ON MINIMA OF THE ABSOLUTE VALUE OF CERTAIN
RANDOM EXPONENTIAL SUMS

W. SCHLAG

ABSTRACT. Let Tn(z) =374 +e27i5°® where + stands for a random choice
of sign with equal probability. It is shown here that with high probability
mingeo,1) [Tn(z)] < n~7 provided n is large and o < 1/12. Similar results
are proved for other powers than squares. The problem of determining the
optimal o is open. For the case Ty (z) = Z?:l rje2”jdx, where d = 2,3, ...
is fixed and with standard normal r; we show that the minima are typically

on the order of nidJr% with high probability and for large n.

1. INTRODUCTION

Let T, (z) = 25, e( j2x) where the signs are chosen independently with prob-
ability % each. Throughout this paper e(r) = ¢*™@ and T = R/Z.

Theorem 1. For any o < 1/12, P(minger [T, (x)] <n~%) — 1 as n — oo.

The study of minima of random trigonometric polynomials originates in [9],
where Littlewood posed the problem of showing that

n
P( min|S" +e(j ‘ 1
(rxné% ]Z_; e(jz)| < 6\/5) —1 as n— o0

for any € > 0. This was proved by Kashin [5]. In fact, a much stronger statement
holds as shown by Konyagin [6]:

n
P( min|>" e(j ‘ “3te) 51 as
(I:?qurrl‘l e(jx)| <n —1 as n— o0
]:

for any € > 0. In [7] Konyagin and the author then showed that n
order of magnitude, i.e.,

1.
2 is the correct

tmsup B {min] 3™ (i) < en-?) <
im sup <I;1€1?11‘1Z e(jx)| < en 2) < Ce

n—oo

for any € > 0. The purpose of this paper is to prove Theorem 1 and some re-
lated results. The basic approach will resemble that in [6], but at several crucial
points completely different arguments are required. The most essential part of our
argument involves bounding the discrepancy of the sequence

n
(1) (al(j2 — k), an(j? — k:2)) ‘ mod Z2

k=
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where a7 and as can be thought of as rational numbers with denominators of
size about n (loosely speaking this is related to the pair correlations considered
by Rudnik and Sarnak [11]. However, their objective is different from ours and
they also consider only one coordinate). Obtaining a nontrivial bound requires a
suitable independence condition on a; and s, see (18) below. Since we want this
condition to hold for sufficiently many pairs (o, 2), we obtain only weak bounds
for the discrepancy of (1) and therefore only small ¢ in Theorem 1. However, even
the optimal bounds on the discrepancy of (1) would only yield o < % in Theorem 1
using our methods. This is most likely not the correct order of magnitude for the
minimum, as it is shown in Section 3 that in the Gaussian case the optimal o = %,
see Theorems 16 and 20 in Section 3 (Gaussian here means that the coeffcients are
chosen to be standard normal rather than Rademacher variables). It is possible,
however, that the order of magnitude of the minima depends on the distribution of
the coefficients (notice that in the case of the polynomials of Littlewood mentioned
above this is not the case, see [6] and [7]).

We now give a heuristic argument that should give some indication why the
minima are on the order of n=2. Let T}, be as above. By the Salem—Zygmund

inequality [4]
IT0]0o < Cy/nlogn

with probability tending to 1 as n — oo (we refer to this as asymptotically almost
surely or a.a.s.). So up to a logarithm, which we want to ignore here, the values
of T,, lie in a square of size about \/n a.a.s.. Split this square into about n* many
squares of side length n=% and pick a minimal n~*net A on T. The point is
that one expects to hit most of the small squares with the values {T},(«)}aen and
therefore also the square at the origin or one nearby. To see this notice firstly
that one would expect that with high probability |77} (x)| is of size approximately
n?y/n for typical x. Moreover, ||T|s < Cn*y/nlogn a.a.s. by Salem—Zygmund.
Suppressing logarithms, one therefore concludes from Taylor’s theorem that

ITa(8) = Tu(@)| = Cn? v/l 8 — al |1+ O(*(5 - ).

This means that any two points in the net N of distance < n~2 should fall into
distinct squares. In particular, any n? adjacent points in our net should fall into
different squares. Secondly, we claim that for typical points «, § at a distance
greater than n~2 the random variables T}, () and T;,(3) are weakly correlated. In
fact,

n
BT, ()T, (B)] = ) e((a = B)5°).
j=1

It is a standard fact of analytic number theory that the Weyl sum on the right-hand
side is much smaller in absolute value than n for o — 8 which do not come too close
to fractions with small denominators, see [10]. Since n = /E|T,(a)]2\/E|T,,(5)]2
our claim follows. Assuming for simplicity that the values of T}, at such points are
actually independent, we are in the situation of picking n? of the small squares
randomly and independently n? many times. It is a simple exercise to see that the
expected number of the small squares we select this way is =< n*, which is the total
number of those squares.

Finally, we would like to point out that a similar heuristic argument also applies
to other powers than squares. More precisely, one easily checks along the same lines
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as before that one might expect for any fixed d = 2,3, ... and with wg = (2d—1)/2,

n
. :t -d —wqg+e
wiy | Eeli'o)| <n

for most choices of 4+ as n — oco. As far as rigorous results are concerned, it is not
hard to see that the basic approach from Section 2 yields

min +e( x‘<n‘” — 1 as n— oo
P (]2 +e0 )

for some o4 > 0. See Section 2.4 for further discussion of higher powers. Contrary
to the behavior suggested by the heuristic argument, the o4 tend to zero with
increasing d. Moreover, it is shown in Section 3 that wy is the correct power in the
Gaussian case for all d > 2.

2. THE BERNOULLI CASE

In this section we prove Theorem 1 above. Following [6], we use the second
moment method. More precisely, fix some 0 < 07 < 1/20 and pick a minimal

n~2net N = {a 1M, in

N 1
! ![**q*na ik

Here [a] is the smallest integer greater or equal to a. Clearly, M < n? where the
notation a < b means a < Cb for some absolute constant C' and a =< b stands for
a<<band b< a. Fix o >0 and let

(2) Eo = {[Tw(a)l <n™%}
for all « € N. By Cauchy-Schwarz (the “second moment method”),

2
S aen P(Ea)
(3) (U ) z(a,ﬁeﬁ(Ew)Eg)'

aeN

The goal of this paper is to show that the right-hand side tends to one provided
o < 1/12. The number 1/12 is most likely a technical artifact and it is possible
that one can improve on it by being more economical in the following argument.
A substantial improvement, however, will require new ideas. The harder part is of
course bounding the variances (the denominator) and it is here that (1) becomes
relevant. One might expect that P(E,) < n~1727 as in the Gaussian case (Gaussian

here means that the coefficients are standard normal rather than +). However, it

is easy to see that
1 1
P(Tw(7)=0) =
(4 4 ) n

This suggests that fractions with small denominators play a special role, which
explains the choice of A above. Furthermore, one cannot use normal approximation
to prove this bound since the error in the central limit theorem is n~2 (the Berry—
Esseen theorem, see [1]). For this reason such small probabilities are calculated
in [6] and [7] directly by means of the characteristic functions (i.e., the Fourier
transforms) of the random variables at hand. Finally, we would like to remark that
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the case o < 0 in Theorem 1 is much easier than the case o > 0. In fact, it is implicit
in our argument below that ¢ < 0 is covered by some fairly standard central limit
type theorems, see Theorem 8.4 in [1]. In particular, basically no number theory is
required for that case.

2.1. Estimating P(E,). We turn to the numerator in (3). In that case the correct
estimate only requires o < 1.

Proposition 2. Fiz some o € (0,1) and let E, be given by (2). Then
P(E,) = con 727 (1 +0(1)) asn — oo
uniformly in o € N'. Here cg is an absolute constant.

We shall prove this after establishing some lemmas. For any sequence z1,...,z, €
T we let D,, be the usual discrepancy over intervals, i.e.,

)

1 .
D, ({a;}7,) = Sup‘|[| — Zcard{j € [1,n] : z; € I}
ICT n

where the supremum is taken over intervals. The main tool for bounding D,, is the
well-known Erdés—Turan inequality, see [8] and [10],

K n
n 1 1 1
(4) Da({z}) < —+- Z‘, S elhae)|.
K n k
k=1 " ¢=1
Throughout, || - || denotes the distance to the nearest integer. The following lemma

is standard.
Lemma 3. maxaen Dn({0j?})-)) < n- 3t

Proof. By the Erdés—Turan inequality with K =n

1 11
21N -2
Dafai®}jm) < —+3 7|0 > eladi®)

[N

1 1 n 1 n 2
< - + - Z 7 e(alj?) Vlogn
=1"1j=1
1 \/@ n 1 n—1 ' . 2
(5) < -~ + - <nlogn+;€;mm(n, 20wl =) | .

To pass to the previous line one uses the standard Weyl differencing method [10],
chapter 3:

n 2 n

Soclatt) = |3 clatl? 1)

j=1 j,k=1

SEEDS X[j+ue[1,nn€(af(ﬂ'2—(J+u)2))‘
=1 u€Z,u#0
n—1, n n—1
(6) < n+2z Ze(—Zaﬁju) §n+2Zmin(n7H2a€uH_1),

u=1'j=1 u=1
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and (5) follows. We now recall a standard estimate for reciprocal sums as in (5),
see equation (9) in [10]:

Z HN
(7) Zmin(N, |hal™") < T—i—Hlogq—&—N—kqlogq
h=1

provided |a — §| < ¢ ? with (p,q) = 1. Let

{ n—1

s8¢ = Z Z min(n, ||2akul ).

k=1u=1

By Dirichlet’s principle, |a — §| < 1q for some integers 1 < p < ¢ < n. In view of

n

the definition of A/ one has g > n'=%. Therefore, for any 1 < ¢ < n,

20(n—1) ¢ 20(n—1)
s < Y S xpmin(n, ok ) < Cen 3 min(n, [lak] )
h=1 k=1 h=1
<

€ KnQ 1481 +€
Cen 7+(n€—|—q)logq < Celn T0rTe,

To pass to the second inequality we used that the number of divisors of h grows
at most like h¢, see [3], and the third inequality follows from (7). Applying partial
summation to (5) finally implies that

. logn  +/logn Sy
21 n Se
Dn({aj}io) < NG + - 1ogn11é1%xn 7
logn logn
C, 28, (1+bite)/2,
< Jn + " n
Hence the lemma for n large. O

Lemma 4 is the first of two essential technical statements about the number of
elements in a particular sequence {v; }?zl that come close to integers. The v); arise
naturally in the characteristic function of T),(«), see the proof of Proposition 2
below.

Lemma 4. Suppose a € N, 1/4 < v < n'=2% and 0 € [0,27) are arbitrary but
fized. For any j € Z let ; = vcos(2maj? 4+ 0). Then

(8) card{j € [1,n] : o]l <n™"} <n/2
provided n > ny(01) (with ng depending only on 61 ).

Proof. Assume false. Then there exist integers m; such that |¢; — m;| < n=0 for
at least n/2 values of j. Thus

| cos(2maj® + 6) — %| <n Tl =A
for those j. If ¢; > 0 is a small constant then the previous lemma implies that
9) card{j : |sin(2raj® + 0)| < 1} < n/4
if n is large. Define the intervals I, and J; via

IiuJy={xze€T:|cos(2mx + 0) — £/v] < A}.
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Discarding the points falling into the set in (9) we conclude that

L n
Z ZXIZUJZ (an) >n/4

=—Lj=1
where L = [v] + 1 and |Iy] < |J¢| < A. We may assume that

L n
(10) > xn(ag®) >n/8.

(=—L j=1
Pick a nonnegative bump function ¢ so that ¢a > 1 on [-CA, CA] and
supp(qgg) Cc [-CcATH CATY

where C' is a suitable constant. Applying Cauchy—Schwarz to (10) yields
2

L n n
1) n? < Y D xnlad? <> Xeeacoa(a® — k)
jk=1

t=—L \j=1
< wn+v Z oa(a(i? — k%)
J#k=1
= m;Jrvn(nflqﬁA )+ Z Z¢A — k).
JF#k=1v#0
Here Z;;k:l means that we sum over j,k = 1,...,n with the restriction that

j # k. Therefore, substituting k& = j + w as in the proof of the previous lemma

(see (6)),

C/A n
n’/v <  An? —i—AZme 12av7)™1)
v=1 j=1
Cn/A
(12) < AR+ CenA D min(n, [lak] ).
k=1

To pass to the second line we use that the divisor function grows more slowly than
any power, see [3]. Now let |a — §| < n%; for some 1 < p < ¢ < n. In view of

the definition of A" one has ¢ > n'~%. Applying (7) to the reciprocal sum in (12)
yields

2
n?jv < n2A+CEnEA<Z+(A1n+q)logq)
q

< n?A+C.nf (n1+61 + nlog n)
This leads to the contradiction n'~%—¢ <« C. v for all € > 0. [l

Remark : What underlies the proof of the previous lemma is the fact that the
discrepancy of the sequence {a(j? — k2)};-‘#k=1 is small. In fact, one easily checks

along the lines of Lemma 3 that it is no bigger than n~2+91+¢ One can introduce
this bound explicitly into the proof of Lemma 4. Indeed, line (11) implies that

v A+ Dyn—1) <{a(j2 - kQ)};'l;ék:1>'
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This, however, would lead to o < % rather than ¢ < 1 as above. This is precisely
the reason why Lemma 4 is only implicitly based on the discrepancy of the sequence
of differences.

In the following lemma we compute the mean covariance matrices of T, (),
which we shall need in the proof of Proposition 2.

Lemma 5. Let I be the 2 x 2 identity matriz. Then cov(ﬁTn(a)) = i1+
O(n=20) uniformly in o € N as n — .

Proof. By independence of the summands in T},
cov(Ty (o)) = Zcov(:l:(cos(?wozjz),sin(27raj2))).

Therefore,

1 cos 471’] a sin(47j2a)
e

1 1
Tn(a)) 5 sin(4mj?a)  — cos(4mja)

COV(%

By Koksma’s inequality, see Theorem 5.1 in [8], and Lemma 3
1 — 1
(13) =) cos(dma?) - /0 cos(d4rz) d| < Da({of?})y) < n~ 2+
j=1

and similarly for the other terms. [

Proof of Proposition 2. Fix a o € (0,1) and choose §; and € > 0 such that o+ 2¢ <
1—26;. Let 0 < ¢ < XxBo,1) < %¥n < 1in R? with ¢, (x) = 1if |[z] <1 —-n"¢
and ¢, (x) = 0 if |x| > 1 +n~¢. Here B(0,1) is the unit ball in R? . Moreover, we
require that

(14) sup (14 0D (16(6)] + [9u(€)]) < Cum
£€R?

for any m > 1. It is standard to construct such functions. Let f, denote the
characteristic function of ﬁTn(a). Then clearly

P(Ea) = [ on(nt* @) Py 1, (@)
(15) — i / (7€) fu ) de.
AUBUC

Here A = {|¢| < n'/S}, B = {n!/® < |¢] < n2tot2€} and C = {|¢| > nztot2e},
The main contribution will come from region A, whereas B and C' are error terms.
To compute the integral over A we use a general statement about convergence of
the characteristic function of a sum of independent (but not necessarily identi-
cally distributed) random variables with finite third moments. More precisely, by
Theorem 8.4 in Bhattacharya—Rao [1]

(16) |Fa(€) — exp(—(Va, ) /2)] < Clé'n~ exp(—clé*)

for all |¢] < n'/6 (actually, the only important condition is that |¢| is much smaller
than v/n). Here V,, = cov(ﬁT,Aa)) and C, ¢ are absolute constants. We would
like to emphasize that |fa(€)] = 1 for certain £ with |¢| =< nZ? if o comes close to
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rational numbers with small denominators. In particular, (16) fails for such £. It
is therefore necessary to take the arithmetic nature of o into account for values of
|€] > /n. In view of Lemma 5 and (16)

(17) /A (0308 [ (£) d = b (0)(1 + o(1)) = co(1 + o(1)).

To estimate the contribution of the region B we write f,(§) = H?:l cos(m;(€))
where
Y (&) = 2—\/5% cos(2mj2a) + % sin(2mj2a) = v cos(2mj%a + 6).

Here we have set v = 2[¢|/y/n and 0 = arg(&). If not too many ¢; come close to Z,
then |f,(&)| will be small. If v < 1, then each [1);| < 7/4 and one simply expands
cos around zero. Otherwise one uses Lemma 4. In B one has 2n~35 < v < 2n°+2¢,
Consider first the casen™3 < v < 1 /4. In view of Koksma’s inequality and Lemma 3
(replace cos with cos? in (13)) one has

o.\»~
~—

| fa(&)] < exp( ch cos?(2maj? + 0)) < exp(—c
j=1

If 1/4 < v < n°"2¢ then by Lemma 4 (recall o + 2¢ < 1 — 26;)

n
|fa(&)] < exp(=c Y [v;]1%) < exp(—en' =),
j=1
These estimates show that the integral over B goes to zero. Finally, it is immediate
from (14) that the same holds true for the integral over C. An upper bound is
obtained in a similar fashion using 1, instead, and we are done. (I

2.2. Estimating P(E, N Eg). Let (a1, a2) € N2. We say that this pair is bad if

(18) arly + agly € U U |: ' + L ] mod 1

2—271" 2—-21
S qn qa qn
for some integers ¢1,¢3 with 1 < |¢1], |[¢2] < A = [n7]. The intervals on the right-
hand side are basically the major arcs from the Hardy-Littlewood circle method [13]

for the Waring problem with squares. The value of 7 will be specified below. The
set of bad pairs will be denoted by B = B,. Clearly,

(19) card(B) < Z Z ZZ 0 n2 s—ly < MA*nT =< n**oT,

a1 EN 0y, +0,=1 q=1 p=1

This bound becomes trivial if 7 > 2/5, so we may assume that 0 < 7 < 2/5.
The independence condition between «, ap given by (18) will allow us to obtain
nontrivial bounds on the discrepancy of the multidimensional sequence

(20) (a1(j% = k%), a0(5® = k%)) 2joe1-
The notation means that j,k =1,...,n but j # k. Discrepancy here refers to dis-
crepancy over intervals, i.e., given a sequence X1, ...,xy € T? on the d-dimensional

torus, we define its discrepancy to be

1
Dy = sup ||I| — Ncard{j €[1,N] : x; €I}
ICTd
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The supremum is taken over all rectangles I = I; x ... X Iy C T2, Our basic tool
for bounding the discrepancy is the Erdos—Turan-Koksma inequality, see [8],

1 11 &
(21) Dy < —+ o<|%:<m s ‘N ; e((h,xn>)‘

for any integer m. Here h = (hy,...,hg) € Z¢ and r(h) = H?Zl max(1, |h;]).
Lemma 6. For any (ay,az) € N2\ B one has
Dn({a1j? a0j®}o)) < n~"/%log?n
Doy ({015 = %), 022 = )} ) < 077 log?n.
Proof. Tt is well-known that, see chapter 3 in [10],

n

(22) j;e(ajz) < %—i— (n+q)loggq

provided |a — §| < ¢~2% with (p,q) = 1. This is proved by the exact same methods
as Lemma 3. In view of the Erdos—Turan inequality one has

1 1 1 &
Du(fons® 02i®}je) < g+ D ol D el(anh + azh)s?)|
A imea T 0=
1 K11 1
< Z + Z Z( E 6(0[16‘]’2) -+ ‘n Ze(a2€j2) )
(=1 j=1 j=1
A 1 1 n
(23) + Z — *Z@((Oﬂfl—Faggg)jQ)
£ fa=1 bty ni3
(24) < AT pnIt 4T 2002

The estimate that leads to the second term in (24) was obtained in the proof of
Lemma 3, and we refer the reader to (5). For the third term, note that for any ¢;
and {5 that appear in the sum in (23), there exist integers p, ¢ with (p,q) = 1 and
1 < ¢ <n?7?7 such that |ayl; + asls — §| < ¢~ 2. In view of (18) one has ¢ > n".
Applying (22) to (23) leads to (24). To obtain the second statement of the lemma,

one applies the Erdés—Turan—Koksma inequality as follows:

Dan1) ({0172 = ¥2), 02 = k2)} s )

A n A n
1 1 1 1 1
< Z + ) é‘ Z 6(0[16(]62 —]2))‘ + ﬁ Z Z’ Z €(C¥2€(k2 —]2))
=1 k=1 =1 k=1
RSN 2 _ 2
= Y | D et av) (2 — ).
£1,62=1 12 j#£k=1

Estimating the first and second sums as in the proof of Lemma 3 one sees that they

where

do not exceed n~1% logn. For the third sum let ‘alﬁl + agly — g‘ < qn%z,
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< n?727. By the definition of B one has ¢ > n”. Therefore, in view of

A 1 n |
> %‘jg;le((algl + azta) (K = 7))
1

£1,05=1
A n
< ¥ e Zmin(n, 12(ary + agez)jn—l)
fl,fgzl j:].
A 1 n?
< Z — [ = +n*?logn | < n* " log?n.
f1l9 \ n™
Zl,ZQZI
The lemma follows. O

The second moment method requires us to compute the probabilities P(E, N Eg3)
for typical o, B € N, see (3). This will be done in Proposition 10 below. The proof
of that proposition is similar to the proof of Proposition 2. In particular, one needs
to bound the number of points

;=0 cos(2mj2a + 01) + vy cos(2m52 3 + 05)

with j = 1,...,n that can come very close to integers for arbitrary but fixed 1 <
v} +v3 < n? and 01,02 € [0,27m). We start with a simple observation concerning
the level curves of v cos(2mz) + va cos(27y).

Lemma 7. Let F(x,y) = vicos(2mz) + v cos(2my) with v + v3 = 1 and let
0 <e< 1. Define

1 1
Bez{(x,y)€T2:|x|<e 0r|x—§|<e ory| <e 07’|y—§|<e}.

Then |[VF| > € on T?\ B, and the curvature k on any component of any level-curve
{F = a} \ B. satisfies
(25) K < Ce 3 |vpvg)
with some absolute constant C'.
Proof. Clearly,
|VF(2,y)| = 2r(visin®(27z) + v3 sin® (27ry))% > €

for any (x,y) € T? \ B.. By calculus the curvature of a level set of F' at a point is
given by the ratio
(D*F(VE)", (VF)5)|
IVF[?

at that point. One easily verifies that with F' as above this is the same as

R =

|VF|?k = |v1vs]|vg cos(2mz) sin?(2my) — vy cos(2my) sin? (272,

and the lemma follows. O

The following lemma is the main technical statement of our proof.
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Lemma 8. Suppose that (a1, a2) € N2\ By, 1 < vi +v3 < con®?, and 01,0, €
[0,27) are arbitrary but fixed (co is a sufficiently small absolute constant). Let
;=0 cos(2marj% 4 01) 4 vy cos(2manj? + 0s)
forall j € Z. Then
card{j € [1,n] : 51| <0~} < /2

provided 20 < T and n > ny(o, 7).

Proof. Let (vi + v%)% = v. Fix some 20 < 7 and suppose the lemma fails. Then
there are integers m; such that for at least n/2 values of j

‘wl cos(2ma1j® + 61) + wy cos(2manj? + 03) — my <n % l=A
v

where we have set w; = vy /v, wy = vy/v. For the sake of convenience we set
01 = 65 = 0, since a translation does not matter. Thus

(26) card{j € [1,n] : |F(a1j? azj?) —m/v] < A for some m € Z} > %,

where F(xz,y) = w; cos(2mx) 4+ wo cos(2my). Let B, be the set from Lemma 7 for
some fixed small e (say ¢ = 1/100). By the definition of discrepancy and Lemma 6,

(27) card{j € [1,n] : (@152, azj?) € B} < n/4

for small € and large n. By Lemma 7 one therefore has |VF (a2, agj?)| > € for at
least half the points satisfying (26). Furthermore, on those points the curvature of
the level sets is no larger than k =< |wyws| < min(Jvy /ve|, |va/v1]) < 1. Thus (26)
implies that

n L
(28) 33 xeulans? a2j?) > n/4,
j=1¢=1
where the Cy are < A-neighborhoods of the level sets {F' = m/v} \ Be with m € Z
and L =< v. In order to introduce “pair correlations” as in the proof of Lemma 4
we now write each Cy as a union of “Fefferman rectangles”, cf. [2]. More precisely,

one has
L so
CE C U U RZS7

{=1s=1

A
r+A
level curve. We can assume that each rectangle intersects at most its immediate
r+A
==

where each Ry, is a rectangle of dimensions CA x C

that is tangent to the

neighbors and that Ris,...,Rps are parallel for each s. Clearly, sq <

These rectangles have the following important property: If z,y € Ry for a fixed s
but arbitrary ¢, then x —y € R}, a rectangle of approximately the same dimensions
as and parallel to each Ry, but centered at the origin. Also,

[OJR: C Ry,

s=1
where Ry is an axis-parallel rectangle centered at the origin of dimensions roughly
VA(k+A) x \/A/(A + k). In particular, |Rg| < A. Applying Cauchy-Schwarz
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to (28) therefore yields

n L n L sp
no< Y xa (e @2i?) <Y NN xm (a1 aag?)
=1 =1 J=1 =1 s=1
1
EN) L n 2 2
< Z(Z Xry. (1%, a2j2)> VL
s=1 \ (=1 j=1
1
S0 n 2
< XUE, re, (@172 @2j?)xR: (a1 (72 = K?), a2(3% = k%)) | Vo
s=1 \j k=1
1
So n 2
< > XUE, R, (@152 005 )Xo (a1 (2 = k%), a2(52 = k%)) | V/0so
s=1 j,k=1

N

(29) < (card{j k€ [1,n]): (a1(® = k%), a2(j* — k%)) € Ro} ) v/uso.

By the definition of discrepancy and Lemma 6,

(30) card{j, k € [1,n] : (a1 (5% — k%), a2(j% — k?)) € Ry} < n®A +n>"" log®n.
We conclude from (29) and (30) that

(31) n* VA v < n?(vsg) "t < n2A 4+ n? " log® n.

First notice that v/A/v is much larger than A by definition of v, A provided ¢, is
small. Thus (31) reduces to

VA/u < n " login or nT < n%vilog’n < n*lo Zn,
g g g
which is a contradiction for large n. O

Lemma 9. cov(ﬁTn(oz)7 %Tn(ﬁ)) = 21+ 0(n™") uniformly in (o, B) € N2\ B.

Here I denotes the identity matriz in R*.

Proof. We will only sketch the proof, see the proof of Lemma 5 for more details. We
need to show that the 2 x 2 matrices in the upper right—hand and lower left—hand
corners of the covariance matrix tend to zero. The entries of these matrices are
controlled by the sums

|— e((a+ 83,
which go to zero as n — co. In fact
(32) ]— (a£8))| <n™2,
see (18) and (22). O

Proposition 10. One has uniformly in (o, 3) € N2\ B
P(E,NEg) =cin 2" (1 +0(1)) asn— o

provided 20 < T.
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Proof. Let ¢, and ¢, be as in the proof of Proposition 2, and define 5n(x,y) =
On(2)dn(y) and Yp(z,y) = Yn(2)hn(y). We denote the characteristic function of
(%Tn(a), %Tn(ﬁ)) by fap. Then

o

P(E, N Ez) > R4¢n(n 2) dP( 11, (), 27, () ()

(33) = n_2_40/ gn(n_%_of)faﬁ(f)dg'
AUuBUC

Here A = {£ e R*: [¢] < n'/0}, B = {R* : n!/0 < |¢| < n=2t9F2¢} and C = {R*:
| > n2to+2¢} By Theorem 8.4 in Bhattacharya—Rao and Lemma 9

= i
(34) [ o) fasl) d = 1 + o)
see (16) and (17). Here ¢ is the same constant as in (17). The contribution from

region B is estimated via Lemma 8 as in the proof of Proposition 2. The only
difference is that for small values of v? + v2 one has

Dol
j=1

Z ;) = Z |v1 cos(2maj? + 01) + v cos(2mB5% + 62)|2
j=1

= n(v +v3)/2 + o(n)

since the product term goes to zero in view of (32). The contribution from C' goes

to zero by the decay of qzn and Jn, see (14). Finally, using zzn one obtains an upper
bound in a similar fashion. |

2.3. The proof of Theorem 1.

Proof. We bound P(Uae N Ea) from below using the second moment method.
More precisely, Cauchy-Schwarz implies that

(Caen P(Ea))”
P(}QN D > e B(Ba N Ep)’

The numerator is equal to (Mcon~1727)2(1 + o(1)) by Proposition 2. We bound
the denominator from above as follows, using Propositions 2,10 and (19):

> P(E.NEz) = Y. PE.NEz)+ » P(E,NEp)

BN a,BEN\B a.BEB
< ) P(E.NEp+ Y P(E.)
o, BEN\B a,BeB
< M203n7274"(1+0(1)) +O(n2+5rn7172o—)
(35) = M2cgn—2—40 (1 + O(n_1+5T+2‘7)> )

Since 20 < T the O—term goes to zero provided 7 < 1/6. Thus the theorem follows
as long as 0 < 1/12, as claimed. O
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2.4. The case of higher powers. In this subsection we will sketch a proof of the
following theorem.

Theorem 11. Let d = 2,3,4,... be fized and define T, (x) = Z?Zl +e(j%r) where

the £ are chosen independently with probability % each. If o < 2—5-?%’ then

]P’(mi% T ()] <n™7) =1 asn — oo.
fAS

The case d = 2 is just Theorem 1, and we will simply indicate the changes
that need to be made to adapt the proof from Sections 2.1-2.3 to this case. The
basic strategy for the proof of Theorem 11 is the same as that for the proof of
Theorem 1. In fact, the modifications are straightforward, and we will therefore not
supply too many details. The restrictions on ¢ are far from the conjectured ones o <
(2d—1)/2 = wy. One can improve on our result for large d by invoking Vinogradov’s
method rather than the cruder Weyl bounds (38) that we shall use here, cf. [10].
However, these improvements are still minor compared to the remaining gap with wy
and we have therefore chosen to use the simpler but less precise estimates.

Let N be a minimal n~%mnet in T and define E, as in (2) for all &« € N. Let
w = d/5 and retain only those o € N that satisfy

[n“1 q

p I p 1
36 ¢ {f _ 2 a1
(%) e L,Jl L,Jl ¢ i g ]
q=1 p=
for all ¢ =1,2,...,[n*]. The number of points that we remove is no larger than

O(n*) = o(n?). So one can assume that all points a € A satisfy (36) and that
#N = n.

The “bad pairs” in N'? are defined as follows, cf. (18): B = B, C N2 consists of all
pairs (o, az) € N2 such that

A q
(37) a1l + asly € U U [

q=1p=1
for some integers {1, ly with 1 < |[01],]¢2| < A= [n"]. It is clear that

A A q
card(B) < Y Y > > qEQZj_%EQ = AN - AB2T = pdHoT

a1 EN +41,+4o=1 q=1 p=1

P L p 1
¢ gt g + qnd—27 mod 1

It suffices to consider that case 7 < w = d/5. We claim that Propositions 2 and 10
remain valid for higher d under the condition 2¢~'o < 7. In fact, we have

Proposition 12. Suppose 0 < 2¢~1g < 1. Then
P(E,) = con 72 (1+0(1)) uniformly in « € N and
P(E,NEz) = can 2% (1+0(1)) uniformly in (o, B) € N2\ B,
with an absolute constant cg.
Inspection of the proof of Theorem 1 in the previous section now reveals that

we only need to ensure that d — 1 > 20 + 57 > (2 + 5 - 2971)o, which leads to the

bound stated in Theorem 11. Indeed, since M < n¢ the O—term in (35) is of the
form nl—d+57‘+20.

Proposition 12 is of course the analogue of Propositions 2 and 10 and will be
proved similarly. More precisely, it will suffice to prove the analogue of the two
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main Lemmas 4 and 8 under the condition 2?~'¢ < 7. These in turn are based on
the following discrepancy bounds, cf. the remark following Lemma 4 and Lemma 6.

Lemma 13. For any a € N and (a1, az) € T? \ B, one has

({ajd}n ) < Oe n—um—i—e
Dy D({a( — kDY semy) < Cen72mFe
({Oélj CV2] }g 1) < Cen THEe
Dyn-1)({oa (5% = k%), a0 (j* = kN pmy) < Cen™?70Fe
for any € > 0. Here k = 217,
Proof. We shall use the inequality, see [10],
a 1 1 g

d 1+e€

(38) ‘Ze(ﬁ @) < CacN ( + =+ 1)

provided |a — §| < 2¢~2% with (p,q) = 1. We will only consider the sequence
{a1(§¢ — k%), as (5% — k%) 7 k=1 and leave the other cases to the reader. By the
Erdos—Turan inequality (21) with m = [n*],

D1y ({01 (% = k), 02 = K2} i)

(”u] (’ﬂu] n
(39) <<n*W+—Z 4 3 etk j Y+ 2 35| D elantrt i)
=1 " j#k=1 =1 " j#k=1
fn“T
(10) + | S ellants + aala) k- 7).
el,ez ¢ jAk=1

Consider the first sum in (39) and fix some positive integer £ < [n“]. By Dirichlet’s
principle and the definition of A/, see (36), there exist integers p,q with (p,q) =1
such that a3l — §| < ¢ ? and n* < ¢ < n?2. Applying (38) one obtains

‘f: e(alﬂ(kd—jd))‘ < n—l—‘ie(alﬁjdﬂ
j=1

j#k=1
2Kk
S n -+ Ce n2+€ (n—w 4 n—2w> .

Therefore the contribution from (39) is no bigger than

n~Y +n"tlogn + C, n=2wrte,
Now fix ¢1 and {5 as in (40) and apply Dirichlet’s principle to a;f; + asfs to obtain
integers p, ¢ with (p,q) = 1 such that |a1f; + aals — §| <g2andn” < ¢q<ni?,
cf. (37). Thus, in view of (38),

n 2
] 3 el + asby) (K — jd))’ < n+ \Z ((arly + azls)j%)
jAk=1 j=1
< n+ Ce 77,2 2TI{+6'
Summing over ¢; and {5 in (40) and observing that 27k < 2wk = 2d2'~4/5 < 1
leads to the stated bound on the discrepancy. [
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We now turn to the generalization of Lemmas 4 and 8 to higher powers. As
before, k = 217

Lemma 14. For any a € N let 1; = vcos(2raj? +0) for some 1/4 < v <n? and
0 € [0,27). Suppose o < 2wk. Then for any 6 > 0

card{j € [1,n] : [|¢;]| < n=%} <n/2
provided n. > ng(6,0).

Proof. Assume the lemma fails and let A = (n®v)~!. As in the proof of Lemma 4

one obtains inequality (11), i.e.,
n
n® <wv Z Xi—ca,cal(a(® — k).
J,k=1
By the definition of discrepancy and Lemma 13
n2/v < An?+n? Diyyn—1) ({a(jd — kd) ;-’#kzl) < An? + C, n?2wnte,

Hence n=% < O, n~2@#+¢ for all € > 0 which contradicts our assumption on o. [

The analogue of Lemma 8 reads as follows.
Lemma 15. Let (a1, a2) € N2\ B, and set
i = cos(2manj% + 01) 4 va cos(2manj? + 0s)

where 1 < v} 4+ v3 < can?? and 61,05 € [0,27) (co is a sufficiently small absolute
constant). Then

card{j € [1,n] : [[¢5]| <n~7} <n/2
provided o < Tk and n > ng(o, 7).
Proof. Assume the lemma, fails and let A = v™'n~?. As in the proof of Lemma 8
one obtains by means of simple geometric considerations that

1

(41) n < (Card{j,k e 1,n]: (a1 (j¢ = k), az(j¢ — k%)) € Ro})% vAT2
where Ry is a rectangle of area A. By the definition of discrepancy and Lemma 13,
(42) card{j, k € [1,n] : (a1 (5% — k), a2 (j* — k%)) € Ry} < n?A 4 C n?~27r+Fe,
We conclude from (41) and (42) that

(43) n2VA v < n2A + C,n2 2T,

First notice that \/K/v is much larger than A by definition of v, A provided cs is
small. Thus (43) reduces to VA/v < Cen=27%F¢ for all € > 0 or to ¢ > 7k, which
contradicts our assumption. O

The proof of Proposition 12 above now proceeds along the same lines as the
proofs of Propositions 2 and 10, with Lemmas 14 and 15 replacing Lemmas 4
and 8, respectively. We leave the details to the reader.
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3. THE GAUSSIAN CASE

Fix any d = 2,3,... and let wg = (2d — 1)/2. In this section we let T,,(z) =
Z?:l rje(j%z) with standard normal and independent 7;. The dependence on d
will not be indicated in T;,.

Theorem 16. For any dg > 0

]P’(min|Tn(x)\ < nf“’ﬁ‘%) —1 as n— oo.
zeT

This will again require several lemmas. As already apparent from our heuristic
derivation at the end of Section 1, freezing T;, at the points {oz]} ", and applying the
second moment method with the events E; = {|T,, ()| < n_“’d+5°} would require
M = n?¢. The difficulty with this aupplroach7 however, is that the “independence
length scale” is only n~?¢. We therefore split the circle into intervals of length n=¢,
but cannot expect to use the events E;. Following Konyagin [6], we instead consider
Taylor expansions of T}, of very high order around the points in A/. The idea is
simply that the size of T}, on an interval of size n=¢ can be controlled by a Taylor
polynomial of sufficiently high degree around any point in that interval.

More precisely, we let N' = {as} 1| be a minimal n~%net in

ni=o1) 1
T\ U U [ qn’ q qan
for some fixed §; > 0. The ch01ce of the intervals on the right—hand side is somewhat
arbitrary. The only important feature is that they are centered around fractions
with small denominators and that their total length goes to zero. Fix some §g €
(0,1) and define

1 _ 1_ —d—
h:Zn watdo [ —p3~%  and A =n"9"%

where 02 < dg/4. Furthermore, we choose r to be a large integer satisfying rdy >
d+ 1 and 4, sufficiently small such that r§; < §p/10, where r will be the order of
the Taylor expansion. Let
¢ =< [[U;h, (U; +1)h) x H [Veh, (Vo + 1)h) C [-H, H]>" 2 c C"+ -
§j=0

i Ujh +iV;h

S (2min®)Tyl| <
=

| >

Uj,‘/j € Z,lllnf

We shall refer to the cubes in C as good cubes. The second moment method will
be applied with the events

E, = {X,(a UQ} where
QeC
(44)  Xu(a) = RTu(a),RIT)(a)/@2min®)],... ,RT (a)/(2rin)"],
ST (), ST () /(2min®)], . .., ST (a) /(27ind)™])
with a € N.

Lemma 17. If E, occurs, then infj,_o<a [Ty (z)| < n=@ito0,
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Proof. Taylor expanding T), around « to the order r shows that

) ) i T 2
inf |T,(z)] < inf + ZZ Eh(QﬂndA)e
=0

Uzh+inh YA
—(2
|z—al<A ly|l<A Z (@min®)’y

= ¢!

nden,
+O< e )

< g + 2hexp(2mn?A) + O(

nl—(T+1)§2
(r+1)!

as claimed. O

—wg+9d
><n d (J7

The following lemma establishes that the number of good cubes is sufficiently
2r+1
H

large. Naively speaking, the number of cubes in C should be < { 3~ because one

can think of these cubes belonging to a neighborhood of width =< h of a hypersurface.
This basically turns out to be true.

2r+1
Lemma 18. #C > (%) n=202_ In particular,

1 )2(7'-‘,-1)

(45) #C -nd (hn’f > po/?

provided n is sufficiently large.

Proof. Let
G- {(zo,zl, cm) € O [z0] < /2, max |z] < H/2, R > H/3}.
SJsr

With Z = (29, ..., 2,) we set

Taylor’s formula implies that the mapping

0.(2) = (Q2(), Q55 QY(9))

defines a unimodular flow on C"*!. One has, for all Z € G,

h
'f‘ th’: inf t —.
|t|1<HA/2 Qz(2mtn®) lt‘<171r1n752 |Qz(t)] < 5
Therefore
h
inf t ’: inf t)| = inf ‘ 2mrn’t —
\t|<;17’71n*52 QZ( —|—s) \t|<§2n*52 Qq)S(Z)( ) |t1\IiA Qq)S(Z)( mm ) < 2

for any |s| < mn~%. On the other hand, one checks easily that ®;(G) NG = ) if

o 1 2 _h_h
- —— s
YT2r—t 272
or if 2 > ¢ > 6h/H. Also notice that ®,(G) C [-H, H]*"*? as long as [t| < 5. It
follows from these properties that the number of good cubes is (|G| is the measure

of G)
n 1G] (H\TT
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Hence

2(r+1)
1
_,> — f2rlpd—ba—r—1p _ . 60—02—081(2r+1) > n5°/2,

#4C - nd (hn :
as claimed. O

In the next lemma we compute the covariance matrices of %Xn(a) and the
joint covariances of two such vectors.

Lemma 19. Let the random vector X, («) be defined by (44). Let V be the (r +
1) X (r+1) matriz with entries Vi = m fork, £ =0,1,...,7. ThendetV #0
and for any o € N

(46) cov(—=Xa(a)) =

1V oo
2[0 Vv

} +O(n*7) as n — 0o

where v = y(d,61) > 0. Suppose o, 3 € N? are such that

[n’1] ¢

P 1 »p 1
(47) atf¢ Q Q{g_qnd_51’5+qnd—5l} mod 1.
qg=1 p=1
Then, as n — o0
V 0 0 0
1 1 10 Vo0 0 .
(48) COV(ﬁX"(a)’ﬁX"(ﬁ)) =510 0 vo|to()

where the constants in the O—notation only depends on §; and d.

Proof. By independence of the r;

cov(Xp(a)) = Zcov[rj(cos(27rjda), (j/n)¢cos(2mji%a),. .., (j/n)¥ cos(2mjda),

sin(2rj%), (j/n)¢sin(2mjla), . .., (j/n)" sin(27rjda))].

The matrix V arises since

1. d(Z+k)_/1 d(t+k) R S
n;(]/n) =/ @ dz +0(1/n) = Ty + O(1/n).

As the Gram matrix of the functions x2/ and 2% in L?[0, 1] the matrix V is nonde-
generate. Standard trigonometric identities therefore reduce (46) to showing that

(49) % jzi:l@)pe@jda) =0(n"")

for any nonnegative integer p. Let

J
s :Ze(zeda) for j=0,1,...,n.
=1

To prove (49) we shall use the Weyl bound (38) above. By Dirichlet’s principle and
in view of the definition of A/, there are integers p, ¢ with n'=% < ¢ < n so that
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oo — 2 | < ﬁ Clearly we may also assume that p,q are relatively prime. Hence
|20 — 2’”| < 2 <2¢7? and by (38)
(50) Slsil = Cont [l (g

for any j =1,2,...,n. Summing by parts in (49) we obtain

% n <7jz> (2)%) ii(i)p(sj—sjl)

j=1
1n71 N +1 1 1 n . pl 1
(51) n;{(i) (]n)]ﬂ+ pon=0 @(i) Gl ] s

Setting j = n in (50) shows that the last term in (51) is O(n*7>. Splitting the

sum in (51) into j < n2s and j > n3s and using (50) in the latter and |sj| < jin
the former finishes the proof of (49). We skip the details.

The proof of (48) is similar and will only be sketched. Here we need to show
that for any nonnegative integer p

n

1 J\F _

(52) LI0(2) et o) =0t
j=1

for all a, 8 as in (47). Consider « + § for simplicity. By Dirichlet’s principle

and (47) there exist relatively prime integers p,q so that la + 8 — 2 | < q_2 and

n% < q<nd %, Let b=1— 2. One checks from (38) that for any j > n®

1
=lsil < Cej g +n7 /2
J

where now s; = 1;1 e(td(a+ B)) (recall that x = 2'=4). To finish the proof one
sums by parts in (52) as above and then splits the sum in (51) into j > n® and
7 < nb. The details are left to the reader. O

Proof of Theorem 16. The random variable X, («) is a 2(r+1)-dimensional Gauss-
ian vector with covariance matrix given by (46), i.e., the distribution of %Xn(a)

has a density function of the form

det X, 1
(;T)H_En) exp <—2<Ea(n)x,x>) with x € R2(r+1)

where ¥, (n)"! = cov(ﬁXn(a)). Since dist(Q,0) < H = nz~% one obtains

from Lemma 19

P(Xn(a) €C)

h 2(r+1)
S P c@) =S a(gz) (o)

QeC QecC

2(r+1)
(53) _ cO#c(ﬁ) (14 0(1)) = pu(l + o(1)),
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uniformly in « € AN as n — oo. Here p, is defined by the last equality. Similarly
by (48), for any «a, 8 € N satisfying (47),

2(r+1) 2
P(X,(a) €C and X,(B) €C) = (Co#(/’(\/ﬁ) (1+ 0(1))) =p2(1+0(1)).

Thus
(54) Y B(Xa(a) €C and Xo(8) €C) < [(AN)ph + 4N 02, | (1 +0(1)),
a,BeN

where the second summand are the pairs that violate (47). In fact, their number is
no bigger than

nd1 q
SOSOS Zb N 0,

a€N g=1p=1 q
as claimed. By Cauchy—Schwarz, (53) and (54),
IP( U E ) > (#Npn)* _ L
ey ) T (F#FN)2PE + #Nn2ip, 1+ (#Np,) 1n20
By Lemma 18,

2(r+1)
#an Xnd#c(hn*%) Zn50/2'
Hence (recall that §; < dp/10)

1

which implies the theorem in view of Lemma 17. ]

The following result shows that n=“4 is the correct order of magnitude in the
Gaussian case.

Theorem 20. For any € > 0, P(minxeqr T ()| < nf‘*’d*) — 0 asn — 0.

—2d—e

Proof. Fix some small € > 0 and let V" = {z;}}1, be a minimal n -net in T.

Clearly, M = n?¥t¢ and

P( inf T (2)] < nf‘”d*) < P(|Ta(x;)| < Cn=*4=y/logn)

|z—z;|<n—2d—¢

(55) +P (|| T}l > Cn*2\/logn).
Indeed, suppose || ||c < Cndtz\/logn and suppose that T (y;)| < n~@¢< for
some |y; — x| < n~2¢7¢. Then

T ()| < [ To(y;)| + 25 — 5] 1T ] 0 < n™947/logn,

as claimed. By the Salem—Zygmund inequality [4], the second term in (55) goes to
zero like n =% provided C is large enough. We claim that for all points z; € N that
do not belong to a finite number of certain intervals

(56)  B(|Tu(e)) < v Viogn) < 0(n~=4= /iogn) n”?

< On~¥ 732100 n = o(M™Y).

IA
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More precisely, (56) will be shown to hold for all

1
(57) z; €N\ U U [ qnd+e/4 5—" qni+e/i]’

q<qo p=1 q

where ¢p is some constant depending only on d (for d = 2 one can show that there
are no exceptions other than ¢ = 1 and ¢ = 2 and possibly this is true for all d, but
we do not need such an accurate statement). The random polynomial ﬁTn(xj)
is a two—dimensional Gaussian vector, i.e., its distribution has a two—dimensional
Gaussian density

det ¥ 1
(58) \/T’ eXp(—§<2jX,X>) with x € R?
s

where Zj_l = cov(ﬁTn(xj)) By definition

[
Sie
NE

cov(%Tn(x))

cos (2mj%) 3 sin(47j%)
1sin(4rjla)  sin®(2mjda)

0

1

2

O ol ?

i i cos 47rj a sin(4mj%a)
2n 1 sin(4mj%a)  —cos(4mjda) |-
]:

In other words,

(59) 2COV(%TH(I)) = { i(—;)r(x) i(f)r(;v) ] )

where r(z) +is(z) = £ 3, e(204x). If z; € N belongs to a minor arc, i.e.,

[n] q

(60) z; & U U [* - qnd P E"‘ qn}l—e}’

q=1 p=1 4

then in view of (38) and a standard application of Dirichlet’s principle

[7(25) +is(zj)] = O(n™T)
for some 7 = 7(¢,d). Thus, if 2; € N satisfies (60), then
1
Vn
where I is the identity in R?. In view of (58) we have shown that (56) holds for

such x; without the ne/? factor. On the major arcs we proceed as usual [13], i.e.,
suppose that |z — 2] < nd -with1<p<g<nfand (pg)=1 Thenz="2+p

»ol= COV(

; Tu(z;)) = %I +0(n™")
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with |3] < n~¢. Thus
Ze(%d:c) = Z€<2€d2>e(2£dﬂ)
£=1 =1 4
/4] q »
= D0 D e(20%T Jel2a )1+ 018l +18n" ) + O(a)
u=0 v=1
[n/dl q »
= 30 D e(202)e(2u’a"B) + Ola+ na|3| + |Bin‘a)
u=0 v=1
[n/d]

= S,q Z (2u?q?B) + O(n 26)—f5p,q/ (2nBz?) dz + O(n?).

Here S, =>"7_, e(2vd§) and we let I(\) = fol e(2Az?) dx. We therefore conclude
from (59) that

4detcov(%Tn(m)> - 1-— ;zq:e@ydp) ‘I(ﬂnd)r 0?1
v=1
(61) > max %— ;ie(% ) ,1—\I(ﬁnd)|2—0(n25_1)

for large n. By classical results on Gauss sums, see [13],

14
max |— Z e(2@d2>
q

(r.9)=1|q *—

— 0

as ¢ — oo. In fact, it is known that

q
Z e <2vd£)
v=1 q

with some absolute constant C' and all g, see [12] and the references cited there.
Thus

1
max < Cq¢'~a

(p,q)=1

det cov(%Tn(x)) > i

for all but finitely many values of g, say if ¢ > go = go(d). Since
1
(62) trace cov(ﬁTn(x)) =1,

see (59), both eigenvalues of Ej_l are < 1 and (56) continues to hold (even without
the n¢/ 2factor) for all points in A/ that belong to major arcs provided ¢ > go. Now
assume that 1 < ¢ < go. Then we can use the second term in (61). Indeed, one
easily checks that [I(A\)| <1 —cmin(\2, 1) for all A and some small constant ¢ > 0.
Therefore,

1
det cov (ﬁ

provided || > n~9~¢/*, which means that |z — §| > n~9¢/% In view of (62) the

covariance matrix has one eigenvalue of size =< 1 and another that is at least n=¢/2.

Tn(x)) > n 2
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We conclude that (56) holds for all z; satisfying (57). To deal with the remaining
intervals as defined by the right—hand side of (57), we let I C T be any interval of
length = n~9"</* and fix some o € I. Then

(63) P(mei?|Tn(x)| <n_“’d_€) < P(Tu(y)| < Cn3>~</*\/logn)

FP(| T |l > Cn* 2 \/logn).
The second term is again O(n~%?) by the Salem-Zygmund inequality. We claim

that the first term goes to zero as n — oco. In view of (62), cov(ﬁTn(yo)) has a

unit eigenvector, say ey, with corresponding eigenvalue at least % Thus

P(|Tn(yo)| < C’n%_e/‘l\/logn) < ]P’<|(n_1/2Tn(y0)7eo>| < Cn_s/‘l\/logn) < n~/8,

Summing over the probabilities in (56) as well as (63) over the < g3 many intervals
given by (57) yields

]P’(mi% T (2)] < n_“’d_e) <n ?logn+n"8,
TE
and the theorem is proved. O
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