Jo X 0 D' k=00

So in particular for a subsequence also denoted by (ng)reny We obtain

[ ([ utnazer.— [ ([ san.)izee)

for P-a.e. w € Qand all t € [0,7(w)). On the other hand Ly ) [ pdZ € IL. (4 (X)) is a

signed measure valued process, so

ﬂuo,r»(t,W)/ankd(/otust(w)s> — Loyt )/ fd</0tust(w)s),

for all (t,w) € Q by dominated convergence. This implies that

]1[[0,T))(taw)/x fd(/ot Mst(W)s> = Tj0,-) (¢, w) /Ot (/deus> dZ(w)s,

for P-a.e. w € Q and all t > 0, since for all k£ € N we have by Proposition 3.17

L0t ) / fuud ( / a2 ))—ILHOT» )/ ( / fnkdﬂs>dz< )
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Let u € A(.#(X)?%) be a process as in Proposition 4.1 and B € B(X) a Borel set, then

/ ' 1dZ,(B) = / (B,

One interpretation of this equation can be given by the following observation: suppose that
9 € A(R?) is a Z-integrable process viewed as a strategy, then we may consider the measure-
valued process defined by

po Ry x Q — . #([0,1])°
(t,w) = A ® % (w),

where A is the Lebesgue measure on [0, 1]. Note that u is predictable, weak* Z-integrable in
the sense described above, and for any f € C([0, 1]) we have

2 T
([ ) 5o | o
[0,1] 0 [0,1]

where C,, = ¢Z (¥) < oo, for some control process A € «7(Z) and 7, /* 0o a sequence of

2
dAs) < MR (9)° < C2IIfIP..

stopping times such that both E (Azn,) < ooand ¥ € Aﬁl (R4), which exist since we assumed
9 to be Z-integrable. Hence Proposition 4.1 yields

ut([O,l}):/o Uy (w)dZs,

where v, = fot wsdZs. So the value of a strategy at time ¢ is the measure of [0, 1] for some

measure-valued predictable RCLL process v at time .

4.2 The case of a two-parameter process

Suppose that Z € .(R?) is an R%-valued semimartingale and ¥ = (J;4);>00<s<¢ an R%-
valued two-parameter process. Assume that for any ¢ > 0 the process (U;s)o<s<: and the

diagonal process (U )s>0 belong to the class of Z-integrable processes A(R?), then we can

t t t
/ Wy sdZs = / Vs sdZ —l—/ (V45 — Vs.5)dZs.
0 0 0

Note in particular that under these assumptions, f VssdZs is a well-defined R-valued semi-

write

martingale. Suppose furthermore that for each s > 0, the process (9 5)¢>0 is right-continuous
and of finite variation, where we set ¥, := 0 for any s > t. By Carathéodory’s extension
theorem the process defined by

:us([ou t]) = ]]-{tZS} (ﬁt,s - 195,5);
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for t < T extends uniquely to an . ([0, T|)%valued process for each T' > 0. Moreover, note
that the process (p5([0,1]))ser, is &-measurable for any fixed ¢ > 0, which implies that
( f[o T fdps)ser, is P-measurable for any continuous function f € C'([0,77]) and this means

that = (is)ser, is a weak* Z?-measurable process. In particular, for any r > 0 the set

Pi={ () € 0 Il <1}
is Z-measurable since C'(X) is separable, where we set

25 (@)l 1
s (@)lv = : ., L=|1:|eR?

i (w)llv 1

and the relation ||us(w)|ly < r1 is meant coordinate-wise. The weak* process 1p p is P-
strongly &?-measurable with respect to the weak* topology by Proposition 3.22 for all » > 0.
Furthermore, 1p, (s, w)us(w) LN ps(w) for all (s,w) € Q in the weak* topology. However,
we cannot argue that such a fl?noﬁz is P-strongly &2-measurable again, but we can make use
of Lemma 3.19 under an extra assumption, which we now describe.

Fix s € R; and denote by Var(d. s(w),[0,t]) the total variation of (9, s(w)).cg on the
interval [0, ], that is

Var(9!,(w),[0,])
Var(d. 4(w), [0,t]) :== : ;
Var(94,(w), [0,])

where

Var(9*,(w), [0,1]) := sup { Z [V 41s(w) =g s(w)| | neN, 0<ty <ty <---<t, < t},

i=1

is the total variation on the interval [0,¢] of the k-th coordinate, which is finite P-a.e. by
assumption. Note that for all (s,w) € Q we have ||us(w)||v < Var(d. (w),[0,t]), where
the relation is again to be understood coordinate-wise. If in addition we assume that the
variation process Var(?. 4(w),[0,7]) on [0,T] is Z-integrable, then for any f € C([0,77)

Tn 2 T
B(an (][ sanfar) <iize(a, |
" Jo 0,7 " Jo

for some control process A € o/ (Z) and an increasing sequence of stopping times 7,, ,/* oo
such that the process (Var(d. s(w), [0,t]))ser, € A2 (R?) is locally Z-integrable in the sense

2
Var(d. 4, [0,77]) dAs> < 00,
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of Section 2. In particular this inequality implies that the process 1p us € A(Z([0,T])?) is
weak® Z-integrable for any r > 0, where the control process is A, the sequence of stopping
times is (7, )nen, and the dense countable set f € Z(C(X);) and the sequence v € I} (N) can
be chosen arbitrarily. Lemma 3.19 implies then, that the ([0, T])-valued process [ udZ is
well-defined, satisfies the weak* Fubini property and by Proposition 4.1, with constants C),

Cn:E<AT_/n
" Jo

the weak* Fubini property extends to all bounded measurable functions on [0, T']. Therefore
we obtain for any v > 0 and ¢ € [0, 7]

(/0 usdzs) 0,8 = /0 (usqo, t])) dZ..

In particular for u = T we observe that the process D = (D;)o<i<r defined by

Do= ([ w01

is adapted, RCLL and of finite variation, since fOT wsdZs is A ([0, T])-valued, hence a semi-
martingale. Schweizer/Choulli (2013) show that D is even predictable. This proves the

given by

2
Var(d. 4, 0,1]) dAs> < 00,

following result:

Theorem 4.2 (Choulli, Schweizer). Let Z € .#(R%) be an R¢-semimartingale. Let
(V¢.6)t.s50 be a two-parameter Re-valued process satisfying the following properties:

i) For all s >t the process (Vi s)icr, satisfies ¥y 5 = 0.

ii) The diagonal process (Vs s)ser, is Z-integrable,

i) For any s > 0, the process (Vys)icr, 15 right-continuous and of finite variation,

i) The variation process (Var(9.s,[0,T))ser, on [0,T] is Z-integrable for all T > 0.

t
Then, (/ ﬁt,sts) 15 an R-valued semimartingale.
0 t€R+

Choulli/Schweizer (2013) assume (translated to our setup) that there is a sequence C,, > 0

such that B
E (AT_ / / fd,us
" Jo 0,77

for any f € C(]0,T]). The previous discussion implies, that under the assumption that the

2
MQSW&@<m

variation process as we described above is integrable, there is a sequence C,,, namely

Cn:E<AT /
" Jo

2
Var(d.,[0,t]) dAS> < 00.
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The previous result implies Theorem 3.2 in Protter (1985) and in particular we do not

need the assumption that the derivative is Lipschitz continuous.

Corollary 4.3 (Protter). Let Z € #(R?) be an R%-valued semimartingale and let (944)¢ 550
be a process satisfying i), ii) and iii) in Theorem 4.2. Suppose that t — %ﬁtvs(w) exists and
is locally bounded uniformly in t, that is we assume that for all ty > 0 there is § := §(ty) > 0
and K := K(ty) > 0 such that for all s > 0 and w € {2

0
— K
‘ 8t19t7s(w) < s

t
for allt > 0 such that [t —to| < dg. Then, </ 19t7SdZs) 1s an R-valued semimartingale.
0 teR,

Proof. We do this for the case d = 1. Let w € 2, s € R, and T' > s, then

Var(d,.(w),[0, T]) = sup { S rsr.0() — Do)

i=1

neN,0§t0<t1<~--<tn§T}:

sup { S [Dr10() — 01 ()
=1

neN,s§t0<t1<--~<tn§T},

since ¥, s =0 for s > 7. Let s <ty <--- <t, <T, then

n

D W) = drs(e)] = Y

=1

0

aﬁn,s(w) (tig1 — i),

for some r; € [t;_1,t;]. A compactness argument gives a constant K > 0 such that

Ups(w)| < K

?

9
ot

for all s <r <T'. More precisely

U (ro = 6(re),mo + 6(re)) N [0, 7],

0<to<T
is an open cover of [0,7] and compactness yields finitely many 71, ..., 7 such that
k

[0, 7] = J(ri = 6(rs),ri + 6(ri)) N [0, 71,

=1
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finally set K := max K(r;) > 0. This implies that

n

Z ’ﬁtﬂrl,s(c‘)) - ﬁti,s(w)’ = Z

i=1

0

aﬁn,s (w)

(tiq1 — 1)) < K(T — s),

for any s <tg < --- <t, <t and therefore
Var(d. 5(w), [0,t]) < K(T — s) < oc.

Note that if A € &7(Z) is any control process for Z, then

NAVar(d. (@), [0, 7)) = A, / Var(d,,(w), [0,7)2dA, <

¢
At(w)QKQ/ (T — 5)*dAy(w) < Ay(w)*K*T? < oo,
0

So (Var(d.5,[0,T]))ser, is Z-integrable in the sense of Métivier. The result follows now by
Theorem 4.2. O

The previous proof shows that we just need to assume an integrability condition for the

bounding constant, so the corollary above is just a special case of the following result.

Corollary 4.4. Let Z € Z(RY) be an R¥-valued semimartingale and let (V;4):s>0 be a
process satisfying i), ii) and iit) in Theorem 4.2. Suppose that t — %zﬁﬁ(w) exists for all
s >0 and P-a.e. w € Q. Furthermore, assume that for all ty > 0 there is § := 0(ty) > 0 and
a mapping (s,w) — K(to, s,w) > 0 satisfying the bounding condition

< K(t,s,w)

'%ﬁm(w)

for all |t —ty] < o, s > 0 and P-a.e. w € Q and satisfying the following integrability
condition: there is a control process A € o (Z) such that for all to > 0 and t > 0,

At(w)/o K(tg,s,w)*dA(w),

t
exists and is finite for P-a.e. w € Q. Then, (/ 19757st5> 18 an R-valued semimartin-
0 teRyL

gale.
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Proof. Let T >0, we Q, T > s >0, then

Var(d. 5(w),[0,T]) < (T — s) max K(r;,s,w),
1<i<k
for suitable ry,...,7; € [0,7] as in the previous proof. Let A € &7(Z) be a control process
as in the statement, then

N (Var(0..(w),[0,T])) = A(w) / Var(d..(w), [0, T])*dAs(w) <

t k t
2 , 2 < 72 , 2
T A (w) i gﬁg}iK(rl,s,w) dAs(w) <T ;At(w)/o K(ri,s,w)*dAs(w) < oo,
for P-a.e. w € Q, so (Var(d.4,[0,7]))scr is Z-integrable and the conclusion follows by
Theorem 4.2 O

5 Conclusion

This work gives a positive answer to the intuition stated in Choulli/Schweizer (2013) that
their approach generalizes to general semimartingales. The techniques used here in Section
3 are basically the same as in their paper, so the presentation does not become significantly
longer and technical once we view semimartingales in the spirit of Métivier as controlled
processes.

The discussion in Section 2 and at the end of Section 3 concerning measurability issues
of Banach valued functions and processes deserves more attention. The literature regarding
measurable Banach valued functions where the o-algebra is not the Borel o-algebra generated
by the norm topology is nearly non-existing. In particular the case where the o-algebra is
generated by the weak*-topology should be studied further, as these kind of measurable
processes arise naturally and a generalization of Proposition 3.21 should be feasible.

The construction of the weak* stochastic integral can easily be generalized to general
locally convex vector spaces and dual pairs. Resulting for instance in an integral that allows
a weak Fubini property instead of the weak® Fubini property we proved, which may be of
independent interest.

Finally we remark that a generalization of Corollary 4.4 to the case where the derivative is
only a weak derivative should be feasible. However, this would probably make the statement

and the proof more technical.
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