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1. INTRODUCTION AND STATEMENT OF RESULTS
For0<6<%,1<r<2,andf€$deﬁne

Cla,r)={yeR?® : [z —y|=r},
Cs(x,r)={yeR? : r(1-6) < |z —y|<r(l+6)},

Msf(x) = sup /C W

1<r<2 |C5($77‘)|

Mf = sup |doy x f],

1<r<2

)

where do, is the normalized surface measure on r S'. It is easy to see that M is
not bounded on L? (see Example 1.1 below). A well-known result of Bourgain [1]
asserts that M is bounded on LP for 2 < p < co. We will consider the question of
boundedness of M and M from LP to L9. Unless stated to the contrary, we will
be dealing only with functions defined on R2.

Absolute constants will be denoted by C, and the notation ~ will mean = up to
a constant.

Example 1.1. 1. Let f = x¢,(0,1)- Then Msf(z) ~ 1 on |z| < §. Hence ||f]|, ~
87 and ||Msfll, > C' &5

2. Let f = xgr, where R is the rectangle centered at 0 with dimensions ¢ times
62. Then Msf(z) ~ 62 provided |z;| ~ 1 and |z2| < 62. Hence ||f]|, ~ 6% and
1Ml = 8300,

3. Let f = xB(,5)- Then Msf(x) ~ 6 for |z| ~ 1 and thus ||f]|, ~ 5%,
IMsfllg ~ 6.

4. Let f(z) = (|1 — |=|| + 6) "2 XB(0.2)\B(0.1)(x)- Then

)
log — |x|_% if 26 <|z| < 1.

(1.1) Msf(z) > 1 ’
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104 W. SCHLAG

To see this write f as
1 iy
(1.2) frebm2 >0 27250 0at@—ne)-
1<2i <51

Taking the average of f over the annulus Cs(z, 1+ |z|) and considering the contri-

bution of each dyadic shell in (1.2) separately yields (1.1). Hence ||f|]2 ~ |logé|2
and ||[Msfll2 > C~" [logé].

In view of these examples one might make the following conjecture (see Figure 1).

Conjecture 1.2. For any f € L' N L>(R?)

(1.3) [IMfllg < ClIfllp in region I,
(1.4) ||M5f||q§05%_%||f||p in region II,
(1.5) M fllg < C820FT72)[|f]|,  in region I,
(1.6) IMsfllg < C8 % ||f]l, in region IV.
1
q
S=(1,1)
T = (l’ l)
272 IV
I _
11
1
Q = (0,0) R=(1,0)"

FIGURE 1. Regions of boundedness in Theorem 1.3
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Regions I, III, and IV do not contain the point T = (%, %), where we have the
well-known, optimal inequality (see Bourgain [1] and [2] and Example 1.1 above)

(1.7) IMsfll2 < C|logd|?|f]|2-

Otherwise the boundaries are part of the regions. We will prove the following
theorem (by C. we will always mean a constant depending only on €).

Theorem 1.3. For any f € L' N L°°(R?) and any € > 0,

(1.8) IMFllg < ClIfllp  in region I\ (QP U PT),
(1.9) IMsflly < Ce65 75~ |If|l, in region IL,
(1.10) M fllg < Ce620FT=2= | f||, in region III,
(1.11) IMsfllg <C8% ||f]l, in region IV.

Remark 1.4. e In certain cases the 6~ “~term can be replaced by a suitable power
of | log 6|, but we do not elaborate on this.

e It can be shown by modifying the proof of Theorem 1.3 that the optimal
estimates (i.e., (1.9) with € = 0) hold in the region IIN {% < :}\ (QPU PR).
In [7] this somewhat technical argument is carried out in detail.

e The most interesting statement in Theorem 1.3 is probably the estimate

(1.12) [Msflls < Ce6™ | fll52

for all f € L' N L>°(R?) and any € > 0. It is easy to see that (1.12) would follow
from Sogge’s sharp local smoothing conjecture [8]. Let

_ 2mi(z-E+t|€]) f(é.)
Aoflt0)= [ T rlene ™

Then Sogge’s conjecture says that
(1.13) [AafllLar2xre) < CallfllLar2) for a>0.
Interpolating (1.13) with the easy estimate

[AafllLoe(1,2xr2) < CallfllLrr2y for a=3/2
shows that one might expect that

(1.14) [AafllLar,2xr2) < CagllfllLr@ey for q=3p’
and a>6(1/4—1/q).

(1.12) would follow from the special case p = 5/2, ¢ = 5 of (1.14) via the usual
Sobolev embedding argument in ¢, cf. [6]. Note that ¢ = 3p’ is the same relation
as in the Carleson—Sjolin theorem [3]. Moreover, it is possible to prove (1.14) for
q > 5 by Carleson—Sjolin type arguments. This is shown in a forthcoming paper of
C. Sogge and the author.

The proof of Theorem 1.3 is based on a combinatorial argument from Kolasa and
Wolff [4] combined with a localized version of the L? estimate (1.7). For the 6—free
bounds (1.8) we interpolate the (5/2,5) inequality with an estimate obtained from
the local smoothing theorem in Mockenhaupt, Seeger, and Sogge [6].

This paper is organized as follows. In Section 2 we introduce the notion of
multiplicity g of a family of annuli. It is shown that certain estimates for p are
equivalent to L? — L9 bounds on M. Section 3 contains the localized L? inequality
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and a bound on the multiplicity is derived from it. In Section 4 we establish the
main result of this paper, i.e., the restricted weak type (5/2,5) estimate. This is
accomplished by combining the combinatorial argument from [4] (which is based
on Marstrand’s three circle lemma [5]) with the localized inequality from Section 3.
Theorem 1.3 then follows by various interpolation arguments in Section 5.

Finally, we would like to mention some consequences of Theorem 1.3. Detailed
arguments can be found in [7]. Firstly, it is well-known that one can pass from
suitable LP — L9 bounds on M to corresponding bounds on the global maximal
averages SUp( ., 7*|do, * f| by Littlewood-Paley theory, see [1]. The value of a
is determined by scaling. Instead of the powers 6~¢ in Theorem 1.3 one obtains
Sobolev norms on the right-hand side with « derivatives. Secondly, it is easy to see
that these estimates on the global circular maximal operator imply estimates for
maximal functions associated with more regular averages, e.g., the two—dimensional
wave equation. The type of averages considered in [7] are those from Stein [10],
and the method is essentially Stein’s interpolation theorem.

2. THE COMBINATORIAL METHOD
Fix B C [0,1]* and 0 < A < 1. Let {x;}}Z; be a maximally é-separated set in
F={zeR® : (Msxp)(z) > A}
and let r; € (1,2) be chosen so that
|Cs(xj,75) N E| > A|Cs (xj,75)|

for j =1,2,..., M. Henceforth we will write C} instead of Cs(z;,7;) N E and C;
instead of Cs(z;,r;). We introduce the multiplicity function

M
=2 xcr-
i=1

Following [4] we define i to be the smallest integer for which there exist at least
M /2 values of j such that

. A
HCp = @ <)l 251G,
Clearly, we can then also find at least M /2 values of j for which
. A
(2.1) HCG = @2 upl 251G

The combinatorial method attempts to bound p from above, typically in terms of
A, M, and 6. Since

(2.2) JlE| > / o=Y[Cr - ® < py > aMs,
{E: 2<p} j
this will imply a lower bound on |E|. The following lemma characterizes the esti-
mates of u required for LP — L9 boundedness of Ms.
Lemma 2.1. Let 0 < «a and < 1. Then p < AN MP implies
Mo Sllaoe <C A26 | fllpy for all f € L' 0L,
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where p = a+1, ¢ = p(1 — B)7! and v = 21—7 — %. We also have the following
converse. Suppose that for some fired p > 0, 1 < g < 00, 1 < p < 00, and all
ferLtnL®

(2.3) Msflly < C5IIf Il
Then
(2.4) p < CNTPAIT G TR T2E

Proof. For the first statement we need to show
(2.5) [{Msxp > A}s < C 67 AP XY B
Since {x;}}L, was chosen to be a maximally §-separated sequence in {Msxz > A},
it follows that
HMsxe > A} < C M&.

In view of (2.2), i.e., |E| > C~tp=tAMS§, and our assumption on p we conclude
that the right-hand side of (2.5) is

> C7L VAN (AT IO M8 s ~ (M62) T,
To prove the second statement, we distinguish two cases. First assume that
|Ei|=|{E : ® > pu}| < p ' AMS.
Applying hypothesis (2.3) to the function f = xg, and using (2.1) we obtain
ANE2M)T < C 6 P|Ey|r < C65 P (u  AM6)»

which implies the desired inequality (2.4).
In the other case, i.e., |E1| > pu=tAMS$, we use duality. Note that the dual
statement to (2.3) is

(2.6) 1D~ aixes ol < C51°
;

for all é-separated {y;} in [0,1]2, all {a;} which satisfy 62 > laj|9 < 1, and all

p; € (1,2). Let y; = xj, pj =7rj, and a; = (62M)_q_1’ for j =1,2,..., M. Then
by (2.6)

)

p(p~IAMS)T < p| By < || @], < C 871062 M) T,
which implies (2.4). O

At this point it might be instructive to consider those bounds on p that corre-
spond to the points P, R, S, T in Figure 1. By Lemma 2.1,

(2.7) P: p=5/2,q=5  pu<CAN3IM?3,
(2.8) R: p=1, qg=o00, uw<CM,
(2.9) S: p=1q=1, < C62,
(2.10) T: p=2qg=2, p<CX 1oL

Not surprisingly, inequalities (2.8) and (2.9) are trivial, whereas (2.10) follows (up
to a |logd|2 factor) from (1.7). Our main goal will be to show (2.7) (the result
below will involve a |logé| factor, though). In order to do this we will need an
improved version of the L? statement, i.e., inequality (2.10).
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3. THE L? THEORY
Before formulating the result, we consider an example.
Example 3.1. Let 106 < 10p <1 < % and define
E={zeR?: 1-p<|z|<1}
and A = /2. It is easy to see that F = {Msxg > A} ~ B(0,7) and M ~ g—z. To

determine pu, note that ® will be approximately constant on
Ei={z:1-p<lz|<1-p/2}.

Hence

w|En | 2/ b ~ AMS.
Ey

Thus
= 6_1p_%r% =216t
We will prove below that this improved version of (2.10) holds in general (up to
a |logé| factor) with r replaced by the typical distance of two intersecting annuli

(for a precise version of this see the discussion following Corollary 3.6). To this end
we need a refined version of the L? inequality (1.7). First we recall a result from [2].

Lemma 3.2. Let K € L'(R?) assuming K differentiable. Define for j € 7

aj = sup [K(&)],
j€]~23

Bi = sup [(VEK(E),€)|-
|g|=x27

Then for any fized j and f € S such that supp(f) C {R? : 20-1 < |¢| < 2741}

i 1
| fgllﬂf * KilllL2ray < Ca (o + B5) 2 || fll L2 way-

By well-known decay properties of do, (see (3.3) and (3.4) below) Lemma 3.2
implies that

(3.1) [Mfllz2@e) < C | fllL2@2)

for any f € S whose Fourier transform is supported in {R?: 2/-1 < |¢| < 2/+1}
for some j > 0. The following proposition shows that this estimate can be im-
proved if one restricts the maximal function to a small ball. We prove this fact
by combining Bourgain’s original argument with Lemma 3.4 below. Later we will
exploit the equivalence of bounds on the multiplicity p and p — ¢ estimates for
M, as described in Lemma 2.1, to derive the improved bound on p alluded to in
Example 3.1 above.

Proposition 3.3. There exists an absolute constant Cy such that for any j =
1L,2,..., all f € S with supp(f) C {R?: 2971 < |¢] < 2771} and all 0 < t < 1,
X0 € R2

(3.2) IMFllL2(B(zo.t)) < Co tz Ifllz2®2)-
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Proof. We may assume that zo = 0. Choose cut-off functions ¢ € C°(R?) with
¥ =1on B(0,1), n € C§°(1/2,4) so that n = 1 on (1,2), and ¢ € S such that
supp(¢) € {1/4 < |¢] < 4} and ¢ = 1 on {1/2 < |¢| < 2}. Fix j for the remainder
of the proof. Define

ALf(@) = vl () [ Do f) de

Let {r,;}, be a 277 net in [1,2]. Suppose 7, <r < r,41. Then

) T ) 1| d )
IMﬂSW/ |%ﬂ@+/ AL dr
and thus
, 2 21 a P
sup (AL <2 [ AP ap+ 2 [T A ap
1<r<2 1 P 1 dp P

=2/A+277B.
It is well known that do has the representation (see, e.g., [9], Theorem 1.2.1)

(3.3) do(€) = R{e>lw(l¢])}
with w € C*°(0, 00) and

d* w(s) 14
4 < 1 T2
(3.9 2 <o)
for all Kk = 0,1,2,.... Using (3.3) it is easy to see that the integral of A can be
written as
[ade= [ [ Ke.Hoe06I9F O de
where

K(f,g) — 42 /_OO /]R2 62”i(tm'(£_é)+r(|£|_lé‘))’(/J2(x)772(T‘)W(T‘KDW(TED dx dr.

Integrating by parts with respect to x and r in the previous expression and applying
the decay estimates (3.4) shows that

[K(&8)] < C277 (L + 1l — )21+ [ €] — 1€ )72,

provided |¢] ~ || ~ 27. Lemma 3.4 below and Schur’s lemma yield

/ Adz < C 2| fII2.
RQ

Carrying out the differentiation with respect to p in the term B above and apply-
ing (3.4) one obtains in a similar fashion

‘/BMSC%W%
]R2

and the proposition follows. O

The following lemma was used in the previous proof in order to provide the
desired improvement in the L? estimate obtained by localizing to a small ball.
Roughly speaking, the inequality below is true because the ||£] — ||| factor reduces
the two-dimensional scaling in the integral to one dimension. We prove this fact by
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integrating over shells of different radii with center at 5 and estimating the various
pieces separately.

Lemma 3.4. Let 0 <t < 1. Then

~\ —2 ~ -2 _
s%p/w(mm—a) (1+11e-161) "~ de <o,

Proof. Fix a é € R2. Then, on the one hand,
N =2 N2
Jo o (uede=d) T (vl - ) e
{€  le—¢I<lel/2}

~ ¥ (1+t2ﬂ‘>-2/ e - 18D
29 <TE1/2 {€: [e—El=~27)
_ o |€]+27 _
~ S (41222 / (L | — |2 dr
21 <|é]/2 l€1-22
~ N a+) e N N 2
27 <|€] 29t<1 t-1<2i<|€]

~ T T2 e L

On the other hand,
-2

N\ —2 _
/{£:£—£>£|/2} (1+t|€_§|> (1+||€|_|§||> dg

= (udl) (1l -1 e
(35) (€ 16—-E1>181/2 .1 |€1- €] 1<141/2}
~\ —2 - -2
L PO CEa ) I CRA T R
{65 11181 121é1/2)
—A+B.
The first term in (3.5) can be estimated as follows:

31€]/2

A~ (1+t|§|)_2 /|é|/2

~ (1 +1t|£|)_2 & <ct .

For the second term compute

(1+|r—|§||)_2rdr

B~ A e) e de
{&: 31€1<1€1}
N\ —2 o\ —2
+ 1+1¢ 1+ d
/{s : %éz&}( |§|> ( |€|) :
~ / ()2 (1 + Je) 2 d + / ~ (1+1¢)~2 de
{€:t=1<)¢)} {&: 31€1<|€I<t—1}

N =2 N\ —2
" (1 n t|§|) (1 + |§I) 17
< C(1+4]logt|+1)<Ct™,

and the lemma follows. O
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Remark 3.5. The proof of Proposition 3.3 above shows that (3.2) is essentially
equivalent to the following estimate for the two-dimensional wave equation. Let u
solve

Ou=0, u0)=f, u(0)=0.

Then there exists an absolute constant Cy such that

1
(5.6) [ ] P dsde < Corl e
0 JB(zo,r)

for all 0 < r < 1. It might be interesting to ask whether such an estimate can
hold in L? with p # 2. Interpolating (3.6) with Sogge’s sharp local smoothing
conjecture [8], i.e.,

1
(3.7) / (e, )[4 d dt < C, |2
0 JRr2 €

with € > 0, yields

1
1 P
(3.8) / / (e, )P dedt | < Cor3H| £l
0 JB(zo,r)

for2<p<4,20€R? 0<r<1,e>0andall f€S. Solving the wave equation
above with initial condition f equal to a smooth version of x¢,(0,») shows that the

exponent % — % is optimal. Moreover, as in the case of local smoothing, (3.8) cannot

hold for p ¢ [2,4] or with e =0 if p > 2.

It is standard to pass from f as in the statement of Proposition 3.3 to general
f € L% This is done in the following corollary.

Corollary 3.6. There exists an absolute constant Cy such that for any f € L*(R?),
20 €ER?, and 0 < 6,t < 1,

(3.9) M6 £l L2(Baoy) < Cot?|log 8| f]l2.

The equivalent dual statement to (3.9) is:

(3.10) 1" ajxcsyyom 22 < Co|log 6761

J
for all §-separated {y;} in B(zo,t), all {a;} for which & > laj|* < 1, and all
pj € (1,2).
Proof. Choose ¢ € S such that supp(qg) is compact, ¢ > 0, ¢ > 0, and ¢ > 1
on B(0,1). Given f € L?*(R?), f > 0let f = Y=o fj be a Littlewood-Paley

decomposition, i.e., supp(fo) C {|¢] < 2} and supp(f;) C {R?: 2771 < |¢] < 271}
for j = 1,2,.... Let x5, = 6do, = ¢s, where we have used the notation ¢s(x) =
672¢(671x). Then clearly

Xcs0,r) < CXsre
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If M denotes the usual Hardy-Littlewood maximal operator it is easy to see that
M fllL2(B o, < ClIM follL2(B(zo,0))

+ Z | sup |xsr* filllL2(B(zo.t)
1<2i<c -1 I<T<2

SCtMfollo+ D IMFill2 By

1<2i<C 61

(3.11) <Ctlfollo+t2 D Ifill2

1<2i<C 61

1 1
< Ctllfoll2 + t2[log 6| > Al
1<2i<C 61
< Ct2[log 6| £]l2.
In line (3.11) we have used a special case of Bernstein’s inequality, namely

[ folloe < €[ foll2-
Finally, (3.10) is an immediate consequence of duality. |

In order to obtain information on g from (3.9) we will determine the typical
distance of the centers of two intersecting annuli in any collection of annuli. More
precisely, we can specify the distance of the centers and the angle of intersection of
those annuli that contribute most to the multiplicity function ®. Following [4], we
will accomplish this by applying the pigeon hole principle to our family of annuli
satisfying (2.1). Define A = |logé|=2\/2, i = |logé|2u, M = |logé|~2M/2.
Furthermore, for all 4,5 € {1,2,..., M} we let (for the meaning of A see Lemma 4.2
below)

Aij = max(d, | |z — ;] — |ri — 5] ]),
(312) Sij,e {Z : CiﬂCj #@, t/2 < |£L'1 —{,Ej| <t,e< Ai7j < 26},

o = Y xe:

i€S] .

(recall that C; = Cs(x;,7;) and CF = E N C;). The pigeon hole principle asserts
that there are numbers ¢ € [, 1], € € [6, 1] such that

(3.13) {Cp = @], >} > NGy
for at least M values of j, say 1 < j < M. Indeed, let j be one of the at least M /2
indices satisfying (2.1), i.e.,
. A

e @ =)l > 10
Let x € C7 so that ®(z) > p. We conclude that for some choice of ¢ and € depending
only on x and j we have

) () 2 fi

For if not, then (in the following sum ¢ and € are dyadic)

O(x)= ) () <[logéPr=p,
t,e€[6,1]
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contradicting the choice of z. Similarly, we see that (3.13) holds for any j as above
and for some choice of ¢t and € depending only on j. Finally, applying the pigeon
hole principle in j yields that there are ¢t and € such that (3.13) holds for at least M
values of j. Otherwise, the number of j’s satisfying (2.1) would have to be strictly
less than |log 6|?M = M /2. Henceforth we will fix € and ¢ to be those numbers.

By essentially the same argument as in the second part of Lemma 2.1 we can
now establish the refined version of (2.10).

Lemma 3.7. The multiplicity p satisfies the following apriori estimate with abso-
lute constants C' and b :

(3.14) 1< Cllogs|PA~ts 1.
Proof. Let {z;} be a t-net and consider the quantities
My(i) = card{1 <j <M : z; € B(z,1)},
Ms(i) = card{1 <j <M : z; € B(z,2t)}.
Then, clearly,

(3.15) ZMl(z) ~ M and ZMg(z) ~ M.

Since M = |log §|~2M /2, we conclude from (3.15) that there is a point of the net,
say zo, such that M; = M;(0) and My = My(0) satisfy M; > C~1|logé| =2 Ma.

Define
Q= > X

Jilzj—zo|<2t
As in Lemma 2.1 we distinguish two cases. If
B =[{E : &1 >} < i~ AM2d,
then by Corollary 3.6 (setting xg = z)
(3.16) IMsxE: |20, < Collog6|2t3 B2

The expression on the left is > C~! 5\(62M1)%. Indeed, for any 1 < j < M such
that x; € B(zo,t) we have

Dy > D] .
Thus (3.13) implies that
HC; + @1 > @} = MGyl
or equivalently
|C; NEL| > MCjl, or Mesxe (z;) > A

Since the {x;} are §-separated, our claim follows. On the other hand, the right side
of (3.16) is

< Co|log6|2t% (' AMps) 2

by our assumption on |E;|. Recalling the definition of Mj, My, X etc., we ob-
tain (3.14).
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If |[E1| > p~*AM26 we use duality, i.e., (3.10). Letting z9 = 2o in (3.10), replac-
ing t with 2t, setting y; = z;, p; = rj, and a; = (62M2)_% for j =1,...,M>, or
a; = 0 otherwise, we obtain

@12 < Co | log 826147 (62 My)=.
The left-hand side is
> G{E © & > @}? = [lE|® > (A=t AMas)?
and the lemma follows. |

In [7] it is shown how to obtain (3.14) without the Fourier transform, using
only geometric/combinatorial methods. The main tool turns out to be a two circle
lemma.

4. THE THREE CIRCLE LEMMA

In the previous section implicit information about circles was used to prove an
L? bound on the maximal function and thus a bound on the multiplicity . In this
section we will attempt to use explicit geometric properties of circles in order to
bound p. The procedure we apply here was discovered by Kolasa and Wolff [4].
Although this section is essentially self-contained, the reader might wish to read
Section 3 of [4], in particular Proposition 3.1, which provides the underlying idea
for the proof of Proposition 4.3 below. Lemma 4.1 (Marstrand’s three circle lemma)
is the main geometric tool in the argument below. It is a quantitative version of
the following fact (known in incidence geometry as the circles of Apollonius):

Given any three circles which are not internally tangent at a single point, there
are at most two circles which are internally tangent to the three given ones (we
say that two circles in the plane are internally tangent if they are tangent and the
smaller one is contained inside the larger one).

The number € in Lemma 4.1 controls the degree of internal tangency, whereas
A separates the “points of tangency” (see Figure 2). Ns(S) denotes the § entropy
of the set S, i.e., the cardinality of a maximally é-separated set in S. We merely
sketch a proof of Lemma 4.1 and refer the reader to Marstrand [5], Lemma 5.2
for further details. For a version applying to families of curves satisfying Sogge’s
cinematic curvature condition see [4], Lemma 3.1.

Lemma 4.1. Let (x;,r;)3_; € R? x (1,2) and fix 0 < X\,e < 1. Consider the set

3
S=z R\ | JB(zj,¢) : 3re(1,2) with ||z —z[—|ri—r|| <e

j=1
fori=1,2,3 and lei(z,7) —ej(z,r)| > X fori#j, i,7=1,2,3

Here

T —
ei(z,r) = ﬁsgn(r — 7).
3

Then
€

2
Ns(S) < C (5> A3 forany 0 < 6 <e.
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FIGURE 2. Marstrand’s three circle lemma

Proof. Let

Q= {(z,7) €R* x (1,2) : |z —z;| > 3e,7 # 1y,
|€i(.’L’,T) —ej(ac,r)| > A for i 7&] i J = 17273}

and F : Q — R3 be defined by
F(z,r) = (Joi — 2| = |ri = r[)i=
It is easy to see that the Jacobian JF of F satisfies
JF ~ |€1 — 62”61 — €3||€2 — €3| > )\3.

Since card(F~!(p)) < Cp for some absolute constant Cp and all p € R3, we
conclude that

|F~1(B(0,2¢))] < C X3,
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According to the definition of S there exists a function r : § — (1, 2) such that for
every x € S we have |F(z,r(z))| < e. Then clearly

{(z,r) 1z €8, |r—r)| <e}
3
C F7Y(B(0,2¢)) Ul (x,7):x € SN U B(zj,3€), [r—r(z)| <e
j=1

and thus |S| < C 2\ 73, O

The following lemma contains bounds on the diameter and the area of Cs(z, )N
Cs(y, s). In various forms it appears in several papers on this subject; see, e.g.,
[1], [4], [5], [8]. Since the exact version we use here does not seem to be contained
explicitly in any of these references, we provide a proof for the reader’s convenience.
We will use the notation

A = max([|lz —y| - |r — 5[], ).
Lemma 4.2. Suppose v,y € R?,  # y, [t —y| < 3, and r,s € (1,2), r # s,
0 < 6 < 1. There is an absolute constant A such that

1. Cs(z,7) N Cs(y, s) is contained in a & neighborhood of an arc of length <

T—y
[z—y[*

ﬁ centered at the point x — rsgn(r — s)

2. The area of intersection satisfies

(4.1) |Cs(z,7) N Cs(y,s)| < A i

VAl =y

Proof. Let z € Cs(x,7) N Cs(y,s). Then |z — x| = r and |z — y| = s1 where
|r —ri] < 6 and |s — s1| < . By simple algebra

(4.2) 20z —a) (y—a2)=ri —si+ly—af.
Assume r < s. Then (4.2) implies

2r1 |z — y|(1 —cos £(z — x,x — y)) = (r1 + |z — y|)* — 57
and thus

—y|l—(s1 — A
(4.3) L(z—x,x—y) ~ [z =yl = (s1 =) <Oy ——.
[z =y |z =y

If r > s one estimates Z(z — z,y — x) in a similar fashion.

If A < 108 the bound (4.1) follows from the first statement of the lemma.
Otherwise consider o = Z(z — x,2 — y) as a function of r; and s;. Taking partial
derivatives in (4.2) yields

Oa .

— ri|lz —y|sina =71 + |z — y| cosq,

8’[”1

22 il — gl

— ri|z — y|sina = —s;.

D1 1 Y 1

Thus

Oa Oa 1
) I e e, ) (Al —y|)E.
2]+ |5 < Clalle - 0 = 8l =)
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The last equality is true since A > 106 implies that (4.3) holds with ~ instead of

<. Since r; and s; vary in a § interval, « will be contained in an interval of length

<C \/h and (4.1) follows. O

Proposition 4.3 below is the main result of this paper.

Proposition 4.3. M; is of restricted weak type (5/2,5), i.e., for any f € L' N
L*(R?)

(4.4) M flls,00 < C [log6]” || fll5/2,1,

where b and C' are absolute constants.

Proof. In this proof we let Bs denote a constant of the form C|logé|®, where the

values of C' and b are allowed to vary depending on the context. By Lemma 2.1 we
need to show

(4.5) (< BsAT3M?.

C and b are determined implicitly in the calculation below. This will follow from
the combinatorial argument in [4], which is based on the three circle lemma, and
the refined L? bound from above. A is the absolute constant from Lemma 4.2.

1
< €\ 3

. : < - .
(4.6) Case I: X < 1004 (t)
On the one hand, by (3.13) and Lemma 4.2

_ .82 52
(@7) A6 < C / Yo < Ceard(s? ) - < o,
On the other hand, by Lemma 3.7
i< Bs A"to 1t

Thus

|
—
[S2Y e
~—
(NI
7N
| =+
~_
M

IN

jos}

>

£

]

=
A~
[S2Y e
~—
(NI
7N
| =+
~_
M
~_—

Hence, if

(4.8) M < (g) (%) :

then
g< Bs At é) é) M
€
(4.9) = Bs A\ :M2Az M2 <§ (?)
€
3 1
— 31 7e\t rent (t\* /6\? [6\?2
< “spMz2 (= hd Z hd hd
<mx bt ()5 (5) (2) (5)
= Bs\ 2M2,
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and M %, respectively.

NI

where we have used (4.6) and (4.8) in line (4.9) to replace A
If, on the other hand,

(4.10) M > (g) (%) ,

then

B % B 2M %
(4.11) < Byad (%) 6‘1t§B5>\‘%<6 ) 51t

Here we have used (4.6) and then (4.10) in line (4.11).

(4.12) Case 2: X > 1004 (;) ’

Following [4] we let

Q = {(j.i1,42,43) : 1< j <M, i,iz,i3 € S/, and the distance between
any two of the sets C; NC;,,C; NC,,,C; N Cy, is at least A/20}.
Suppose (j,i1,12,43) € Q. Then Lemma 4.2 implies that any two of the
e; = xj —rjsgn(r; — 7“0&2%;61|
for i = i1, 12,13 are separated by a distance 5\/20. Indeed, by that lemma, e; is the
center of C; N Cj and in view of (3.12), for any i € S/

(4.13) diam(C; N Cj) < 2A\/§ < 2/50
by (4.12). Lemma 4.1 therefore implies that
2 _
(4.14) card(Q) < C (g) A3,
On the other hand, we claim that
(4.15) card(Q) > C~' M ( A8 )3
. > Méz/\/e_t .

This would clearly follow from

min_card({(i1,i2,43) € (S7.)® : the distance between any two
1<j<M '

(4.16) of the sets C; N Cy,,C; N Cy,, C; N Ciy is at least A/20})

< 3
A6
> (@ :
- <M 62/ et)
Denote the set on the left-hand side by Q) and fix any j as above. By (4.7) the
number of possible choices of 77 is

Y

d(S}) >0 ' :
car ( t,e)— M(SQ/\/E
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Suppose that (iy,72,43) € QU). We claim that
Y
62/ \/et’

To prove (4.17) let Ry and Ry be “rectangles” in C; of length A\/5 and width &
centered at e;, and e;,, respectively. Using (4.13) we conclude that

iES,f)67 CiNR, =2 for 7=1,2

(4.17) card({i € S{, : (i1,i2,0) €QV}) > C7

implies that
dist(C; N Cy,,C; N C;) > A/20 for 7=1,2.
Since
HC\ (B UR) = #], > )| = 51,

(4.17) follows from (4.7) (simply replace (3.13) with the previous inequality). Esti-
mating the number of admissible choices of i5 given a fixed i; in a similar fashion
proves (4.16) and thus (4.15). We infer from (4.14) and (4.15) that

3
- 3 (6Mz )\’

. i < Bs a6 (S .

(4.18) i3 < Bs A (6) < : ) M

ot

Combining (4.18) and (3.14) yields

i < Bs min X_lé_lt,j\_2 (—

ST
N——
ol
~
>
==
(NI
~__—
[N
I

Hence, if

(4.19) A< (g)é <6J‘f%>§ M-

we conclude that

M<35A—15—1t<35x%ﬁx%< t >M%

§Mz
3 3
(4.20) < Bsa~d (%f(‘s]‘f) M—%)
(%)(6];4) M (6]\2%)]\/[%
= Bs A2 M.

The expressions in (4.20) are obtained by estimating A by (4.19) and (4.12), respec-
tively.
If, on the other hand,

(4.21) 2> (g)é (‘W‘tﬁ) M

[N
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then

(4.22) <Bs A2 A

|
7N
>
~| 5
=
N———
N:W
~
o
I

>l
W=
/-~
>
==
[N
N———
o
=
el
VN
>
==
[N
N———
=
=
Sl

To obtain (4.22), use (4.21) and the inequality

1

(5) (%) <onart,

which follows from (4.12). Consequently, we have established (4.5) and the propo-
sition follows. O

5. PROOF OF THEOREM 1.3

The following lemma states that instead of averaging over ¢ annuli we can average
over a mollified version of do, which is essentially concentrated on a § annulus.

Lemma 5.1. Fiz a radial function ¢ € S(R?). Suppose that for fired 1 <p < q <
o0, a < 3

[Msfllg < Co~ [ fllp
forall0 <6 <1, f€ L*NL>. Then

M+ @s)llg < C5~[fl,
forall0< o6 <1, fes.

Proof. Write ¢(|x]) = ¢(x). We construct a radial, nonincreasing majorant for ¢
as follows. Let p(r) = 72|¢/(r)| and define

wllah = [ T dr

||

or equivalently

vle) = [ v, @) dr
0
where B is the unit ball in R2. Note that

r)dx = r)dr = r)rdr.
R21/’( ) /0 P( ) /0 1/’( )7" T
Let f € S. Then

st o'
sup |dot * (65 * )] < { / + / } sup [[dor * (x5),s) * 1] p(r) dr
1<t2 0 51 1<t<2

= A+ B.
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On the one hand

51
|4l < C / | Miors|flllg plr) dr

51
<coe / =0 p(r) dr ||l
< o5 fll,

since a < 3. On the other hand, by Young’s inequality with 1 + % = % + %,

1Bl < C /571 1 (xB)10rs * | fllq p(r)dr

<0 [ 16hons Il )i

<C [ @) pmar Il
<C|fllp

and the lemma follows. |
Proof of Theorem 1.3. Statements (1.9), (1.10) of Theorem 1.3 follow via Marcin-

kiewicz’s theorem from the estimates at the points @, R, T, P (see Figure 1). To
prove (1.8), suppose we are given any f € S. Let

F=>_1
§=0

be a Littlewood-Paley decomposition, i.e., supp(fo) C {R?: |¢| < 2} and supp(fj) C
{R%: 271 < |¢] < 27F1} for j = 1,2,.... On the one hand, (1.10), (1.9), and
Lemma 5.1 imply

. 11
(5.1) IMFillg < Ce 27| f5ll, if (}—?, a) € QP U PT (see Figure 1)
for any e > 0 and j = 1,2,... . On the other hand, by the local smoothing theorem
in [6] (see also [2] and [8])
(5:2) IMFillp < C 2798)| £i1l,
where 2 < p < oo, 8 =/0(p) >0,and j =1,2,.... Interpolating (5.2) with (5.1)
yields

. 11

(653 MBIl <C2 PG, i (1—9, 5) € region \QP U PT

for some v = v(p, q) > 0. Furthermore,

(5.4) [IMfollg < C [l follp

by the Hardy-Littlewood and Bernstein inequalities. Finally, (1.8) follows from
inequalities (5.3) and (5.4) by Littlewood-Paley theory.

Up to a |log 8] factor, (1.11) follows by interpolating the estimate at T, i.e., (1.7),
with the ones at the endpoints R and S:

(5.5) IMefllr + | Me flloo < C 67| fIl1-



122 W. SCHLAG

To obtain the sharp estimates, let f = > f; be as above. The analogue of (5.5)
is

(5.6) IMFills + IMSillse < C27 i1,

which can be shown by a standard application of stationary phase, cf. [7]. Interpo-
lating (5.6) with the L? bound (3.1) yields

. 11
(5.7 1Ml < C2EDNgl, it (3.0) € region .

(1.11) now follows from (5.7) by the same type of argument as in the proof of
Corollary 3.6 provided 1 < p. The estimates on the segment SR follow from the
ones at the endpoints. We skip the details. O
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