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Abstract

In this paper we establish dispersive estimates for solutions to the linear Schrédinger equation in
three dimension

1
(0.1) S0V —Lp VY =0, Y(s) =1
where V (¢, x) is a time-dependent potential that satisfies the conditions
V(
sup |V (¢, )|| —|— sup / / V@) dT dy < co.
t z€R3 JR3 |$ -

Here ¢y is some small constant and V(7,z) denotes the Fourier transform with respect to the
first variable. We show that under these conditions (0.1) admits solutions () € L (L2(R?)) N
L?(LS(R?)) for any f € L?(R?) satisfying the dispersive inequality

(0.3) [4(8)]loe < Clt —s|72 || fll1 for all times ¢, s.

For the case of time independent potentials V' (z), (0.3) remains true if

v v %
/ M dedy < (4m)? and ||V x := sup / V)l dy < 4w
re |7 -yl aers Jra [T =yl
We also establish the dispersive estimate with an e-loss for large energies provided ||V|x + ||V]l2 <
00.
Finally, we prove Strichartz estimates for the Schrédinger equations with potentials that decay
like |z|~27¢ in dimensions n > 3, thus solving an open problem posed by Journé, Soffer, and Sogge.

1 Introduction

It follows from the explicit expression for the kernel of e~ #4

R™, n > 1, satisfies the dispersive inequality

that the free Schrodinger evolution in

(1.1) le™2 fllzee < Ot f] 1

Closely related are the classical Strichartz estimate [Str]

™ M 2 sy < Ol
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or more generally
(1.2) ”e_itAfHLng(Rn) < C|fll2rm)

for any 2 + 2 = 5,2 < p < oo. The case p = 00, ¢ = 2 is the energy estimate (in fact e~ £y =
Il fll2), whereas the range 2 < p < oo can be obtained from the case p = 2 and (1.1) by means of a
well-known argument (see for example [KT]). The endpoint p = 2,q = % result, which in fact fails
in dimension n = 2, is more difficult and was recently settled for n > 3 by Keel and Tao [KT].

The question whether these bounds also hold for more general Schrodinger equations has been
considered by various authors. From a physical perspective it is of course natural to consider the case
of e with H = —/A+ V. For the purposes of the present discussion we assume that the potential V
is real and has enough regularity to ensure that H is a self-adjoint operator on L?(R"), see Simon’s
review [Si2] for explicit conditions on V. One obstacle to having decay in time for ¢! are eigenvalues
of the operator H = —A+V and a result as in (1.1) and (1.2) therefore requires that f be orthogonal
to any eigenfunction of H. In fact, Journé, Soffer, and Sogge [JSS] have shown that, with P, being
the projection onto the continuous subspace of L?(R") with respect to H,

(1.3) AP fllo < C 72| f ]l 21 Ry

for all dimensions n > 3 provided that zero is neither an eigenvalue nor a resonance of H. In addition,
they need to assume that, roughly speaking, |V ()] < (14 |=|)™"* and V € L'(R"). Recall that
a resonance is a distributional solution of H1) = 0 so that ¢ ¢ L? but (1 + |z|>)"2¢(z) € L? for
any o > 3, see [JK]. It is well-known that under the assumptions on V used in [JSS] the spectrum
o(H) satisfies

o(H)=1[0,00)U{X;j|j=1,...,N}

where [0,00) = 04 (H) and Ay < Ay—1 < ... < A; <0 are a discrete and finite set of eigenvalues of
finite multiplicity. Indeed, since V' is bounded and decays at infinity Weyl’s criterion (Theorem XIII.14
in [RS]) implies that oess(H) = 0ess(—4) = [0,00), whereas the finiteness follows from the Cwikel-
Lieb-Rosebljum bound. Furthermore, since V is bounded and decays faster than |z|~! at infinity it
follows from Kato’s theorem (Theorem XIII.58 in [RS]) that there are no positive eigenvalues of H.
Finally, since any V' as in [JSS] is an Agmon potential, oging(H) = 0 by the Agmon-Kato-Kuroda
theorem (Theorem XIII.33 in [RS]).

The work by Journé, Soffer, and Sogge was preceded by related results of Rauch [R], Jensen,
Kato [JK], and Jensen [J1],[J2]. The fact that one cannot have 7% decay in the presence of a
resonance at zero energy was observed by these authors. Moreover, the small energy asymptotic
expansions of the resolvent developed in [JK], [J1], [J2] are used in [JSS]. However, the actual time
decay estimates obtained by Rauch, Jensen, and Kato are formulated in terms of weighted L?-spaces
rather than in the much stronger L' — L sense of Journé, Soffer, and Sogge. The appearance of
weighted L? spaces is natural in view of the so called limiting absorption principle. This refers to
boundedness of the resolvents (—A — X +40)~! for A > 0 on certain weighted L? spaces as proved
by Agmon [Ag] and Kuroda [Ku2], [Kul]. It is also with respect to these weighted norms that the
asymptotic expansions of the resolvents (H — z)~! as z — 0 with $(z) > 0, R(z) > 0 in [JK], [J1],[J2]
hold. Jensen and Kato need to assume that |V (z)| < (1 + |z|)™ for certain 3 > 1 (most of their
results require 3 > 3). For a more detailed discussion of the limiting absorption principle see our
Strichartz estimates in Section 4.



Another approach to decay estimates for e*(=2+V) was taken by Yajima [Y2], [Y3], and Artbazar
and Yajima [AY], who relied on scattering theory. Recall that if the so called wave-operator

W —g— hm e*it(fﬁJrV)efitA
t—o0
exists, where the limit is understood in the strong L? sense, then it is an isometry that intertwines

the evolutions, i.e., ‘ ‘
We 8 = AV for all times ¢.

In [Y2] Yajima proved that the wave operators W are bounded from LP(R™) — LP(R™) with n > 3
for 1 < p < oo provided V has a certain explicit amount of decay, and provided zero is neither an
eigenvalue nor a resonance. Since WW™* = P, ., he concludes from the free dispersive estimate (1.1)
that
e ATVIP e | pampee = [We AW |1 < Ct72

under the usual assumption on the zero energy but imposing weaker conditions on V' than [JSS].
Moreover, [Y3] contains the first results on dispersive and Strichartz estimates for e?“(=2+V)
dimensions.

The relatively strong decay and regularity assumptions that appear in all aforementioned works
are by far sufficient to ensure scattering, i.e, the existence of wave operators on L?, even though Yajima
was the first to exploit this link explicitly in the context of dispersive estimates. The connection with
scattering is of course natural, as the decay of V' (and possibly that of derivatives of V') at infinity
allows one to reduce matters to the free equation by methods that are to a large extent perturbative.

On the other hand, the existence of scattering (in the traditional L? sense) is known for potentials
that are small in some global sense, but without any explicit rate of decay. Indeed, it is a classical
result of Kato [Ka] that under the sole assumption that the real potential V satisfies

in two

V()| [V(y)] 2
(1.4) / —————"" dxdy < (4m)
rRe |z —yf?
the operator H = —A+V on R3 is self-adjoint and unitarily equivalent to —/\ via the wave operators.

The left-hand side of (1.4) is usually referred to as the Rollnik norm, see [Sil]. Observe that (1.4)
roughly corresponds to the potential decaying at infinity as |z|27¢.

The appearance of the Rollnik norm in the context of small potentials is natural from several
perspectives, one of which is scaling. The Rollnik norm is invariant under the scaling R?V (Rx)
forced by the Schrodinger operator H onto the potentiéil V. It is well-known that the Rollnik norm
defines a class of potentials that is slightly wider than L2 (R3), which is also scaling invariant. Another
natural occurrence of a scaling invariant condition arises in connection with bounds on the number
of negative eigenstates. Indeed, in dimension n it is precisely the scaling invariant L7 norm of the
negative part of the potential that governs the number of negative eigenvalues of —A + V via the
Cwikel-Lieb-Rosebljum bound.

We show in this work that dispersive estimates lead naturally to what we call the “global Kato
norm” of the potential. Recall that the Kato norm of V is defined to be

V
Sup/ VWl g,
zeR3 J|z—y|<1 ‘CC - y‘




whereas the scaling invariant analogue is given by (1.5) below. The Kato norm, or more precisely the
closely related Kato class, arise in the study of self-adjoint extensions of H, as well as in the study of
the properties of the heat semigroup e, see [AS], [Si2], and Section 3 below.

One of the goals of our paper is to bridge the gap between the “classical” perturbation results of
spectral theory that involve Rollnik and Kato classes of potentials (or other scaling invariant classes)
and the results concernning the dispersive properties of the time-dependent Schrédinger equation.

In our first result, see Theorem 2.6 below, we show that the dispersive estimates are stable under
perturbations by small potentials that belong to the intersection of the Rollnik and the global Kato
classes.

Theorem 1.1. Suppose V is real and satisfies (1.4). Suppose in addition that

v

(1.5) sup/ Viy) dy < 4m.
z€R3 JR3 |aj - y|

Then one has the estimate ,
e AT 1 e S 2

for allt > 0.

The proof relies on a Born series expansion for the resolvent with a subsequent estimate of an
arising oscillatory integral. The convergence of the resulting geometric series is guaranteed by (1.5).
See Section 2 for details.

The main focus of this paper is on the dispersive properties of solutions of the Schrédinger equation
(0.1) with time dependent potentials, see Sections 5-7. It appears that not much is known on the long
time behavior of solutions to Schrédinger equations with time dependent potentials. See, however,
Bourgain [Bo2], [Bo2] on the issue of slow growth of higher Sobolev norms in the space-periodic
setting. In this paper we establish dispersive and Strichartz estimates for a class of scaling invariant
small potentials on R3.

Theorem 1.2. Let V(t,x) be a real-valued measurable function on R* such that

+sup/ Mdea:<co
R3

1.6 V() s
( ) Sl;.p || ( )HLg(RS) JeRS |$ — y|

for some small constant co > 0. Here V(7,x) denotes the Fourier transform in the first variable, and
if V(#,2) happens to be a measure then the L'-norm in T gets replaced with the norm in the sense
of measures. Then for every initial time s and every s € L?(R?) the equation

1
(1.7) 0 = MY+ V(L) =0,

Pli=s(z) = s(x)

admits a (weak) solution (t,-) = U(t,s)s (via the Duhamel formula). The propagator U(-,s)
satisfies U(-,8) : L*(R3) — L(L2(R3)) N L2(LS(R3)), t — (t,-) is weakly continuous as a map
into L2(R3), and |U(t, 8)Ysl|2 < ||¥s]l2- Finally, U(t,s) satisfies the dispersive inequality

(1.8) U (t, s)s|| e < C|t — s]_% sl for all times t,s and any s € L*.



Examples of potentials to which the theorem applies are V (¢, z) = cos(t)Vy(x) where ||Vp]| < ¢p,

L3 (R
and for which (1.5) holds. More generally, one can take potentials that are quasi—periodic( in) time,
such as V(t,x) = ¢(t)Vo(x) with

</>(t) — Z CV627ritw-1/

vezad

and ) cza|cy| < 00, w € [0,1) arbitrary.
Note that Theorem 1.2 also applies to time independent potentials Vp(z) via V (¢, x) := Vy(x). Clearly,
in that case the conditions become

Vol 2 —|—Sup/ VO 4 < co.

Lz (R?) z€R3 JR3 “T - y‘

Since by fractional integration

rRe | —yl? L

3(R3)’

it follows that these conditions are strictly stronger than those in Theorem 1.1.

Whereas our main emphasis is of course on the decay estimate (1.8), it appears that even the easier
question of solvability of equation (1.7) for rough potentials that do not decay in time had not been
addressed before, at least under the conditions of Theorem 1.2. Yajima [Y1] considered the problem
of existence of solutions to the Schrodinger equation with time-dependent potentials. In his paper
he proves the existence of the strongly continuous semigroup U(t,s) on L?*(R"™) provided that the
potential satisfies V' € L{LEL for 0 < % <1- %. Notice that in our case ¢ = oo, p = 7, which
corresponds to the endpoint of this condition not covered in [Y1]. We use the endpoint Strichartz
estimate [KT] for the free problem for that purpose, which automatically yields the endpoint Strichartz
estimate in the context of Theorem 1.2.

For time-dependent potentials the analogue of Kato’s scattering result [Ka] was proved by How-
land [H1]. More precisely, under the condition that for a sufficiently large time ¢ty > 0, V (¢, z) < Vp(z)
for some time independent potential Vy(x) obeying the small Rollnik condition (1.4), there exist a
unitary wave operator W intertwining U(t,s) and e®*(=®). In case V(t,z) does decay in time (in
the sense of a small amount of integrability), wave operators were constructed by Howland [H2] and
Davies [D]. In contrast to Theorem 1.2 they do not require smallness (the latter being replaced by
time decay of the potential) and they also obtain strong continuity of the evolution.

One of the difficulties in this case is the absence of the connection between the semigroup generated
by the Schrédinger equation and the spectral properties of the operator —A + V. Recall that for time
independent potentials V,

€it‘l‘If _ /ezt/\dE()\)f

where dE()) is the spectral measure of the operator —A + V. This is no longer available for time-
dependent potentials.

The proof of (1.8) is similar to that of Theorem 1.1 but much more involved. Since we can no longer
rely on the spectral theorem, resolvents, and Born series to construct the evolution of (1.7), we use
the Duhamel formula instead (we note in passing that the Fourier transform in the spectral parameter
establishes an equivalence between the representation of the evolution in terms of a Born series and an



infinite expansion of the solution by means of Duhamel’s principle). One of the novelties in our paper
is the formula representing the time evolution of the Schrédinger equation with a time-dependent
potential as an infinite series of oscillatory integrals involving the resolvents of the free problem.
Most of the work in the proof of Theorem 1.2 is devoted to estimating these oscillatory integrals,
whose phases typically have a critical point with degeneracies of the third order. See Sections 5-7 for
details.

Two sections of this paper are devoted to time independent potentials without any restrictions on
their sizes. In Section 3 we prove the following result. As before, H = —/A +V and P, .. refers to the
projection onto the absolutely continuous subspace of L? relative to H.

Proposition 1.3. Let

Vv
VI == IVl + sup /R VL g, <«

z€R3 JR3 |JJ - y|
Then for every € > 0 there exists some positive A\g = Ao(||[V||,€) so that
(1.9) [ X(H /Y0 Pcllpipe < OF 27
for allt > 0.

The proof is again perturbative. For the case of large energies, and for those only, the required
smallness is provided by the following estimate on the resolvents, which can be viewed as some
instance of the limited absorption principle:

(1.10) (=& = A +i0) " fll parsy < CATT|| £

L3 (R3)’

The proof of (1.10) is an immediate consequence of the Stein-Tomas theorem [St]. The appearance of
the Stein-Tomas theorem in this context is most natural, as the resolvent (—A — A +i0)~! of the free
problem is closely related to the restriction of the Fourier transform to the sphere |z| = v/ for A > 0.
In contrast to (1.10), which heavily relies on the nonvanishing Gaussian curvature of the sphere, the
classical limiting absorption principle of Agmon and Kuroda [Ag], [Kul], and [Ku2| only uses the
most elementary restriction property of the Fourier transform to arbitrary surfaces which leads to a
loss of 1 4 ¢ derivatives in L? (on the physical side this translates into the weights |x|%+5 in L? that
appear in [Ag], [JK] etc.). For further details of the proof of Proposition 1.3 we refer the reader to
Section 3.

It is common knowledge that the case of large energies should be the most accessible one. From the
perspective of scattering the intuition is that particles with high energies will escape the scatterer and
thus lead to extended states (absolutely continuous spectrum) whereas particles with smaller energies
can be trapped and create bound states (pure point spectrum). It is of course a most interesting
problem to extend Proposition 1.3 to small energies under similar conditions. Recall that [JSS] and
particularly [Y2] have accomplished exactly that, but under conditions on V' that are by far stronger
than those in Proposition 1.3.

We also address the question of Strichartz estimates for e in dimensions greater or equal than
three. Traditionally the mixed norm Strichartz estimates (1.2) are shown to be a consequence of the
dispersive estimates. In fact, in [JSS], Journé, Soffer, and Sogge establish the L' — L dispersive
bound and therefore also Strichartz estimates under strong decay and regularity assumptions on V,
see (1.3). However, they conjecture that Strichartz estimates hold for potentials that decay only

it(—A+V)



faster than (1 + |z|)~2. In this paper we prove this conjecture assuming only this rate of decay. In
particular, we do not require any regularity. More precisely, the following theorem holds.

Theorem 1.4. Suppose that for some ¢ > 0 one has |V (x)| < (1+|x|)727¢ for all z € R™ with n > 3.

Then 5 L1
it H
Hezt Pcf”Lng.(Rn) S Hf||Lg(Rn) V(g,m,n), ; = ”(5 - ;)
provided the zero energy is neither an eigenvalue nor a resonance of the operator H = —A+ V. Here

P, denotes the spectral projection onto the continuous states.

The decay condition |V (z)| < (1 + |#|)~27¢ is very natural from the perspective of Kato’s smoothing
theory [Ka]. In contrast to [JSS] we prove the Strichartz estimates directly, i.e., without relying on
dispersive estimates. In fact, we do not know if the L' — L™ estimates hold under the conditions
of Theorem 1.4. Tt is known that (local in time) Strichartz estimates can hold even if the L' — L
dispersive property fails, see Bourgain [Bo3] for the case of the torus, Staffilani, Tataru [ST] for
variable coefficients, and Burq, Gerard, Tzvetkov [BGT] for the case of equations on Riemannian
manifolds.

This paper is organized as follows: Section 2 to 4 deal with time independent potentials. Section 2
establishes dispersive estimates for small Rollnik potentials in R3. Section 3 considers the high energy
case for low regularity potentials, and in Section 4 we establish mixed norm Strichartz estimates for
potentials that decay like (1 + |2|)727%. The remaining sections 5-7 are devoted to small time-
dependent potentials. In Section 5 we show that solutions exist for potentials that do not necessarily
decay in time by means of the Keel-Tao [KT| endpoint. We then proceed to represent the solution
by means of an infinite Duhamel expansion and we derive a formula for each term in the Duhamel
series. The most technical part are Sections 6 that provide the necessary bounds on the oscillatory
integrals that arise in this context. We combine all the pieces in the final Section 7.

Acknowledgment: The authors thank Alexander Pushnitski for valuable discussions on the Agmon-
Kato-Kuroda theory, Thomas Spencer for his interest in the problem of time dependent potentials,
as well as Elias Stein for a discussion on Section 6. The first author was supported by an NSF grant.
The second author was supported by an NSF grant and a Sloan fellowship. Part of this work was done
while he was a member at the Institute for Advanced Study, Princeton. The authors are indebted to
an anonymous referee whose insightful comments lead to significant simplifications of Section 6.

2 Small time independent potentials in R?

The purpose of this section is to prove the L'(R3?) — L°°(R?) dispersive inequality for e/ where
H = —A +V in R3. The following definition states the properties of the real potential V that we

will need.

Definition 2.1. We require that both

v
(2.1) V% ::/ wdxdy < (4n)* and
RIxR [T =l
(2.2) Vi == sup/ Vi)l dy < 4m.
ver? JR3 [T — ]



The norm || - ||z on the left-hand side of (2.1) is usually referred to as the Rollnik norm. Kato [Ka]
showed that under the condition (2.1) the operator H admits a self-adjoint extension which is unitarily
equivalent to Hy = —A. In particular, the spectrum of H is purely absolutely 3contimuous. Many
properties of the Rollnik norm, which can be seen to be majorized by the norm of L2 (R?) via fractional
integration, can be found in Simon’s monograph [Sil]. The norm || - ||¢ in (2.2) is closely related to
the well-known Kato norm, see Aizenman and Simon [AS], [Si2] and we refer to it as the global Kato
norm.

The main result in this section is Theorem 2.6. The proof splits into several lemmas, the first of
which presents some well-known properties of the resolvents Ry (z) = (—=A + V — z)~! under the
condition (2.1). We begin by recalling that a potential with finite (but not necessarily small) Rollnik
norm is Kato smoothing, i.e.,

1 . . 1
(2.3) sup || [VI2Ro(A £ ie) fllp2r2 < Cllfllze,  supl| Ro(A i) [VI2 fllp2p2 < O fllre
e>0 AT e>0 AT

for any f € L*(R?) and with Ro(z) = (—A — z)~!. This implies, in particular, that D(]V|%) > H2.
The Rollnik norm arises in this context as a majorant for the Hilbert-Schmidt norm || - ||gg of the
operators

(2.4) K(\+ig) == [V|2Ro(\ £ ie)|V|2.
Indeed, it is well-known that the resolvent Ry(z) for Sz > 0 has the kernel

exp(iv/zlz — y)

Az — y|

(2.5) Ro(2)(z,y) =
where 3(y/z) > 0. Thus
(2.6) 1K ()22 < K (2)llas < (4m) MV g,

for every z € C with Jz > 0. This allows one to check immediately that S, := ]V\%Ro(z) I
for every z € C\ R. Indeed, by the resolvent identity,

« 1 1 1 1 ek
5.51 = o VI RIVIE ~ [VIER(DIVIE].
In view of (2.6) therefore
1 1
2.7 S|l = 1995 £ == 1K) S == IV,
(2.7 117 = 15:821 S g 1K S 1Vl

as desired. One of the main observations of Kato [Ka] was the relation between this pointwise condition
in z = A+ e and the L%\ boundedness that appears in (2.3). We present a short proof of this fact for
the sake of completeness. Although it is standard, the following argument is somewhat different from
the usual one which can be found in basic references like Kato [Ka] and Reed, Simon [RS]. Denote
T, := ]V|%R0()\ + ie) for € > 0. Truncating the large values of V' and then passing to the limit we
may assume that V is bounded. Then 7, : L? — L?\Li for every € > 0 and one checks that

T = /RO(A —ie)|VEF(A) dA
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for every F' € L3(L2). Thus

T.I'F = / VI3 Ro(A + ie) Royt — i)V F(y) du

1 Ro )\‘i‘l&“) RO(M —’iE) 1
2. = F
(2.9 - [ ) d
K(\ K(p—1ie)F
29) C+OFw) [ E@=i2Few
A=+ 2ie A=+ 2ie

where we used the resolvent identity to pass to (2.8). By the L? boundedness of the (vector valued)
Hilbert transform.,

F(p)
|, S
wrl [ it s s S WPz

Using this bound and (2.6) in (2.9) yields

sup |17 Fllzz S Il 221V
e>0

1
which implies (2.3) with a constant of the form C||V||.

Lemma 2.2. Let ||V||g < 47 as in Definition 2.1. Then for all f,g € L*(R3)

[e.o]

(2.10) (Ry(Atie)f, g) — (Ro(ALie)f, g Z YRo(A+ie)(VRy(A i) f, )
(=1

where the right-hand side of (2.10) is an absolutely convergent series in the norm of L'(d)\) uniformly
in € > 0. Furthermore, if ||V — Vi|lr — 0 as m — oo, then

(2.11) 21;15/’<Rvm()\ +ie)f, g) — (Ry(A£ie)f, g)| d\ — 0

as m — oo.
Proof. We start from the resolvent identity
(2.12) Ry (2) — Ro(z) = —Ro(2)VRy(z2) = —Ry(2)VRy(2)

which holds in the sense of bounded operators on L? for any Sz # 0, see (2.7). It is a standard fact,
see [Ka], that the Kato smoothing property (2.3) remains valid with Ry instead of Ry provided that
|VIlr < 4m. Indeed, multiplying (2.12) by \V]% leads to

(2.13) (14+Q(2))ARy(z) = ARy(%)
where Q(z) := ARy(2)B, A = ]V\%, and B = \V]%signV. In view of (2.6) one has

(2.14) S“EOHQ<z>HLLL2::p<1sothat sup |1 +Q(2) Mpemre < (1—p) L.
Sz 2z

&



In conjunction with (2.13) and (2.3) this implies that

(2.15) sup | ARy (A £ie) fllpz 2 < Cllfllez, sup | Ry (A=+ie) Bfllpzr2 < Cllfll 12
€ g
for any f € L?. Fix f,g € L?. Tterating (2.12) leads to
(2.16)
N
(Rv(A£ie)f, g) = > _(=1)"(Ro(A£ie)(VRo(A%ic)) f, g) +(— 1)V T (Ry (Akie) (V Ro(A£ig)) VT £, g)

=0

for any positive integer N. By (2.15) the error term is
(Ry (A +ie)B(ARy(A £+ ie)B)N ARy(A  ie) f, g) = (Ry (A £ ie) BQ(\ % ie)N ARy (X + ie) f, g)

and thus has L'(d\) norm bounded by C p"V, see (2.15) and (2.14). Similarly, each of the terms in the
sum for 1 < ¢ < N has L'(d)\) norm at most C p*~!. Thus (2.10) holds for any V which satisfies (2.1).
If m is sufficiently large, then the series expansion (2.10) holds for both V' and V},,. Subtracting these

series termwise and invoking the previous bounds yields that the left-hand side of (2.11) is bounded
by

oo
Y CO IV = Valr < C(L=p) 2|V = Vaulg,
=1

and the lemma follows. O

The following technical corollary deals with the case € = 0 in Lemma 2.2. We state it in the form in
which it is used later on. In particular, we did not strive for the greatest generality. Below CP(R)
refers to the bounded continuous functions on R with the supremum norm.

Corollary 2.3. Let V € C§°(R?) satisfy |V ||gr < 4m. Then for all f,g € C°(R3) the limit
(Rv(\+10)f,.9) = lim (Ry (A + <) f g)

exists for every X € R and is a continuous function in A\. Moreover, for each A one can pass to the
limit € — 0 in all other terms in (2.10) and

(2.17) (Ry(A+1i0)f, g) — (Ro(A+i0)f, g Z YRo(X +10)(V Ro(A + i0))’ f, g)
=1

holds for every A and the series converges absolutely in the norm of Cy(R) N L (dN).

Proof. Fix f, g € C§°(R3). By our assumptions on V and the explicit representation (2.5), VRy(z)f €
C5°, and thus also Ry(2)(V Ro(2))¢ f for every z € C with Sz > 0. Moreover, z — (Ro(2)(V Ro(2))f, g)
is a continuous function in &z > 0 for every £ > 0. As in the previous proof one obtains the Kato
smoothing bound

(2.18) Sup/)<RO(/\ +ig)(VRo(A +1i€)) f, g) | dA < CIVIIr/4m) " I fll 2 gl 2

e>0

10



for each £ > 1 (note that the case € = 0 is included here). Moreover, see (2.4) and (2.6),

sup [(Ro(=)(VRo(2)) f.0)| < sup [[[VIERo(=)glla [K () | V]2 Ro() S

Jz>0 P
< O(f.9.V) (IVIIr/4m)"
This implies that
(2.19) Stg(N) = S (Ro(A +i0)(VRo(A +0)) £, g),
=0

converges uniformly and thus defines a continuous function. Furthermore, one concludes that the
series in (2.10) converges uniformly in the closed upper half-plane (i.e., for all A € R and € > 0) and
therefore defines the limit (Ry (A+10)f, g) pointwise in A € R. Also note that, by (2.18), the series for
St g(A) = (Ro(A+10) f, g) converges absolutely in L' (d)), and similarly for every z € C with Sz > 0.
In view of (2.10), (2.18), and with an arbitrary N > 1,

[ timint [(Ry -+ )1, 9) = Sy A

< [ tminf [(Syy( + 2, 9) — Sy (V)] A
N
< / thb(l)lp (Ro(A + i) (VRo(A + 1)) f, g) — (Ro(A 4+ i0)(V Ro(X 4 10))° £, )| dX

+C > (IVIIr/4m) I fllallgll

(=N+1
< CA—|[V]r/4m) " (IVII&/4m) N flI2ll9ll2,
and we are done. O
Next we turn to a simple lemma that is basically an instance of stationary phase.

Lemma 2.4. Let ¢ be a smooth, even bump function with ¥(\) =1 for —1 < X\ <1 and supp(¢)) C
[—2,2]. Then for allt > 1 and any real a,

(2.20) sup‘/ Asin(av/\) ¥ (\F) A\ < Ct 3 |al

L>1
where C' only depends on .

Proof. Denote the integral in (2.20) by Iy (a,t). Clearly, I1(a,t) is a smooth function of a,t for any
L >0 and I(0,t) = 0. The change of variables A — A\? leads to the expression

In(a,t) =2 /O T ety sin(aX) ¥(A/L) dA

Integrating by parts we obtain
. oo 1
I(a,t) = jﬁ/ it <a cos(aX) Y(A/L) + 7 sin(a) 1//()\/L)> d\
0

11



Since 1) is assumed to be even, 9’ is odd. Hence,

It (a,t) = ta/oo oI (a cos(aX) Y(A/L) + %sin(a/\) 1//()\/1))) A\
. © i 2 ia _ia a . o0 ; 5 ; » )\ .
:4% _ooet/\ (6 Aie A)¢(A/L)dA+/0z;:/_ooetA(ebA+e bA)qu()\/L)d)\db'

Thus it suffices to show that

Jr(a,t) = / e N HaN) g\ /L) dA

obeys the estimate |Jr(at)| < Ct~2 for any smooth bump function ¢ satisfying the same properties

as 1. The change of variables A — \/L further reduces the problem to the estimate |J(a,t)| < Ct 3
with

Jla,t) = / e N HaN) g3} g

for all t # 0 and all real a. Observe that J(a,t) is a smooth solution of the 1-dimensional Schrédinger

equation
.0 0?
1 &J(a,t) — @J(a,t) = 07
J(a,0) = / e B(N) dA.
By the explicit representation of the kernel of the fundamental solution
o1 0 . ‘afb‘Q
Jat) = (—4mit)~} / 15 16, 0) db

which implies that J(a,t) obeys the standard one-dimensional decay estimate
[7(a,t)] < Ct2[1I(,0)]| 1.

Since the function J(a, 0) is the Fourier transform of the smooth bump function ¢, the desired estimate
on J(a,t) follows. O

The following lemma explains to some extent why condition (2.2) is needed. Iterated integrals as
in (2.21) will appear in a series expansion of the spectral resolution of H = —A 4+ V.

Lemma 2.5. For any positive integer k and V' as in Definition 2.1

[ V)l &
(2.21) sup =S fag = wesa| da o day < (B DV

k
20,2k41€R? JR3K szo |5 — @541 £=0

Proof. Define the operator A by the formula

Af(z) = /R Wil f(y) dy.

s |z —y

12



Observe that the assumption (2.2) on the potential V' implies that A : L — L* and || A| pec— 00 <
co where we have set cg := ||V for convenience. Denote by <, > the standard L? pairing. In this
notation the estimate (2.21) is equivalent to proving that the operators By, defined as

By.f = Zk: < fi AR > A™M
m=0
are bounded as operators from L' — L*® with the bound
1Bkl — e < (K +1)cg.
For arbitrary f € L' one has

k k
Bifllpe < D [ < S AL > | A g < D A5 ™| oo poo | A™ || oo o | ]|

m=0 m=0
k
< lIfll < e+ Degll £l
m=0

as claimed. O
We are now in a position to prove the main result of this section.

Theorem 2.6. With H = —A +V and V satisfying the conditions in Definition 2.1 one has the
bound

Proof. Let ¢ be a smooth cut-off function as in Lemma 2.4. We will show that there is an absolute
constant C' such that

3
<(Ct 2
L1—[o°

it ‘

in three dimensions.

(222) sup| (o (VE /L), 9)| < O3 £l gl

for any f,g € Cgo(R?’), which proves the theorem. It will be convenient to assume that the potential V'
belongs to C§°(R?), in addition to satisfying (2.1) and (2.2). In case of a general potential V as in
Definition 2.1, one approximates V' by V; € C§° via the usual cut-off and mollifying process. Clearly,
|V =Vjllr = 0as j — oo and ||[Vj|lx < ||V]x < 4r. Since the spectral resolution Ey of H satisfies
(recall that the spectrum of H is purely absolutely continuous)

(2.23) El(\) = %EV(A) = SRy (A +i0),

one concludes from Lemma 2.2 that

[ #9019 ar— o0
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as j — oo. In particular, with H; := —A + V},
(e™iy(H,/L)f,g) — (""y(H/L)f,g)

as j — oo for any f,g € C§°(R3). It therefore suffices to prove (2.22) under the additional assumption
that V € Cg°(R?). Fix such a potential V, as well as any L > 1, and real f,g € C§°(R3). Then
applying (2.23), Corollary 2.3, (2.5), Lemma 2.4, and Lemma 2.5 in this order,

sup <6“H1/1(\/E/L)f,g>’

L>1
< sup| [T e BVA/LE W) d

L>11Jo
= sup| [ PRI (R A+ i0)1. ) d

>11Jo
= sup /Ooem w(f/L)Z@(RO(A+z’0)(VR0(A+¢0))’“f,g> d)\‘

>11Jo

I, Vel
< Z/ |f(zo)ll9(@r41 ’/ H] Az, — ]
k
(2.24) ilg‘/o et w(\F/\/L) sin(ﬁ; |z — x[+1‘> d/\‘ d(xi,...,z) drodxgs,
< thﬁ / | f(zo)||g9(2k+1 |/ L1 Vi) Z|$z—$e+1| d(z1, ..., zx) dro drgiq
k+1H —olTj — x]+1‘

< o Z [ rtaodlgtaren)l G+ DV lbe/4m)* doo dos

_3
< Ct72|fllllgll,

since |V||x < 4m. In order to pass to (2.24) one uses the explicit representation of the kernel of
Ry(N\+10), see (2.5), which leads to a k-fold integral. Next, one interchanges the order of integration
in this iterated integral. This is legitimate, since the corresponding L'-integral (i.e., with absolute
values on everything) is finite (V' is bounded and compactly supported). The theorem follows. O

3 The high energy case in R? with an ¢ loss

The purpose of this section is to prove a dispersive inequality for ey (H)P,.. where x is a cut-off to
large energies and P, is the projection onto the absolutely continuous part of L?(R?) with respect
to H=—-A+V. We will assume that V satisfies the following properties:

Vv
(3.1) VI :==1V]l2 + sup / V) dy < oo.
z€R3 JR3 |95 - y|

Under these conditions we will prove the following result. As usual, we let x € C* with x(\) = 0 if
A <1and x(A\) =1 for A > 2.

14



Proposition 3.1. Let ||V| < oo as in (3.1). Then for every € > 0 there exists some positive
Xo = Xo([IVl,e) so that

(3.2) 1€ X(H/20) Pac|l 1o < CE2F

for allt > 0.

Previously, convergence of the Born series was guaranteed by a smallness assumption on the poten-
tial V. The following lemma will allow us to sum the Born series for large potentials in L2(R?), but
only for large energies. This lemma is an immediate consequence of the Stein-Tomas theorem in the
formulation due to Stein [St].

Lemma 3.2. Let Ro(z) = (—=A — 2)7! for (2) > 0 be the resolvent of the free Laplacean. Then
there is an absolute constant C' so that for any A > 0

(3.3) [ Ro(\+i0) pamy < N HI1 4 o

forall feS .

Proof. Tt is well-known that the resolvent Ry(z) = (= — z)~! for $(2) > 0 has the kernel

exp(iy/z]z — y|)
dr|z -y

(3.4) Ko(2)(z,y) =

where S(y/z) > 0. By the Stein-Tomas theorem in Stein’s version [St] one has

exp(ilz —yl)
3.5 H / ‘
(35 [ )y = Ot
Passing to (3.3) only requires changing variables z — v/Az and 3 — /Ay, which we skip. O

It is well-known, see Simon [Si2] Theorem A.2.9, that for any V € L? (IR?) that satisfies the so called
Kato condition

(3.6) lim sup /| Vi) dy =0,

=0 4eR3 J|z—y|<r |‘T - y|

the operator —A +V with domain C§°(R3) is essentially self-adjoint with sp(H) C [~ M, oo) for some
0 < M < oo, and that H is the generator of a semi group e * that is bounded from L? to L? for
any choice of 1 < p < ¢ < oo, see Theorem B.1.1 in [Si2]. Moreover, explicit bounds for these norms
are of the form

He_tH”L?;—»Lg. <Ot et
with v = 3(p~' — ¢ ') and any A > M with M as before, see (B11) in [Si2]. These bounds imply the
Sobolev inequalities

3
(3.7) |(H + 2M)_BHL£_)L;1c < oo for any 1 <p,q < oo and with 3 > §(p_1 —q Y,

as can be seen from writing (H 4 2M)~? as the Laplace transform of the heat-semigroup, see The-
orem B.2.1. in [Si2]. Since we are assuming that V € L? Cauchy-Schwarz implies that (3.6) holds,
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and thus so do all aforementioned properties. In addition, we will use the following result of Jensen
and Nakamura, see [JN] Theorem 2.1: Suppose that V € L?  satisfies (3.6). Let ¢ € C5°(R) and
1 < p < o0o. Then there exists a constant C' such that

(3.8) lg(0H)||p_r» < C uniformly in 0 < 6 < 1.

Moreover, the constant C' is uniform for g ranging over bounded sets of C§°(R). As an immediate
corollary of (3.7) and (3.8) one obtains that for any g € C°(R), any 1 <p < ¢ < o0, § > %(pfl—qfl),
there is a constant C' depending on g, V', and 3, such that

(3.9) lg(H/Xo)llp— s < C’)\g uniformly in A9 > 1.

This bound is needed for the following lemma. Recall that Ry(z) denotes the resolvent of the free
Laplacean.

Lemma 3.3. Let n € C§°(R) be fized. Then for any A\, \g > 1 and any nonnegative integer k one has
the estimate

3
In(H/20) Ro(A+0)(V Ro(A -+ i0))n(H/Ao)| 3~z < OAG T AT2([V]]2A™1)"
where the constant C' only depends on g and V.

Proof. By Lemma 3.2 and Holder’s inequality,

(3.10) IIVRo(/\+i0)f\|L < [BoA +i0) fllza[Vllzz < ClIVIIz2 A5 |I£]

4
L
for any f € S. Hence

In(H /o) Ro(A + i0)(V Ro(A + i0))* n(H/Xo)l| 11— oo
< |In(H/Xo)Ro(A + iO)HL;ﬁv_,Loo [(VRo(A + io))kHLg,_)L;ﬁv In(H /o)l

x T

Li—»Lé
IVRoA +i0)*s 4 In(H/Xo)l| |
L

2 —Lz z Lz

< n(H/20) |t 22 | Ro(A + 0)|

4
L;’—>L‘é
3+
< ON ATV A
as claimed. n

Proof of Proposition 3.1. We start with a justification of the Born series expansion for high energies.
_1

Let Ao > 0 be chosen so that ||[V|z2 Ay * < 1. By (3.10), the operator 1+ V Ro(A + i0) is invertible

in Lg(]R?’) provided A > A\ and the Neumann series

o0

(3.11) (14 VRo(A+1i0))"' = (=1)*(VRo(A +i0))"
k=0

converges in L%(R?’). Therefore, the resolvent Ry (z) := (—A +V — 2)~! satisfies

[e.e]

Ry (A+i0) = Ro(A+i0)(1 + VRo(A+10)) " =Y "(=1)*Ro(A + i0)(VRo( + 0))"
k=0
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for all A > Ao and is thus a bounded operator from Ls (R3) — L*(R3). Furthermore, since the spectral
resolution E(-) of H = —A + V satisfies P, .. E(d\) = SRy (A +i0) d\, one has

(Puc BN 1.9) = S(~DH IR0 (A -+ 0)(V Ro(A + 10))1]£.g) dA
k=0

for any f,g € Lg(]R?’). Now define n(\) := x(A) — x(A/2). Clearly, n € C§°(R), and also
Zn (A279) = x(\) for all \.
7=0

Observe that at most three terms in this sum can be nonzero for any given A\. Now let 77 € C§°(0, 00)
have the property that n77 = 1. Then for any f,g € S, one has the expansion

(™ X(H [ Xo) f,X(H/X0)g)|
"M E(dN\n(H/(27 X)) f,n(H/(2X0))g) dA

< \Z / e NB(AN(H/(2720))F,0(H/(220))9) (A/(QjAo))d/\‘
\g e\<1
< ,i ;0 / "M Ro( +10) (V Ro(A +0)) n(H/(220)) £, n(H/ (2X0))g)
=0" 7,
l7—21<1
(3.12) TN )\

(3.13) =

R+ 10) (V Rl -+ i0) (o). X o)) 3.

k=

From the previous section one has the dispersive bounds

(3.14) /0 e Ro(A +i0) (V Ro(A + i0))"x (H/X0) f, X (H/X0)9) dA‘ <t 2 VI flly llgl 2z

[ e o) (v oy +io>>kn<H/<2jAo>>f,n(H/<2%>>g>ﬁ<A/<2ﬂ'Ao>>dA]

_3
(3.15) <Ct 2 VIF £z llgllze s

where we have also used (3.9) to remove the x and 7 cutoffs. On the other hand, Lemma 3.3 shows
that

/0 G Ro(A -+ i0) (VRo(A + 10))Fr(H/(2900)) f.n(H/(220))g) 7N (29 20) dA‘

i 3 ; _1
(3.16) < C (222" (IVIL2(2720) )" llzs gl y-
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Combining (3.15) and (3.16) yields that for any 0 < 6 < 1

o0 oo
k=7 j,6=0
lj—¢)<1

0o 00 7§ B . 3 ; _1
ZZ 2OV @ 20) 2 (IV 122 (2720) ") (111 gl
0 k=7

/0 " G Ro(\ -+ 10) (VRo(A+ i0))Fn(H/(2220)) f, 1(H/(230))g) 7N/ (292o)) A

= s
<O S HD VPO N (VoA T £l gl
k=7

§
(317) <Ot 20 vam My N Al gl < O30 X5 gl
k=0

_0
provided ||[V||A, * < 1. The choice of k > 7 was made to ensure summability over j. The bound (3.17)
yields the desired bounds for the terms with k£ > 7 in (3.12). For the remaining cases of k, one simply
invokes the estimate (3.14), and the proposition follows. O

Remark 3.4. It seems clear that the condition |[V|[z2 < oo can be weakened to a condition closer

to L2 (R3). The reason for this is the “slack” in the Stein-Tomas bound that yields )Fi, whereas the
high energies argument only requires A~7 for some v > 0. It appears that a complex interpolation
argument allows one to exploit this slack, but we do not pursue this here.

4 Strichartz estimates for (1 + |z|*)”!~° potentials

In this section we settle a problem posed by Journé, Soffer, Sogge [JSS] concerning Strichartz estimates
for the solutions of the Schrédinger equation with potentials decaying at the rate of |z|~2~¢ at infinity.
To obtain the result we prove a more general statement relating an L{L% estimate for the semigroup

eHo to the corresponding estimate for e with H = Hy + V. The cond1t1ons of the result involve
the notion of Kato’s smoothing for the multiplication operator |V|2 > relative to Hy and H. Applylng
the abstract result to Hy = —A, H = —A+V with V obeying the estimate |V (z)| < C(1+ |z|?)~*
requires appealing to the Agmon-Kato-Kuroda theory on the absence of positive singular continuous
spectrum for H and a separate argument that deals with the point 0 in the spectrum of H.

We start with the preliminaries. Consider a self-adjoint operator Hy on L?(R") with domain

D(Hy). Let e’*H0 be the associated unitary semigroup, which is a solution operator for the Schrédinger
equation

1
gaﬂb — Hoyp =0, Yli=0 = to.
We denote by Ry(z) the resolvent of Hy. For complex z with &z > 0 we have that

o0

(4.1) Ry(z) = /eiZteitHO dt
0
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as well as the inverse: for any 8 > 0 and t > 0,

e Pleitto — / e " Ro(A +if) d\

—0o0

Let A and B be a pair of bounded operators! on L?(R") and consider a self-adjoint operator H =
Hy + B*A with domain D(Hy), corresponding semigroup e, and the resolvent R(z). The resolvent
R(z) and Ry(z) for 3z # 0 are connected via the second resolvent identity

(4.2) R(2) = Ro(z) — Ro(z)B*AR(2)

On the other hand, the semigroups e and €0 are related via the Duhamel formula

t
(4.3) ety = eitHoy, — i/ei(ts)HoB*AeisH% ds.
0

which holds for any ¢ € L?. We recall that for a self-adjoint operator H, an operator I' is called
H-smooth in Kato’s sense if for any f € D(Hp)

(4.4) ITe™ fllr2r2 < Cr(H)If|lz
or equivalently, for any f € L2

(4.5) sup ITRg(A£iB)fllzz2 < Co(H)|flLz-
>

We shall call Cr(H) the smoothing bound of T relative to H. Let Q@ C R and let Py be a spectral
projection of H associated with a set . We say that I' is H-smooth on Q if I' Py is H-smooth. We
denote the corresponding smoothing bound by Cr(H, ). It is not difficult to show (see e.g. [RS])
that, equivalently, I' is H-smooth on € if

(4.6) sup [[TRg(A+if)fll 1212 < Cr(H, QIS 2.
B>0,AeQ

We now are ready to state the main result of this section.

Theorem 4.1. Let Hy and H = Hy + B*A be as above. We assume that that B is Hy smooth with
a smoothing bound Cpg(Hy) and that for some Q C R the operator A is H-smooth on Q with the
smoothing bound C(H, Q). Assume also that the unitary semigroup e**Ho satisfies the estimate

(4.7) e 04| Lar: < Chro lltboll L2

for some q € (2,00] and r € [1,00]. Then the semigroup e gssociated with H = Hy+B* A, restricted
to the spectral set ), also verifies the estimate (4.7), i.e.,

(4.8) 1™ Pagpoll g, < CroC(Ho)Ca(H, Q)02

The assumption of boundedness is a convenience that is sufficient for our main application below.
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Proof. We start with the Duhamel formula (4.3)
¢

6itH1/J() — eitHowo - / ei(tfs)HoB*Aeiuso ds.
0
We have the following estimate with the exponents ¢, r described in (4.7):

t
HeitHPQ’lﬂ()HLng < HeitHOPQwOHLng + H /ei(t—s)HoB*AeisHPQ¢0 dSHLng
0

t
(4.9) < Crolltollz2 + | / e!=9)Ho B* Ae'*H Posjg ds||
0

To handle the Duhamel term we recall the Christ-Kiselev lemma. The following version is from Sogge,
Smith [SoSm]

Lemma 4.2 (CK). Let X,Y be Banach spaces and let K(t,s) be the kernel of the operator K :
LP([0,T]; X) — L9([0,T];Y). Denote by |K|| the operator norm of K. Define the lower diagonal

operator K : LP(]0,T]; X) — Li([0,T];Y)
Kf(t)= [ K(t,s)f(s)ds
/

Then the operator K is bounded from LP([0,T];X) to L([0,T);Y) and its norm |K| < ¢/ K],
provided that p < q.

We shall apply this lemma to the operator with kernel K(¢,s) = el(t=s)Ho p* acting between the
spaces L2([0,00); L2) and L%([0,00); L7). Observe that by the assumptions of Theorem 4.1, ¢ > 2
and thus the condition ¢ > p in Lemma [CK] is verified.

We can rewrite the Duhamel term

t
D= /ei(ts)HOB*AeiSHPm/JO ds
0

in the form D = K (Aei'H Pmpo). Therefore,

(4.10) DIl Loy S 1K 22 ((0,00):22)— La(0.00):r) 1146 0l 1212

We now need to estimate the norm of the operator K.

o0 [e.o]
1K Py = | [ 0908 F(s)dsll g, = 0 [ s BF(s)dl
0 0

oo
< CHOH/e_iSHOB*F(s) dsl|z-
0
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The last inequality is the estimate (4.7) for e®*0. By duality
o0 o0
I /e_iSHOB*F(s) dsl|pz = sup < /e_iSHOB*F(s) ds, ¢ >
T el =1
0 T

o0
= sup /ds < F(s), Be*Hogp >
2 =1+

<|Fllzrz sup (B0 212 < Co(HO)IF 212101l 12

\4’ L%ZI

where the last inequality follows from Hy-smoothness of the operator B. Thus the operator K(t,s) =
e'(t=9)Ho A is bounded from L?([0,00); L2) to L4([0,00); L%). Therefore, back to (4.10)

(4.11) 1Dl sz < CroCr(Ho)ll Ae™™ Patho || 22
It remains to observe that since the operator A is H-smooth on 2, we have
(4.12) 1 Ae®™H Pagoll 2.2 < Ca(H, )Wl 2.
Thus, combining (4.9), (4.11), and (4.12) we finally obtain
e ol parr < CryCr(Ho)Ca(H, Q)|[t0]l 2,
as claimed. 0

We apply Theorem 4.1 in the situation where Hy = —A and H = Hy + V(x). We have the following

family of Strichartz estimates for the semigroup e~ #2 associated with Hy = —A:
; 2n 2 1 1
—itA
(4.13) le™** ol Larr < Cllvoll L2, V(g,mn) # (2, — 2,71)’ P n(§ - ;),

which hold for any vy € L?(R™). We introduce the factorization

V=B*A, B=[V|]2, A=|V|zsgnV,
and restrict our attention to the class of potentials satisfying the assumption that for all x € R"
(4.14) V(@) < Cv (1 + |z*)~*

with some constants Cy,e > 0. This assumption, in particular, places us in the framework of the
Agmon-Kato-Kuroda and the Agmon-Kato-Simon theorems guaranteeing the absence of the positive
singular continuous spectrum and positive eigenvalues. In fact, one only needs the |z|~!=% decay for
their results to apply. We should note that for potentials satisfying (4.14) the absence of the singular
continuous spectrum was established by ITkebe [IK].

In addition, the Weyl criterion implies that the essential spectrum of H is the half-axis [0, 00).
However, without an appropriate smallness or sign assumption on V', the operator H = —A + V
can have negative eigenvalues, thus destroying any hope to have Strichartz estimates for e?*Hq) for
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all initial data 19 € L?. Therefore, we shall assume that the initial data are orthogonal to the
eigenfunctions corresponding to the possible negative eigenvalues. We achieve this in the following
simple manner. Let P be a spectral projection of H corresponding to the interval = [0,00). Our
goal is to prove Strichartz inequalities for e restricted to the absolutely continuous spectrum of H.
We now state the result.

Theorem 4.3. Let V' be a potential verifying (4.14). In addition, we impose the condition that the
point A = 0 in the spectrum of the operator H = —A 4+ V is neither an eigenvalue nor a resonance
(see the discussion below, in particular Definition 4.4). Then if P is the spectral projection of H
corresponding to the interval [0,00) (on which H is purely absolutely continuous),

; 2
(4.15) I Pyollpary < Cllvollzz,  ¥(g,r,n), n >3, -G

To apply Theorem (4.1) we need to verify that B is an Hy-smooth operator and that A is an

H-smooth operator on [0,00). The first condition is easy to verify since by a result of Kato [Ka]
any function f € LP1 N L1p2 with 1 < p1 < n < py < oo and n > 3 is a —A-smooth multiplication
operator. Since B = |V|2 is an L™ function decaying at infinity as |z|717%, it falls precisely under
these conditions.
The condition that A is an H-smooth operator on [0, c0) is much more subtle. First, we can show that
A is H-smooth on the interval [§, 00) for any § > 0. This is a consequence of the results of Agmon-
Kato-Kuroda on the absence of the positive singular continuous spectrum, (see [Ag], also Theorem
XII1.33 and Lemma 2 XIIL.8 in [RS]). In fact, even half of the assumed decay would be sufficient
to prove this. To deal with the remaining spectral interval [0, ), according to (4.6), one needs to
understand the behavior of the resolvent R(A £ if3) of the operator H near the point A = 0, § = 0.
We introduce the following

Definition 4.4. We say that 0 is a regular point of the spectrum of H if it is neither an eigenvalue
nor a resonance of H, i.e., the equation —Au + V(z)u = 0 has no solutions u € ﬂa>1L2’*a.
2

Here, L>® is the weighted L* space of functions f such that (1+ |z|?)2 f € L. The 0 eigenvalue, of
course, would correspond to an L? solution .

The presence of a 0 eigenvalue and most likely that of a resonance would violate the validity of the
Strichartz estimates (4.15) for . Their appearance cannot be ruled out by merely strengthening
the regularity and decay assumptions on the potential V. We therefore impose an additional condition
that 0 is a regular point. There are several situations where this condition, or at least part of it, is
automatically satisfied. In particular, for any non-negative potential 0 is a regular point. In addition,
it is well-know (see e.g. [JK]) that 0 is not a resonance in dimensions n > 5. The behavior of the
resolvent near 0 in the spectrum and even its asymptotic expansions was extensively studied in [JK],
[J1], [J2], but their assumptions are too strong for our purposes.

Proposition 4.5. Suppose V' satisfies the assumption (4.14) and assume, in addition, that 0 is a

reqular point of the spectrum of H = —A + V. Then the operator A = |V|%sgn (V') is H-smooth on
[0,0) for some sufficiently small § > 0.
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The first observation, which follows from (4.6), is that since the potential V' decays at the rate
|z| =272 it suffices to prove the following property of the resolvent R(A+if3) formulated in the language
of the weighted spaces L>%:

(4.16) sup RN £4B) fllpe—1-+ < O fllp2a++
0<B<6,1€(0,6)

for any f € L*»'*7 and some sufficiently small § and v such that v < €. The restriction of the range
of 3 to the interval (0, 6) is justified since for 3 > § the resolvent R(\ £ if3) in fact maps L? into the
Sobolev space W22 with a constant dependent only on 4.

One should compare (4.16) with the standard limiting absorption principle which states that on the
interval [0, c0) the resolvent R(\ £i(3) is a bounded map between L23%7 and L2~3277 for any v > 0.
As in that case we reduce the proof to the same estimates for the free resolvent Ro(A + i3). The
connection is established via the resolvent identity

R(A+if) = Ro(AtiB) — Ro(A £ iB)VR(AL1if).
Thus formally we can solve for R(\ £ i),
(4.17) RO\ £iB) = (I + Ry(A+iB)V) ' Ro(A £ if).

We identify the boundary value of the free resolvent at A = 0, § = 0 as the operator with the kernel
given by the Green’s function (up to constants),

1
G(z,y) == Ro(0)(z,y) = [z — g2 n=>3

and break the proof into a series of lemmas.

Lemma 4.6. G is a bounded map from the weighted space L>'tY into L>~1=7 for any v > 0.
Moreover, for any positive o < % we have G : L¥1trto _ 12-1-7t+o

Lemma 4.7. The resolvent Ry(A +i3) is continuous at A = 0,3 = 0 in the topology of the bounded
operators between L>'*Y and L*>~1=7 for any v > 0.

Lemma 4.8. Under the assumptions of Proposition 4.5 the operator GV is compact as an operator
on L*>~1=7 for any v > 0, and (I + GV) is invertible on L*~ 177,

Proof of Proposition 4.5. According to Lemma 4.8 the operator (I +GV) is invertible on L%~ for
any 7 > 0. Therefore, by continuity of Ry(A £ i3) at A = 0,5 = 0 asserted in Lemma 4.7 and the
fact that V maps L?>~1~7 to L?>'*7 provided that v < f3, there exists a small neighborhood § of 0
such that (I + Ro(A £i3)V) is uniformly invertible for all ||, 3 < § on the space L*>~1=7. Tt follows
that for such A, # the resolvent R(A £ i) is well-defined via the identity (4.17) and acts between the
spaces L1 and L?7177 as desired. ]

Proof of Lemma 4.6. The resolvent G = Rg(0) is a multiplier with symbol |¢|72. Therefore, after
passing to the Fourier variables, G : L>!T7+o — [271-7%9 ig equivalent to showing that multiplica-
tion by |£]72 acts between the Sobolev spaces VV21 T and Wy 1=7%7 We consider the end-points of
the desired values of v and o corresponding to v = 0 and o = 0, % and prove that

3

_ - _ 3+ -3—
€172 Wyt =Wyt €172 Wy = Wy
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where + represent the fact that we do not prove the end-point results themselves. Since |£|72 is
smooth away from & = 0 we can consider instead the operator of multiplication by x(&)|¢|~2 where x
is a smooth cut-off function with support in a unit ball B. We have the standard Sobolev embeddings

2n

(4.18) Wyt e La-2t
3
2

(4.19) W2t Lama (L, n = 3),

2n 2n _1_
the dual version of (4.18), L»+2~ — Wz_l_, and L1~ — W, ? . Therefore, we shall, in fact, prove
a stronger result that

2n 2n 2n on
X© 72 L2t — L™, x(&)[¢7% s Lrs T — Lavi,
Since%‘*‘%:%and%ﬁ-gzﬁwehave

n 2n

IXEIET A, 2y < T IET2N 5 () [l 22y < ClF Nl 20

Ln+2
and
IO 2 < 25 I ey < CUS
as desired. O

Proof of Lemma 4.7. The result of Lemma 4.7 is contained in Ginibre-Moulin [GM] and can be traced
to the earlier work of Kato [Ka]. Here we essentially reproduce the proof in [GM].

Consider the resolvent R(A +1i3). We shall prove that it is continuous (in fact, Holder continuous) in
the upper half-plane C . The same statement also holds for R(A—i3). We appeal to the representation

00
Ro(A+if) = / e/ HiD)GitHo gt
0
Therefore, using the inequality [e?(A2H902)t — gt M+iBUt < min(2, (|Ag — A1| + |2 — B1])t) and the
embedding L%JF(R”) < L%~177(R"), we obtain for arbitrary A\;, A2 € R and 31, 32 € Ry,

[(Ro(A2 +iB2) — R(M +i61)) fllp2—1—+ < / €750 f|| 2m1- min(2, (A2 — A1| + |82 — Bi|)t) dt
0

(4.20) < [0 1] e min(2. (A2 = M| + 182 = )0 .
0

We now recall that in addition to the Strichartz estimates (4.13) the semigroup e*0 also verifies the
dispersive estimates

» C
HeZtHOfHLP < tn(lz_)l) HfHLP’v Vp € [2700]'
2 p
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Inserting this bound into (4.20) and invoking the embedding L% — L%i we infer that

M 0
I(Roa +i6) = RO + i) paror 5 [ e Lm0 gy oy 247
0 M
S (e =l + 182 = DI +200% ) Flaass
for some constant M > 0. Choosing M = (|[Ag — A\1] + |32 — £1]) ™! we finally conclude that
I(Ro(Az +iB2) — R(A1 +if1)) fll21+ S (A2 = M| + (B2 = B )™ F (| fl| 21+,
as claimed. O

Proof of Lemma 4.8. Lemma 4.6 implies the boundedness of G : L>'T7 — L%~1=7 for any positive
7. Therefore, since |V (z)| < C(1+|z|?)~17¢, the potential V maps the space L>~177 into L2172,
Thus, using the second conclusion of Lemma 4.6, we obtain that

(4.21) GV . L2117 _ [2-1-y+2e

provided that 0 < —vy 4 2e < %

Since —A(GV) =V and V, of course, maps L?> =7 — L%~177 we conclude that GV takes the
space L>~177 to H1200- The compactness of GV on L*»~1=7 then follows from the observation above
and the extra 2¢ decay at infinity established in (4.21). We infer that I + RyV is a Fredholm operator
on L?~177 and it is therefore invertible iff its null space is empty.

Let ¢ be an L>»~1=7 solution of the equation
(4.22) Pp+GVp=0

First we observe that by (4.21) function ¢, in fact, belongs to the space L?~1=7% for some v : 0 <
v < 2e. It then follows that V¢ € L*»'74¢. Lemma 4.6 then implies that, as long as 4e < %,
also GV¢ € L1774 and, using (4.22) again we have that ¢ € L%»~17774 We can continue this
argument and obtain that ¢ € L2 for any a > 0.

Applying —A to both sides of the equation (4.22) we conclude that ¢ is an L>~27% golution of the

equation

—Ap+Veop=0,
and thus either an eigenfunction or a resonance corresponding to A = 0. Since we assumed that A = 0
is a regular point, ¢ must be identically zero and the null space of I + RgV is empty. O

5 Time dependent potentials: Reduction to oscillatory integrals

Definition 5.1. Let Y be the normed space of measurable functions V (t,x) on R that satisfy the

following properties: t — ||V (¢, -)||L%(R3) € L*®(R) and for a.e. x € R3 the function t — V(t,z) is
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in 8'(R), the space of tempered distributions. Moreover, the Fourier transform of this distribution,
which we denote by V(7,x), is a (complex) measure whose norm satisfies

(5.1) sup/ Mdm < 00.
y€eR3 JR3 |x—y|

3
The norm in'Y is the sum of the expression on the left-hand side of (5.1) and the norm in L°(L3).
In what follows we study the Schrédinger equation
(5.2) i) — A+ V(t,z)p =0,

Yli=s(x) = ¥s(z)

for potentials V € Y and with initial data 15 € L2(R3). An interesting case is V (¢, z) = cos(t) V()

where V € L3 satisfies sup,, fR3 “‘;(fy)ll dx < oco. Because of the limited regularity of potentials in Y,

we define (weak) solutions U (t, s)1s of (5.2) via Duhamel’s formula:

t
(5.3) Ult,s)hs = et Hoy 4 / et t=s)Hoy (51 YU (sq, s)s dsy.

In the following lemma we show by means of Keel’s and Tao’s endpoint Strichartz estimate [KT]| that
such weak solutions exist and are unique provided the potential is small in an appropriate sense. The
proof is presented only in R3, but it carries over to any dimension n > 3. We set

(5.4) X = LP(LE(R%) N L (L3 (R?))

and define Hy = —A to be the unperturbed Schrodinger operator with evolution e?Ho.

Lemma 5.2. Assume that the potential V(t,x) satisfies the smallness assumption
2
3 3
(5.5) VI 4 =sup (/ yV(t,m)yz> <e
L°°L teR R3

for some sufficiently small constant co > 0. Then for any s € R and any 15 € L2 there evists a unique
weak solution U(t, s)s of (5.3) with the property that U(-,s)ys € X and so that t — (U(t, s)vs, g) is
continuous for any g € L*>(R3). Moreover, for any such g and any t > s,

{U(t; )15, 9) Z / / (e Hoy (5, el 1m0y (5 1) L

s<s5m <..<s51<t
(5.6) V (Sm, -)ei(Sm_S)HO s, g) ds1...dsm
where the series converges absolutely. In the strong sense, i.e., without the pairing against g, this

representation holds in the sense of norm convergence in the space X (and thus can only be assumed
for a.e. t).
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Proof. For the purposes of this proof, we let F' = F(t,z) be a function of (¢,z) € R%;?’. For simplicity,
we often write F'(t) for the function z — F(¢,x). Recall the following end-point Strichartz estimates

for the operator Hy proved by Keel-Tao in any dimension n > 3, see [KT]: There exists some
2n

dimensional constant C; = C}(n) so that for all f € L2 and F € L7L;"*

(5.7 €05 < Culfllz
L2L}
t
(5.9 | [ ety dsn | py <GIFY, .
S t—T t—T

Consider the operator s defined by

t
(G F)(t ) = i / C=HOY (g1 Y F(sy, ) dsi.
Then definition (5.3) takes the form

(5.9) (1= K)U (-, 8)bs] (t) = €= Hoqp

Inequality (5.8) and the smallness assumption (5.5) imply that the norm of the operator ks : L?LS —
L7LS satisfies

(5.10) IKaFllzrs < CLIVEN, g SCUIVIL_ gl1Fllizzg < CreollFllzzg.
t-T t x

Moreover, for any g € L*(R?),

() (@), 9) = /<V(81,-)F(Slv-)76_i(t_81)H09>d81

< /||Vs1,> (s, Nle =D o] ds,

1
([ v mendn) ([ le gz as,)’

1

o (/[ VI g IFGlRds:) ol
(L )

x

IN

(5.11)

IN

Vi Lo} HF||L2(L6 lgll2
where we used (5.7) to pass to (5.11). This shows that

ess sup,||(KsF)(t)]|2 < Cy CO||FHL§(L2)

which in conjunction with (5.10) yields that
1
(5.12) ICsl|x=x <Cieo < 2

provided ¢ is small (see (5.4) for the definition of X). Therefore, the operator I — s is invertible on
the space X and U(t, s) can be expressed via the Neumann series

Ult,s) = [(I—Ks) telt=9H0] (1) = 3 [Km it =) Ho] (1)

m=0
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which converges in the norm of X. Writing out (U (¢, )5, g) explicitly leads to (5.6). Next we check
that for any F' € L7(LS) the function t — (KsF,g) is continuous for any choice of g € L2. In fact, if
t1 < tg, then

(K EF)(t2), 9) = (KsF) (1), 9)] < /2<V(81)F(81),(6i(“SI)HO— itz )| ds,y

[V ), e g s

t1

I1Fl 7 ugyllg — =0

IN

||V|| gll2

%
e }

+V 3(/ F812d81) gil2-

VI, (L 1EGIZg dst) gl

Since the last expression tends to zero as ta — 1, continuity follows. Hence (K7'F)(t) is also weakly
continuous in ¢, and thus Ke!(=)Hoy is, too. Since (U(t,s)ts,g) is a uniformly convergent series
of these continuous functions, it follows that it is continuous. O

Remark 5.3. The proof of Lemma 5.2 shows that the operator Ky : L?LS — w — C?(L2) maps L?LS
into the space of weakly continuous functions with values in L?(RR3).

For technical reasons connected with the functional calculus in the following section it will be con-
venient to work with smooth potentials in Y rather than general ones. To approximate a general
potential V by means of smooth ones, choose nonnegative cut-off functions x € S(R?) and 1 € S(R)
so that x and 7 have compact support and satisfy [os x(x)dz =1, [gn(t)dt = 1. In addition, let
x = 1 on a neighborhood of 0. For any V € Y and R > 1 define

V() = Vit )x (s

=)« BX(R)

(1)

where the convolution is in the z-variable only. Note that V5" is well-defined, smooth and compactly

< 00. Moreover, it is standard to check

supported in z, and satisfies ||V}(21) | Lo < oo since ||V]| 3

Lge(Li)
that
sup IV Iy < lixleo 1V 1y
Indeed,
VAP 5 < Il IV BRI 3 < oo IV
whereas with I'(z) := |z|~! and M denoting measures in the 7-variable,

(1) < - > .
(V"G llan 7)) < sup () IVl T) ()
< Illoe sup(IIV(Ellae + ) (),
Yy
as claimed. To regularize in ¢, define

Va(-z) == [V () = Ry(R)]n( )



where the convolution is in the ¢-variable only. Again one checks that

A~ 1 A~
IVally < (lnlloo + 110 1V Iy < Umllos + 10110 Illoo 11Vl

for any R > 0. We will use that Vg — V as R — oo in the following sense: For a.e. t one has

(5.13) \Vr(t, ) = V(t,-) — 0 as R — oc.

HLg(R3)

Firstly, it follows from standard measure theory that for a.e. ¢

(5.14) IVED(t, ) = Vit )|

L%(R3)—>O as R — oo

Secondly, with ng(t) := Rn(Rt),
IVa(t,) = Vi ()]s
< v t,)—vil,. v, sl = n(t/R
< VR *nr)(:-) = Ve (&)l + IV (£ ) |31 = n(t/R)]

o0 1 1
< / (o) Vi (¢ = 5,) = ViD )l g ds + L=t/ R) Il IV 5
—00 t z

615 < Il [ an() V(=5 = Vil ds+ o)
— 0

for a.e. t as R — 0o0. The conclusion (5.15) follows from the vector-valued analogue of the Lebesgue
differentiation theorem (in this case “vector-valued” means with values in L%) In combination

with (5.14) this yields (5.13).
We shall now prove the convergence of the approximate solutions ¥ g(t, x) satisfying the equation
(516) iatqu)R - A¢R + VR(ta x)d}R = 07

¢R|t:s = T;Z)s
to the solution (¢, x) of the original problem corresponding to the potential V (¢, x). Note that due
to the smoothness and boundedness of the potentials Vi the L{°L2 function 15 can be interpreted

as a distributional solution of equation (5.16). In fact, the left hand-side of (5.16) belongs to the
space L{°H~2. In addition, 9 is also a Duhamel solution as in (5.3).

Lemma 5.4. Let Ug(t,s) be the propagator (5.16), i.e., Ur(t, s)s = ¥r(t,s). Then for any s,t € R
such that t > s, and arbitrary functions v, g € L*(R3), [¥slz2 = llgll2 = 1 we have

(5.17) < Ug(t,s)s,g > — < U(t,s)hs, g > as R — oo

Proof. First observe that since the potential V' satisfies the smallness assumption (5.5), Vg also
obeys (5.5) for all R > 0. According to Lemma 5.2,

Untt g = 3 1 [ [ (I Vi, e 5.
m=0

s<sm <..<s1<t

(5.18) Vi(Sm,-)e'm=Ho gV dsy...dspy,
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for any v, g € L?(R?). Equivalently, Ug(t, s) can be represented by the Neumann series

[e.9]

Unt,s) = [(I = Kry)~te=9H0] (1) = S [KCgmeit=H0] (1)

m=0

which converges in the norm of the space X defined above. The operators Kgr, : X — X are defined
as

t .
(KroF)(t.) =i / = DHOY (51 Y F(sy, ) dsy.
S

To verify the conclusion of Lemma 5.4 it suffices to show that for an arbitrary positive € > 0, all
positive integers m < mg(e), and all sufficiently large R = Ry(e, mg)

(5.19) (KT — Kpm™) et = oy g) ()] < e(Creo)™ 'm

The positive integer mgo(e) is chosen so that 2(Cicp)™ < € which ensures the smallness of the “tails”
of the series for U(s,t) and Ug(s,1t).
For the bounded operators Kg, Kr, on the space X we have the following identity:

m—1
(5.20) Kry' = K7 =" Kri(Ks — Kro)K !
/=0

We shall prove that for ¢ € [0,m — 1]
(5.21) [(CRA(Ks = KRy ) K 1elt =10y, g) (£)] < e(Creo)™ !

which immediately implies (5.19).
In view of Remark 5.3 the operator Ky, and thus also Kr,, maps L?LS — w — CP(L2). Therefore, for
an arbitrary fixed ¢ > s we can define the operator Kgy; : L?L8 — L2 via the formula

KrstF" = (K F)(2)

In addition to the L2 pairing (,) we define the space-time pairing (,);, as usual: for any pair of
functions F' € L{LE and G € L} LY with ¢,p € [1, 00] let

<F,G>t7w:/R/RS F(t,z)G(t,z) dxdt

6
We now introduce the dual operator Kgj, : L2 — L[2L}. In addition, since Kg, : L?LS — L?LS we

6 6
also define the dual of Kgy, Kg¥: L?L3 — L?L3. Therefore for £ > 1 the left hand-side of (5.21) can
be written as

Irst = <]CRstICR£71(/C —/CRS)ICmfefl i('*S)How g)
(e~ K, g

We assume that ¢ and mg(e) are now fixed and invoke Egorov’s theorem. According to (5.13)

|VRr(s1,-) — V(s1, ')”Li” — 0, as R — oo
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for a.e. s1 € [s,t]. Therefore, for any § > 0 there exists a set B C [s,t] such that |B| < ¢ and

||VR(817 ) - V(Sla )HL% <g, v51 € [S’t] \B

and all sufficiently large R > Ry(e,6). Let xp be the characteristic function of the set B. We define
operators

ys = (’Cs - ,CRS)XB7
= (Ks — Krs)(1 — xB),

It is easy to see that Vs, Z¢ : L7LS — L?LS. Moreover, 125l 20628 < Ce for all R > Ro(e, ) and
1Vsllzzrs—r2s < Creo < %, see (5.12). Therefore,

Ipsy = (K telt= oy, 2 K KRk 1g)ee + (xgKm et oy VIR CRE 10) 1

We can easily estimate the first term by

m—~_—1 * * 1 £—1 —(m—1)
g e 2300 81 e WS, gllaalolsz < 20,
For the second term we have the bound
m—~—1 7, -—s)Hyo *([4—1
Ik O Lo Y Lo pAP Y L P 1

< Ixsky et HO¢S||L§L2(CICO)Z+1
Observe that
el og| 2 e < (Cheg) ™ [4hsll 2 < o0
Therefore, we can chose § = d(my) in Egorov’s theorem in such a way that

mo(e) m—1
sy et Mo | 2 e < e(Creg)™

1

3

,_.
~
Il

m=

Hence we have the desired bound
[Trst| < e(Creg)™ !

forall 1 <£<m—1and m < mg. To settle the remaining case of £ = 0 we observe that for £ =0
Trse = (Ko — Kro KT et 9Hou gy () = (VLT et Houy, g)(#) + (2T e oy, g) (1)

Similarly to the operator Kg,; we can define the operators Vs, Zs ¢ : L?LS — L2. Moreover,

”Zs,tHLng_>L3 < Cg, 21612 < Cicp.

Thus
TR,stl < CrcolIxsKy e 950 126 + e(Chog) ™! < 2¢(Cheo)™

by the choice of the constant § in Egorov’s theorem. O
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Since the potentials Vi(t,z) are smooth in both variables, the solution operators Ug(t,s) are
unitary on L2. Together with Lemma 5.4 we have the following

Corollary 5.5. The L? norm of the solution v(t,-) of the Schridinger equation (5.2) is a non-
increasing function of time, i.e,

Ut 8)¢sll Lz < [[slz2
for all t > s and arbitrary functions s € L2.
Lemma 5.4 also implies that we can assume henceforth that V (¢, z) is a smooth potential with
compact support in the x-variable and the variable 7 of the Fourier transform relative to t. We
can also assume that V satisfies the smallness assumption (5.5). We shall show that the following

estimates depend only on the norm of the potential in the space Y defined in Defintion 5.1 and the
smallness constant cg.

5.1 Functional calculus

The goal of this section is to obtain the explicit representation of the integral kernels of the operators
involved in the Neumann series expansion (5.6) for U(t, s), as some special oscillatory integrals.
We introduce the notation

V(%,) = /e“TV(t,-)dt.

The m-th term of the series (5.6), which we denote by Z,,, can then be written in the following form?:

(5.22) (T (t, 8)ths, g) = / dry..dr, / / dsi...ds,, (et—sVHogisimiy (7 )
Rm

s<sm<..<s1<t

TV (i, el 0, g).

The identity above is verified on arbitrary functions vy, g € L2.
We shall also make use of the spectral representation of the operator e

eitHO:/eitAdE()\).
R

itHg
)

Here, dE(\) is the spectral measure associated with the operator Hy = —A. In dimension n = 3,
dE(\) has an explicit representation as an integral operator with the kernel

sin VAalz—y] gy A >0,

dEA)(z,y) = {0 Aoy N <0

Recall also that the resolvent R(z) = (Hy — z)~! is an analytic function with values in the space of
bounded operators in z € C\ R;. In the above domain,

(5.23) R(z) = /R CZE_(’?

2Here we use the fact that V(7,-) has compact support in 7 to interchange the integrals.
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We shall use the following simplified version of the limiting absorption principle stating that R(z) =
R(X + ib) has well-defined operator limits Ry(A\) and R_()), for A > 0, as b — 0" and b — 0~
respectively. The operators R4 (\) map the space of Schwartz functions S into the space C*°N L*(R3).

On the real axis, the resolvent R(\) can be then described explicitly as the integral operators with
the kernels

24 R (A lim R(\ ekl
. = i j = >
(5.24) +(N(@,y) = lim R(A+ie)(z, y) prp—T >0
. . - eii\/x‘xfy‘
R-(N(@,y) = lim RA—ie)(wy) = ReN@y) = o 220,
R(A R(: VT
(M(z,y) = R( )(%y)—m, <0
In particular, we can write
(5.25) dE(N) = SR(N).
We shall make repeated use of the following regularization:
b eilati0)b _  i(atid)a ) eilatie)b _ i(atie)a
/ e'dqg = : = lim :
o a4+ 10 e—0+ o+ ig

which holds true for any finite a,b € R and arbitrary o € R.

Proposition 5.6. The function (Z,,(t, s)vs, g) defined in (5.22), the m-th term of the Born series
(5.6), admits the following representation:

m—+1 k—1
Tt s) = i™ / a1y T+ ) / ECDNY <<HR+<A+TT+..+Tm>v<fT,->)
m A

k=0 r=1
m+1
(5.26) dEN+ 7, + ..+ Tm)( H V(Tr—1, ) R-( A+ 70 + .. + Tm+1))ws, g>,
r=k+1

where we formally set T,+1 = 0. The representation holds true with arbitrary Schwartz functions

Vs, g €S.

Proof. We start by verifying that the expression on the right hand-side of (5.26) defines an absolutely
convergent integral. Recall that the potential V (7, ) is smooth and has compact support in both
variables. Therefore, the variables 7, .., 7,,, are restricted to a finite interval of R. It also follows, with
the help of our version of the limiting absorption principle, that the operators V (7, )Ry (\) map S
into S for all 7, A € R. In addition, we have that

dEQN)f = X"NdEMN) (AN f
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for an arbitrary Schwartz function f. Hence,

(5.27) ‘<<ﬁR+(A+n+..+rm)V(ﬂ~,-)>

r=1
m+1
dE(A+ 71+ .. + Tm)( H V(fr-1, ) B-(A+ 7+ + Tm))¢5’9>'
r=k+1

(5.28) <COA+ NV

for arbitrary Schwartz functions 15 and g with a constant C' depending on 15, g, and V' (in particular,
on the size of the support of V(7,z) in 7). This can be seen most easily by moving the operator
in (5.27) onto g.

In what follows we shall manipulate the operator valued expressions with the tacit understanding that
all equalities are to be interpreted in the weak sense. However, for ease of notation we suppress the
pairing with the Schwartz functions ¥, and g. The absolute convergence of all of integrals involved
(after silent pairing with 15, ¢) will also allow us to freely interchange the order of integrations.

We replace each of the e!(ss—sk-1)Ho jp (5.22) with its spectral representation:

Im(t,s):/ dr. dTm/ / / / dsy...dsy, Z(t 51)A1 1817'1dE'()\1) V(Tl, ) i(s1—s2)A2
R’l’l’b

)\17 . m+1 S<Sm< <51<t

22 dE(\)V (fa, -6’ mt=sm)AmelsmTm g (N, NV (7, ) S DAmer d (N 1)

—/ dn..dm/--~/ // dsi...dsp €M dE (M) V (7, )t (T MTRIGE(X)V (7, )
Rm

ALy Amat1 5<sm <. <51t
(5.29) eis2(m2—Aa+As) AEMm)V (Fim, .)BZ‘S'm(Tm—>\m+>\m+l)dE()\m+1) e iSAm1

Consider the first term
t
7 = / dry / / dsy €M AE(M\) V (71, )1 (m=Mtr) g B )y)e M2,
R A2

Integrating explicitly relative to s; we infer that

-~ 6it(7‘1—)\1+>\2+i0) _ 6is(T1—>\1+)\2+i0) 3
Il t,s = —i/ dTl/ el 'dE )\1 Vv 7A'1,~ ; dFE )\2 6_28 2
(t:5) R A2 A V(R ) 71 — A1+ A2 + 40 (A2)

i(t—s)>\2
——i|d it(ﬂ“‘O)/ dE(M) V (1, ) — dE(\
Z/}; 7—16 )\1?)\2 ( 1) (Tl )Tl—)\1+>\2+’io ( 2)

. . it*S))\l
+i / dryets(mti0) / dE\) V (71, )
R A1,A2 !

il
—d
— A+ A +10

E()2)
=i /R dr e’ A =2 R ( Ny +71) V (71, )dE()\2)
2
+i /R dre’n /A e E=MAB(A) V (71, )R- (Al — 71)
.
=i /R dr e A 't (R+()\+7'1)V(7°17-)dE()\)+dE()\+71)V(%1,-)R_()\)>.
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In the above calculation we have used the spectral representation (5.23) for the resolvent and (5.24).
The proof now proceeds inductively. We shall assume that

(5.30) I (t,s) = zm/ dry ... dry, etmt-tm) / ei(t_s)’\de()\;Tl, ey Tm)s
m A

where dM,,(X\; 71, .., Tm) is the operator valued measure ? defined by

m

AM (N 1y ooy Ti) = Z [R+()\ +71 4+ T)V(TL )R AN+ o+ 4 )V (T2, )V (T—1, )
k=0

AEAN+ 7+ .. + )V (T )R- AN + i1 + - + 7o)V (Tret1, ). V(T - )R-(N) | -

Formally setting 7,,,4.1 = 0, we can also write the above expression in the following more concise form:

m+1 , k-1
AMpp (X 71,00 ) = ( [[R:O+7m+ .+ 1)V (5, .)> AE\ + Tk + . + )
k=0 “r=1

m+1
(5.31) < Il Ve )R-+ 7 +.. +Tm+1)).
r=k+1

We have already verified (5.30) for m = 1. It remains to check that

Tmt1(t,s) = imﬂ/ dry..dTm1 (Tt A Tm+Tmp1) / ei(tfs))‘de_H()\;Tl, ey T+1) -
Rm+1 A

We can deduce from (5.29) the following recursive identity:

t . .
i (t,5) = / dn / / ds1e"™ dE(A)V (71, ) €1 ML (51 5).
1 A /s

Substituting the expression for Z,, from (5.30) we obtain

t
Tnii(t,s) =i™ / dry...dTm 1 / / ds1 €™ dE(\)V (71, )
Rm+1 A A1

S

ei51(7'1+..+7'm+1—/\1) ei(sl—s))\de()\; T2, .. Tm+1).

30nce again we make sense of dM,,(\; 71, .., 7m) only after pairing it with the Schwartz functions 15 and g. Then
(dMp (X1, .., Tm)¥s, g) is a finite measure relative to A — in fact, rapidly decaying in A, see (5.28) — which depends
smoothly on 71, .., 7, and vanishes outside of a compact set in these variables.
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Integrating explicitly relative to s; we infer that

Tt s) = —im+1 / dry...dTp i1 / MM eTINIB(A\)V (71, 1)
Rm+1 A A1

eit(T1+..+Tm+1f)\1+)\+’i0) _ eiS(T1+..+Tm+1f)\1+)\+’i0)
T4 o+ Ta1 — A1+ A+ 0

_ _Z»m+1/ dri...dTmin ezt(71+..+7'm+1+10) ez(t—s))\
Rm+1 A

AM o, (X; T2y ooy Timt1)

dE(\)
T+ o+ Tmgp1 — A1+ A+140

+ z’m+1/ dry...dTm i1 eis(71+~'+7m+1+i0)/ e =DM ap(\)
Rm+1 >\7)\1

V(%b )de()\a T2y -y Tm+1)

AMop (N T2y ooy Tins1)

V(t1,- — =J; + Jo.
(" )71+..+Tm+1—)\1+)\+20 b
According to (5.23) and (5.24)
dE(A1)
— =R (A+71+ ..+ Tmg1)-
/,\171+..+Tm+1—)\1+)\+10 +A+m Tm1)
Therefore,
(5.32)
Jp =imtt ATy ... d Ty €T+ Tm1) / PR AT+ oo A T )V (F1, )Mo (X T2y ooy Trns1)-
Rm+1 A
Observe that, with the convention that 7,19 = 0,
m+2 k—1
Ri(A+ 714 o+ T )V (71, )M (X T2, oy Tong1) = ) [( [[R:O+7+ .+ )V ()
k=2 r=1
m+2
(5.33) AEA+ 754+ i) (] VE1, )R- A+ 70 4+ Tmg2)) |-
r=k+1

It remains to consider the integral Jo.

- ; (e AMp, (X; T2y <oy Tint1)
— ;m+1 dr...d is(T1+..+Tm+1+140) i(t S))\ldE AV (7. - m\Ny 125 -4y Tm—+1
Ja=1 / Tl GTm1€ A R e P Wiy e
Rm+1

(5.34)
= 4mtl / dT1...dTm+1€it(ﬁ+"+‘rm+l)+is(i0) / €i(t_8))‘1dE()\1 +71+ ..+ Tm+1)
Rm+1 )\1
N de(A;T27"7Tm+1)
V(ﬁ")/A A= AL+ 10

Inspection of the desired expression for dMy,+1(A; 71, .., Tm+1) and equations (5.32)-(5.34) suffices to
verify the following formula:

m+1
AMp, (X; T2y ooy Tit1) + R
= E_ )\ -+ T . m V Ty R— )\ .
/)\ A=A +i0 EQ A1+ 7 4 A T )V (7 ) (A1)
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This is accomplished in the following two lemmas, and we are done. O

We recall definition (5.31) of the operator valued measure dM,, and prove the following more
general result

Lemma 5.7. Let ay,..,a,, € R be a sequence of arbitrary real numbers and let A1, .., Ay, be arbitrary
operators*. Then

/A)\_;H.Oi(lﬁR+(/\+ar)Ar>dE(A+ak)< ﬁ Ar_lR_()\-i-CLT))

k=1 “r=1 r=k+1
m—1
(5.35) = < IIr-(u+ ar)A,,)R_ (1t + am).
r=1

As before, the identity holds after pairing the above expressions with a pair of Schwartz functions

s, g.

Proof. We shall write each Ry (\+ a,), for all values of r = 1, .., m different from & using the spectral
representation

dE(\, + ay)

Ri(AHL’"):/ A —AFi0

We shall also rename the variable of integration A to Ax in each term of the sum in k. The left
hand-side of (5.35) then takes the following form:

m k—1 m m—1
1 1 1
S [] [T - ( [T BN +a)A; JdEGm + an
/ /k:1/\k—,u+i0r1)\T—)\k—iOT:Hl/\T—/\k—i—z’O(j:l (A + ay) ]> (A + am)

)\17--»>\m

T

The proof of Lemma 5.7 is finished provided that we can show that the following identity holds true:

m 1 k—1 1 m 1 m 1
;)\k—/ﬁ—iorrll/\r—/\k—iOTzlll)\T—)\k+i0:Tl_[l)\r—u—i—io

In the distributional sense

m

) ) . . ) 1 1

Iim lm .. lim Im .. lm —m—m— I | _
exg—0T e1—=0T e,_1—0T g1 —0~ em—0~ )\k; — U+ ek )\T — )\k; — &y

r=1,r#k
m
. 1 1
= lim

e—0+ A\ — p + ike Ar — A, +i(r — k)e

r=1,r#k

Therefore, we can introduce the new variables z, = A\, — p + ire, r = 1,..,m and prove instead the
following statement. O

Tt suffices to assume that that the operators Ay, k = 1,..,m map the space C°°(R*) N L*(R®) into the the space S.

37



Lemma 5.8. For any pairwise distinct complexr numbers zi, .., zm € C,

Proof. The key identity is the statement of the lemma for m = 2

1 N 1 1
21(2’2 — 21) 22(2’1 — 22) 2179

which follows immediately by inspection. The general case then can be proved by induction. We
shall assume that the identity holds true for m — 1 and prove the result for m. We first note a simple
equality

1 1 2 — 21

(zm — 2k) (Zm — 21) (2m — 21)(Zm — Zl)‘

Therefore,
—1 1 —1
I Lyl Lyl
z Zr — X, Z — Z z Zr — X, z zZ z Zr — X2
k=1 Ktk Tk L T N A U s S S Oy A
—1
15 1
_|_7
Zm II Zr — Zm
r=1

According to the assumption m — 1 with z1,..,2;,—1 the first term on the right hand-side gives

1 .
Eor — We also have

1 m‘11ﬁ 11 i1ﬁ 1 11T 1
Zm — 21 2 Zk r=2.r £k Zr — Zk Zm — 21 2 Zlk r=2.r £k Zy — Zk Zm — 21 Zm Zy — Zm
B 1 1 ”1‘—‘[1 1
(zm —21)22° " Zm  Zm S 2= Zm
by the m — 1 inductive assumption for zs, .., zp,. Finally,
1 1 1
(2m — 21)21 - Zm—1 (2m — 21)22" - 2m 21 Zm
as desired. O

We shall now derive the explicit representation of the integral kernel of the operator Z,,(t,s)
acting on the Schwartz functions ;. We start by noting the following simple identity which holds for
arbitrary real numbers a1, .., @1 With m > 1:

m+1 m+1
(5.36) Z gilart tar1=arp——ami1) gip g, = sin(z ag).
k=1 k=1
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This identity can be easily proved by induction on m. Recall that

Ei/ile—y|

Ry (p)(z,y) = e —y " €R

with /g defined in such a way that Im,/z > 0 for Imp > 0. We have Ry (u) = R_(p) for p < 0.
Also recall that the kernel of the spectral measure

sin \/plz—y| dp >0

AB (1) (,9) = {0 we

We return to the representation (5.26) for the Z,,. Let (with 7,11 = 0)

T+ ..+ Tmp1 = min (7 + .. + Tim41)-
rel[l,m]

To simplify the formulae we introduce a new operator 7, (¢, s), implicitly dependent on 71, .., 7y,

Tin(t,s) =i™ dry..dry, Tt FTm) gt ) (Tt A1) T (4 8) (71, ., Tin),
Rm
(5.37)
) m+1 ,k—1
Tm(t,s) = / e/ s) Oty rmin) < [[R+O+ 7+ + )V (5, ~)>dE(>\ + T4 -+ Tim)
A k=1 Nr=1
m+1
< Il V&1 )R-+ 7+ + Tm+1)>.
r=k+1

Define non-negative numbers o, r =1,..,m + 1
or = (T + . + Tmt1) — (75 + .. + Tig1)-
After a change of variables we obtain the expression
' m+1 ,k—1 m+1
T (t, s) = / Y (H Ri(\+ 0,)V (7, -)>dE (A + o ( II vE-1. )R-+ ar)>.
A k=1 Nr=1 r=k+1

Observe that due to the presence of dE(A+a},) the k' term in the sum above vanishes for A < —ay, < 0.
Therefore,

TIm(t,8) = L (t,8) + M (t, s)

(5.38)
o m+1 ,k—1 m+1
Lon(t,s) = / ellimsh (H Ri(\+ 0,)V (%r, -)) E(\ + oy, < I V&1, )R-(A + ar)>
0 k=1 “r=1 r=k+1
0 m+1 , k-1 m+1
Muts)i= [ Py (HR+<A+UT>V<m->)dE A+ o) ( ] Ve <A+ar>).
- k=1 “r=1 r=k+1

39



To obtain the explicit formula for the integral kernel of the operator L£,,(t,s) we make use of the
following: the parameters o > 0, A > 0 on the interval of integration, and the explicit representations
for the kernels of Ry (u) and dE (). We have

m—+1
Lot:s)(w9) = [ v [T ane Ny [ez’anlwm+~-+w+mlmwm
" 0 k=1

m -
e—i(\/>\+Jk+1|:ck—:ck+1\—..—\/A+0m\xm71—y|) sin (m‘xkfl . xk‘) H V(Tm «Tr) 1 ‘:| 7
Y
r

e} At|xp—1 — x| 47|20 —

where we set xp = . We now recall the identity (5.36) to infer that

m+1
Em(t,s)(a:,y):/ dzy..dz,, H V(i z) y|/ d) e't=9) sm<z VA + oglag_ 1—xk]).

47T|I‘r 1— Ty 47T\xm

Changing variables in the A-integral and integrating by parts yield (formally)

/ d et X gin (Z VAt op|zr_1 — a:ﬂ) = 2/ dA X et gin (Z VA2 + oplrg_1 — xk>

0 k=1 0 k=1

(5.39) = ; ! Z/ dX e =92 cog <Z VA2 + oplag_1 — a:k|>
0 k=1

— S
(=1

A
N/ T
J4

+bounday term at 0.

“Formally” here refers to the fact that the integration extends to oo and that the boundary term
vanishes at co. These statements can be made precise in the usual way, i.e., by means of suitable
cut-offs at points tending to infinity. Therefore, finally

L (t,s)(x,y) = ! Z LE.(t,5)(z,y) + bounday term at 0,

m

V(Tr,xp)  |Te—1 — 2]
540 ﬁz t = d e d m :
( ) m( ,8)(%‘,2]) /m 1 t 'rl—I 47‘(’[ET 1— .I'r‘ 47T’=Tm y‘

/ d\ eit=9) (Z\/)\2+ak|xk 1—33k|>
0

VA2 + O'g

To describe the integral kernels of the operators M¥ (¢, s) we shall first order and rename the param-
eters o, k=1,..,m + 1. In fact, define inductively

wg = max{ox b re(1,m+1] \ {Weteet,a—1>

and set k = k(c) and ¢ = ¢(k) iff o = w.. We shall split the interval of integration in A in (—oo, 0]
into the subintervals

(_oov_\/"‘Tl]’[_M’_\/“Td] for d€[2,m—|—1], and [_\/(;m-i-l?O]'
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For A € [—yw,_;, —v/wy|, the spectral measures dE(X + o)) = dE(A + w,) vanish for all ¢ > d.
Therefore, with the convention that wy = co and wy,+2 = 0, we have

m+2
— Z M
‘\ﬁ 4 ke)-1
Gan) M= [ e S”Z( I1 R+<A+wa<r>>V<fr,‘>)dE<A+wc>
_\/‘T c=1 =

< mff V(%H,-)R(Hwa(r))).

r=k(c)+1

Strictly speaking, M} (t,s) = 0 so that the sum over d starts at d = 2. The integral kernels of
Ri(A + wy(ry) for a(r) < d — 1 contribute oscillating exponential phases while for a(r) > d they
produce exponentially decaying factors. Hence,

— /&g
Try @ 1 .
M (t,s)(z,y :/ dzy..dx rr) / drel(t=3)A
m(t8)(@,y) m mH47r|xr 1 — x| 47|z — 9l
=y
d—1
Z (VAW |zR) 1 =R [+ A/ At we—1|Tr(e) 2= Tk(e) 1)

c=1

eIV A wet1 |[Zh(c41) -1 = Th(cr) |+ T/ Atwd1|Te(a—1) -1~ Tr(a-1)])
P
; = e —NTh(a) 1 —Th(a
sin (\/)\ + We| Tp(e)—1 — xk(c)|)€ a=d+1 1Tk (a)—1=Tk(a)|

Once again we recall the identity (5.36) to infer that

-1  p
. c—1 d
ez( VAT DalTh(a) -1 —Th(a) = a1 VATWb1 TR 1) —1— Ik(b+1)|) sin ( /X + wc|$k - xk(c)D
c=1

d—1
n (Z VA + welTrey—1 — wk(@!)-

c=1

Therefore,

V (7, ) 1

M (t5) (o) = [ do.da, H

L AT|ae 1 — x| Am|zm — Y|

_\/7
Pm
/ dx e'lt=») Sln(Z VA + welTgey—1 — T )|> = a VEwa Az (a) 1 —Tk(a)|
o

We would like to change variables A — A2 and integrate by parts relative to ), as we did for £,,.
Denote the A-integrand in each of the kernels M (¢, s)(x,y) by Fy(A). It is not difficult to see that
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Fi(—wq) = Fay1(—wq) for d = 1,..,m + 1. Therefore, the boundary terms will cancel each other
telescopically, at least all boundary terms that appear pairwise as both upper and lower limits. Note
that there are exactly two boundary terms that are not of this nature, namely w; and wy, 12 = 0. The
latter cancels against the boundary term at zero in (5.39), whereas the former disappears due to the
fact that sin0 = 0. This allows us, in what follows, to ignore the boundary terms altogether. We now
make a change of variables A\ — A\? —wy_;. We also re-introduce the notation o, in the new capacity:

0< 04 =wqg —wW4_1, a=0,.,d—1,
0 < pg =wi—1 — wag, a=d,...,m+ 2.

Mﬁl(t, s)(z,y) :/ dxy. da:mH AGIED) 1

m 47r\acr 1 — Zp| Am| 2, — Y|

Pd

Pm
/d)\ )\e i(t—s) Sln(Z\/)\ —|—0’C’(13k (e)—1 — l’k(c)‘> - a:til m\xk(a)—1*xk(a)|.
0

Integrating by parts relative to A and canceling the contribution from the boundary terms as explained
above, we finally obtain

. . m+1
Mt 8) () = —— ZM‘” (t5) (@) + Z Mt 5) (2, y),
(=1 K d

(5.42)

M%f(t, s)(z,y) ::/ dzy..dz, H V (7, xr) |xk;(5)—1—xk(l)|

47T‘$7n 1— x| Ar|z, — Y|

VPi

Pm
/ e <Z VA2 + 0| Tp(e)—1 — a:k(c)|>e— oV Pa= 22|k (a) -1~ Ti(a)| A
0

\/)\2+Ug

(5.43)

M%E(t,g)(x,y) = —/ dzy..dzy, H V(i 2r) pﬁk(l)il — xk(l)‘

47T|$r 1 _CUT| 47T’$m _y|

VPd d—1
- P7n

/ dA /=92 gin ( > VA 4+ oc|mg(o-1 — l‘k(c)|> e i Voo Rl ammn| A

0 c=1

pr— A2

Combining (5.37)-(5.43) we can state the following
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Proposition 5.9. The integral kernel of I,,(t,s), the m-th term of the Born series (5.6), can be
written in the following form:

Z'm+1 )
In(t,s)(x,y) = ; / dr..drp e Tt FTm)
— S m
m m+2d—1
( Z [’fn(tv S)(Qj‘7 y)(UL ey Um)+ Z Z M%E(tu S)(LU, y)(alv oy 0d—1,Pdy -+ pm+1) +
/=1 d=0 /=1
m+2 d—1 N
(544) Z Z M;i,f(t’ S)(:Ea y)(ala <y 0d—15Pd) ++» pm+1)> :
d=0 /=1

We interpret L, (t, s)(z,y) as follows: for any pair of Schwartz functions Vs and g

Tnlts ), 9) = [ Tt ) 0a(0) o) o .

The functions

Loty )@ y), M (ts)(x,y), Mt s)(@,y)

are defined in (5.40), (5.42), and (5.43) correspondingly with implicit dependence on the parameters
ok, pe- The latter are positive and depend exclusively and in a linear fashion on 11, .., Tp,.

6 Estimates for oscillatory integrals

The purpose of this section is to prove the following lemma.

Lemma 6.1. There exists a constant Cy which only depends on the constant ag so that for any
positive integer m and any 1 < k < m,

(6.1)

00 P
102 4.0 m 3o N2ao. A _
/ eV e jmbiVAe 2 gy < Com*b; ! m?xbg
0

\/ A2 4 Ok
for any choice of o1 > 09 > ... > 0y, > 0 and bj > 0.
Proof. Changing variables u = A2 reduces the integral in (6.1) to

e§zu +i jL bj/uto; du ]
0 Vu+ oy

Denote the phase by ¢ (u) = Ju+ > i1 bj/uF ;. Consider first ¢(u) = ¢ (u). Then

(6.2)

(6.3) _HZW "(u):—zbﬂ‘_g.

In particular, ¢'(u) > 1 and |¢”(u)] < u='¢'(u). Let x be a smooth non-decreasing function with
x(u) =0 for u <1 and x(u) =1 for u > 2. Then
oo .
/ e g1 (u) du
0

(6.4) < C + limsup

L—oo

/ oty __du
e N —
0 VU + Of
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where we have set

(6.5) g1 () = x () (1 - !

x(u/L)) \/ﬁ'

Clearly, \g(Lj)(u)\ <Cj w93 for j = 0,1 uniformly in L. Integrating by parts once inside the integral
on the right-hand side of (6.4) yields an upper bound of the form

| Galgmmell s [ (G + ) e = [ v taese
as claimed.

Next consider ¢(u) := ¢_(u). Then

m

m
J— //
:1vu+0’] ]z; u—i—aj)%

J

Therefore, ¢”(u) > 0 and ¢ has at most one non-degenerate critical point ug > 0.
Fix some A > 0 and assume that ug > 2A. Then integration by parts yields

Rl du uotA gy 1
/ o) du g/ .
0 VU + o wo—A U+ ok T |¢’(u0:tA)\\/uoiA+ak

(6.6) +/u0A AN — +/°O 1]
. — | du T —
0 du ¢’ (u)y/u+ o oA | du ¢’(U)\/U+0’k
wotd g 2
R R D D .
w—A VUt ok TP (ug £ A)[Vug £ A+ oy
To pass from (6.6) to (6.7) one uses that ¢'(u)/u + oy, is strictly increasing, so that

/uo—A
0

IO )If

d 1

1
%qﬁ’(u)\/u + og du

1
¢(0)\/or & (ug — A)Vuo — A+ o%
1 1

TTIOer 6w - A - AT o

the final inequality following from the fact that ¢'(0) < 0 since 0 < ug. A similar argument applies
to the other integral in (6.6). First, one has the bound

uotd g A A
(6.8) / ~ M < {—,\/UO—FA—i-ak} <

o—A U+ ok Vug + A+ o N
Second,
0
(6.9) 16/ (uo — A)| = / o) du > A9 (wo).
uo—

Set A = ¢ (uo)fé. Then from the preceeding,
: < 1 <4
|9/ (ug — A)[Vug — A+ o1, ~ A" (uo)vuo + o ™ Vuo + oy,
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which agrees with (6.8). It remains to control the ¢/(ug + A) term in (6.7). First
uo+A m o ruo+A b,
¢ (ug + A) = / ¢"(s)ds = Z/ — —ds
uo jm1Juw (s+o0j)?
b

= (uo +0j)

m

(6.10) = A 5 = A¢" (uo)

where we used that ug > 2A. Thus, as in the case of ¢'(ug — A),
1 < 1 < A .
¢/ (uo + A)[Vuo + A+ ox, ™ A (uo)y/uo + ok = Vuo + o

It remains to estimate A = [¢"(ug)] 2. The critical point ug is determined from the equation

m
b
6.11 =) —L .
611 >
Let p € [1,m] be such that
by ma. b,
—_— = X ——
Vuo +0p  je[lm] \/Ug + 0j
Clearly, from (6.11),
b 1
6.12 L —.
(6.12) ~

We also have that

- b b 1 1
¢/I(UO)ZZ J 2 P % 27

= (wo+0j)  (ug+op)z MU0t Op

Thus
(6.13) A< mz\/uy + op.
By the maximality of \/’U/I(ZPTUP

by by,

Vup +op T Vuo + ok

It now follows that A

< méiuo +O_p < m%bﬁ

Vug + ok
It remains to consider the case ug < 2A. This includes the case where ug does not exist, in which
case we set ug := 0. Define A’ = m%\/qm 2 m%bp > A. Note that also A" < m%bp. As before,
integration by parts yields

uo+A’ du 2
_'_
/0 Vu+og - [¢'(uo + A)[Vuo + A" + oy,
Al 1
< + )
VA + o, |(;5’(U0-|-A/)‘\/A’—f-u()—1—0']C
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/ * gy _ du

givtw) AU
0 VU + o
(6.14)




The condition uy < 2A together with (6.13) imply that ug < ma2, /ug + op,. We first consider the case
ug + op > m. We have

/ / uo+A’ 7 - oA’ bj
¢ (up+A') = gzb(s)ds:z ———ds

3
0 j=1"u0 (s +0j)2

The condition that uy + 0, > m and the definition of A’ imply that ug + o, > A’. Thus

1
g+ A zmA— e sy L™
0 3 )
(uo + 0p)2 up + op up + 0p
where we used that b, > m~1\/ug + op and the definition of A’. Therefore,
1 1 b 1 b 1 b
<Mi——k—— < mi—=—— <m3-E,
¢/ (uo + ANVA +ug+0r, = VA fugtor = Vuotor T by
where we used that /ug + o5 > bi. Also
/ /
(6.15) A A YT b

\/A’—G—Uk ~ \/U()-i-O'k Vug + o bk7

as desired. It remains to consider the case ug + 0, < m. Here the integration by parts is as follows.
Fix B = m*.

/B du n 2
o Vator  [9BIBTon

/oo io) U
e _ du
0 Vu+ ok

B 1
(6.16) < + )
VB+o,  |¢/(B)|VB+oy
Furthermore

, B 1< B b 1 By,
¢ (B) = ¢(s)ds:§z 7%&552 7%013
uo U Uu

o1l (s+0y) o (s+op)
_ by _ by
Vo + 0y \/B—&—U}D

Since b, > m~/ug + op and b, < \/ug + 0, < \/m we obtain that

1 v/ m 1
B>~ YT
al )_m m2 ~ 2m
Thus - .
/ gio) _dw | omT L 2m oo
0 VU + o Vmt 4o, /mt 4oy
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This ﬁmshes the proof if ug > O exists Finally, suppose the critical point ug doesn’t exist. Then
Py \ﬁ < L Ifin fact 330, \ﬁ 3, then ¢/(u) > 3 for all u > 0. This case is treated in the same

way as the phase ¢,. If, on the other hand, ZJ 1 \/F > 2, then one can define the index p € [1,m]

-1

as before. In particular, on still has the crucial property . The reader will easily check

\/@ ~
that the previous analysis of the case ug < 2A applies mutatis mutandis. O
Lemma 6.2. There exists a constant Cy so that for any choice of 01 > o9 > ... > o, > 0,

p1L=>p2>...2p>0,b; >0, and ¢; > 0, one has

(6.17) < Com?b,* max b;

j m

v piA? i P b/ 3ro; - / A
v vog=1Y % exp(— civ/ pi — A2 dA
~/O X( ; P >‘/>‘2+O-k

forany 1 <k <m.

Proof. As in the previous proof, we set ¢4 (u) = ju+ Z;”:l bj /u+ 0;. The integral on the left-hand
side of (6.17) is the same as

(6.18) /0 =) exp (- Zcﬁ pi — )\/JZJFLU

We first consider the easier case of ¢(u) := ¢ (u). In that case ¢/(u) > 3, and |¢"(u)| < u= ¢/ (u),
see (6.3). Let w(u) = exp(— Zle ci/pi — u) and g(u) = x(u)x(pr — uw)(u + O'k)ié cf. (6.5). The

cut-offs at the endpoints 0 and py, respectively, contribute only O(1) to the integral in (6.18) and can
therefore be ignored. Integrating by parts yields

/0/’@ eid’(U)w(u) g(u) du| < /0 dci g(qb')( g w) du
el d g(u) el ey 9(u)
(6.19) S/o du o) du—l—/o w'(u) ‘ du

¢'(u)
< il s [ (o + ool [ s

To deal with the second integral in (6.19) observe that w'(u) has the same sign on the interval of
integration. Therefore, removing the absolute values and integrating by parts reduces it to the first
integral.

Next consider ¢(u) := ¢_(u). The analysis is very similar to the corresponding case in the proof
of Lemma 6.1 and we will use the notation as well as some estimates from there. Thus let ¢/(ug) =0

for some critical point ug > 0. Furthermore, let A = ¢” (uo)fé and suppose ug > 2A and ug+ A < py.
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Then as in (6.7),

Pe
/0 © Jutar !

utA gy, 1 u=A| ¢ w(u)

(620) = /uO_A Vaton Zi: /(o = A)|v/uo £ A+ o +/0 du gyt o
re | d w(u) 1 1

6+ [ |Gy v o e

(6.22) </uo+Adu+Z ;
' - uo—A U+ ok T |¢/(UO:|:A)|\/U():i:A+O'k'

To deal with the integrals involving w(u) in (6.21) one uses the monotonicity of w (i.e., w'(u) > 0)

as follows:
uo—A up—A / up—A
0 du ¢'(u)\/u + oy, 0 —¢' (u)\/u + oy, 0

2 L -
= /0 du ¢' (u)y/u + oy, |¢' (uo — A)|[v/up — A+ o,
S 0w - AV —Aror  190)ver

3 2
To pass to the final line we use that

d 1
%qﬁ’(u)\/u + oy,

du

du +

uw—A| g 1 1 1
— - \du= _
/0 dud(u)yyutor| " §O)or (o — Ao — At op
1 1

T TP OVer (9w — AV - AT ox

by monotonicity of ¢'(u)y/u + 0. A similar analysis applies on the interval [ug + A, py], and one
therefore obtains (6.22). This, however, is the same as (6.7), and the desired bound is obtained by
the same analysis. Recall that we assumed uy > 24 and uy + A < pp. If ug + A > py, then (6.20)
needs to be changed only with respect to py, which becomes the upper limit instead of ug + A. The
other case ug < 2A can be treated in the exact same way as the corresponding case in Lemma 6.1.
The only difference being that the integration by parts needs to be changed as in (6.22). We skip the
details. O

To conclude this section, we turn to oscillatory integrals with singular weights.

Lemma 6.3. There exists a constant Cy so that for any choice of 01 > o9 > ... > o, > 0,
p1=p2>...2p>0,0; >0, and ¢; > 0, one has

4

VP P,
/ ' 2N gEl L1k Ao, exp(— Z ¢V pi — )\2> A X
0 i=1 V ok — N

< C() mzcgl max(bj + CZ')
j7l

(6.23)

forany 1 <k <m.
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Proof. We start with the elementary comment that we can assume that
(6.24) pe > 1.

Indeed, if (6.24) fails, then the oscillatory integral in (6.23) is

</\/P7 A d)\</\/p7 A dh=/pr <1
~Y I ~Yy B = pZN *
0 \pr— N 0 \/pe— M2

Moreover, note that c,?l is always an upper bound on the left-hand side of (6.23). For future reference
we also note that one can assume that

(6.25) Ck < \//Tk

Indeed, if this condition fails, then ¢ > /pr > \/p¢ > 1. Thus, the left-hand side of (6.23) is < 1,
and we are done. We now change variables u = A? so that the integral in (6.23) reduces to

/0 1o+ (u exp( ch Pi — )\/%

P,
where ¢4 (u) = 3i\? e™ =% VA9 Recall that the phase d(u) := ¢4 (u) satisfies ¢'(u) >
|¢" (u)| < u='¢'(u). Therefore, with x(u) the same cut-off function as before,

and

N[ =

pe . du
iy (u)
e U u) exp E Civ Pi
/0 X( )X(Pe ( pPi — ) or =1

_/Opé 19" )|X(U)X(P£—U exp( Zcz\/pz )

¢’ (u)?
pe 1

+/0 ) —

du

< pe—1 U pe , ,
< = (\X(U)!Hx(pe—w\)\/ﬁ

\/pk—u

()l — ) exp (- Zczm)

pe—1 pe—1 ¢ i
+/ pe — ) =3 du + / exp cin/pi — u) J du
0! Z Z VPi —un/pe —u

1_7 pj—l

z Pe Cj log py
<p,? + 1+ / exp Cjy/ '-U)*Jdugi—i—ESK
Pe w /1_u Z Pj - m

1 —Uu
Py p']

Next, we consider the phase ¢(u) := ¢_(u). As before, we need to consider the (possible) critical point
ug of ¢(u). First, suppose that ug > %pg. Then there exists some 1 < p < m so that mb, 2 /o, + ps.
By (6.24) this implies that b, > m~!. One concludes from the preceding that there is an upper bound
of the form

< XL < b,

)

Ck
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and we are done. So we may assume that ug < %pg. As in the previous proofs, we will need to

integrate by parts on intervals of the form [0,ug — A] and [ug + A, pg]. Here A = qb”(uo)_%. If
A+ ug > 3py, then it follows that A 2 p,. In conjunction with (6.13) and (6.24) this implies that

uo+0op 2 m~!, and thus also by, > mfl\/m z m_%, which yields the desired bound as before.
Hence we can assume that ug < % peand A+ ug < %pg. We now consider the case ug > 2A, and split
the integration interval [0, p¢] into the intervals [0, ug — A], [ug — A, ug + A], [up + A, p¢]. Our goal is
to integrate by parts as in (6.7) and (6.22). For technical reasons having to do with the monotoncity
of various functions we change variables to v = py — u. Setting ¥ (v) = ¢(u) and vy = py — ug, observe
that ¥ (v) > 0 so that ¢’ is increasing. In particular, ¢'(v) < 0 for v < vg and ¢’'(v) > 0 if v > vg.

Thus, with w(v) := exp (— Zle cin/pi + pe — U), integration by parts yields

pe
/ o) exp( Zcm/m )
0 Pk — U

/Pe () exp( Z cz\/m)

0 VP — P+
vo+A dv =414 w(v) re 1 d w(v)
< . . dv + = dv
—A VPE—petv o Jo dv ' (v)\/pr — pe +v votA | VY (V)P — pe+ v
w(vo & A) w(0) w(pe)

(6.26) +Z D0 Do =Tk A 0o =re 1 (pe) |/ Pk
ug+A
(6.27) 5/ : S —

upg—A P —U

_|_

/UO ! w(v) dv /Pe w(v) dv
o V(WWek—petv vt A V()oK — pe v

(6.28)  +

/UO Ai ! dv’—i—/pe i 1 dv'

RS Wy T I AR OO W ey
w(vg + A) w(0) w(pr)

62) 4 T AN =TT A WO T el

To deal with the integrals in (6.26) involving absolute values one uses the monotonicity of the numer-
ator and denominator. This allows one to pull out the absolute values from the integrals in (6.27)
and (6.28). Recall that 1/ is increasing. In particular, ¢'(v) < 0 if v < vp and ¢'(v) > 0 if v > vp.
Therefore, using also that w’ > 0 and w < 1, another integration by parts yields that

/voA wl(v) dv‘ - /Uo A w/(v) 0
o YWk —petv o YWk —peto
/UOA d 1 P ' N w(0) w(vg — A)
il v _
o i)V —petu V(0)Vor—pe ' (vo—A)pk — pet+vo— A
B 2w(0) B 2w(vg — A)
WOk —pe P (vo — A)Wpr — pe+vo— A
and similarly for the integral over [ug + A, pg]. Inserting all these estimates back into (6.27) to (6.29)
one obtains

PE idu) du w(vg £ A)
/0 exp(- Z‘” P >W—u ~ ZW o+ A)Vpe—pet o EA

1
A <
(6.:30) sﬁk+§¢,(uOiA),m~m*gwuomm’
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where we used that ug + A < 3p, < 2p, in the last step. Since ¢ > 0 is decreasing, one has
|¢'(ug — A)| > A¢"(up) = A™1. Since we are in the case uo < 24, (6.10) shows that ¢ (up+ A) 2

A¢"(up) = A~L. Hence the entire bound from (6.30) is < —— D < \/>Vu°+0p < m2 b Here we first
used (6.13), then b, > m™',/ug + 0, see (6.12), and finally \/> < ¢, see (6 25). The remaining case
up < 2A can be dealt with in the same manner as the corresponding part of the proof of Lemma 6.1.
The only difference is that we have y/rhoy, in the denominator instead of \/ug + 0. For example, the
analysis leading up to (6.15) now produces /m \/b% \/> -2 as desired. We skip the details. O

7 Putting it all together

By combining the results of the previous three sections we are now able to prove our main result.
Theorem 7.1. Let V(t,x) be a real-valued measurable function on R* such that

V(s
< co and sup/ Md <Am
rRé |z —yl

(7.1) sup ||V (¢
t yERS

7‘)HL%(R3)
for some small constant cog > 0, see Definition 5.1. Then
U (L, 8)tsllo < Clt — 5|72 sl for all times t, s and any o5 € L,

where U(t, s) is the weak propagator constructed in Lemma 5.2.

Proof. Recall from Proposition 5.6 that

o

<U(ta S)¢57g> = Z <Im¢5ag>

m=0

for any pair 1, g € S(R3). Furthermore, Proposition 5.9 provides a representation of the kernel of
ZIm(t, s) in terms of three kinds of oscillatory integrals, which are defined in (5.40), (5.42), and (5.43).

Suppose t > s. Changing variables A — \/t’\: in each of these integrals brings out one factor of (¢t —
3

s)_%, whereas (5.44) already contains the factor (t — s)~!. This leads to the desired power (t —s)~2.
More precisely, for the oscillatory integrals from (5.40) this process leads to

> i(t=s)A% o, ( 2 B >
e + o |z T dA
/0 Z\/ k| Te—1 — Tk o
(73) = (t—s)—z/
0

(S VAT e AR
t—s ’
and similarly for (5.42) and (5.43). Thus the parameters o; and pj, and |z;41 — ;| in these expressions

-

pt A2+ oyt — )

are rescaled to oj(t — s), py (t — s), and %, respectively. We now estimate (7.3) and the
analogous integrals from (5.42), and (5.43) by means of Lemma 6.1, 6.2, 6.3, respectively. Using the
second bound in each of these lemmas, which is invariant under the aforementioned rescaling of the
parameters, one arrives at the upper bound (setting z = zp and y = ;41)

; omax @1 — 2|

|Tp — 201

m

o1



in case of L% (t,s)(x,y), and

5 0<m< 1 |Tj41 — ‘

m
Ty — Tr(e)-1]

in case of/\/lgﬁg(t, s)(x,y), M%(t, s)(x,y). Inserting these bounds into the (rescaled) definitions (5.40),
(5.42), and (5.43) finally leads to the estimate

|<Im¢37 g>|
’ Tjt1 — j|

V (7,
< C’m2 It —s| 2 / / H [V, )l 0<]< H dxri...dzy dry ... d7y,.

47T|-Tr 1*$r| ‘ m_y|

In view of Lemma 2.5 this is no larger than

C'm?2 |t — S|_% sup / Mcﬁdw ,
yers Jrs J 4Tz — Y|

and we are done. O
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