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Rigidity in automorphic representations
and local systems

Zhiwei Yun

ABSTRACT. We introduce the notion of rigidity for automorphic repre-
sentations of groups over global function fields. We construct the Lang-
lands parameters of rigid automorphic representations explicitly as local
systems over open curves. We expect these local systems to be rigid.
Examples of rigid automorphic representations from previous work are
reviewed and more examples for GL2 are discussed in details.
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1. Introduction

In this article, we shall study rigid local systems over algebraic curves
from the point of view of the Langlands correspondence.

1.1. The goal. Fix a smooth, projective and connected algebraic curve
X over an algebraically closed field k. Let S C X be a finite set of closed
points. A local system F over X — S is physically rigid if it is determined
up to isomorphism by its local monodromy around points x € S. A local
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system F over X —S is cohomologically rigid if H* (X, j,End®(F)) = 0, where
End®(F) is the local system of trace-free endomorphisms of F, and j, means
the sheaf (not derived) push-forward along j : X — S < X. These notions
were defined and studied in depth by N. Katz [24]. The main result of [24]
is an algorithmic description of tame local systems.

We are interested in local systems in a broader sense. Let H be a con-
nected reductive algebraic group over Q,. An H-local system on U = X — S
is a continuous homomorphism of the étale fundamental group 1 (U, u) (for
some base point u) into H(Q,). This specializes to the notion of rank n local
systems when H = GL,. Both notions of rigidity can be easily extended to
H-local systems. Details are discussed in §3.

We would like to construct many examples of H-local systems that are
rigid, or, at least, expected to be rigid. The tool we use for our construction
is the Langlands correspondence over function fields.

Now let X be a smooth, projective and geometrically connected curve
over a finite field k. Let G be a connected reductive group over the function
field F' of X, which for simplicity is assumed to be split. In this case, Lang-
lands philosophy predicts that there should be a finite-to-one correspondence
7 — pp from automorphic representations m of G(Ar) to continuous repre-
sentations p : Wrp — @(@[), where Wr is the Weil group of the function
field F and G is the Langlands dual group to G. When the automorphic
representation 7 is unramified outside a finite set of places S, pr should
also be unramified outside S, and the datum of p, is the same as a G-local
system JF, over the open curve U = X — S. The correspondence should
satisfy the following property: for each closed point x ¢ S of X, the Satake
parameter of the spherical representation 7, of G(F) should coincide with
the conjugacy class of p,(Frob,).

The main strategy of our construction may be summarized as follows.

e There should be a notion of rigidity for automorphic representations
of G(Ap). For a rigid automorphic representation 7 of G(Ag), the
corresponding G-local system F should also be rigid.

e Rigid automorphic representations should be easier to construct
than rigid local systems. Once a rigid automorphic representations
is known, there should be a way to construct the corresponding
local system via the geometric Langlands correspondence.

1.2. Applications. Before describing how we implement these ideas,
let us list a few applications of our construction. In fact, it is these applica-
tions that convinced the author that a systematic study of rigid local system
from the point of view of Langlands correspondence was meaningful.

1.2.1. Local systems with exceptional monodromy groups. Deligne showed
in [5] that the classical Kloosterman sums (or hyper Kloosterman sums) are
obtained as the Frobenius trace function of a local system over ]P’IIFP —{0, 00},
the Kloosterman sheaf Kl,,. Katz showed that for p > 2, the Zariski closure
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of the monodromy of Kl,, is either SL, (when n is odd) or Sp,, (when n
is even). In joint work with Heinloth and Ngé [19], we construct a G-local
system Klz on IP’Ile — {0,000} for every almost simple group G. The local
monodromy of Klz resembles that of the classical Kloosterman sheaf Kl,,

and the Zariski closure of their global monodromy is a large subgroup of G.
For example, when G is of type Er, Eg, Fy or G, the monodromy is Zariski
dense in G. These give the first examples of motivic local systems with
Zariski dense monodromy in exceptional groups other than Gy (the G case
was constructed earlier by Katz [23]). In [44] we give further generalizations
of Kloosterman sheaves.

Our construction in [19] was inspired by the construction of simple su-
percuspidal representations by Gross and Reeder [13], an observation of
Gross [14] on the global realization of such representations and the work of
Frenkel and Gross [10] on rigid irregular connections. Gross showed in [14]
that when G is simply-connected, the automorphic representations for G
over the rational function field F' = k(¢) which is Steinberg at 0 and simple
supercuspidal at oo (and unramified elsewhere) should be unique. He then
conjectures that when G = GL,,, the Satake parameters of this automorphic
representation should give the classical Kloosterman sums. Our work [19]
confirms this conjecture and generalizes it to other reductive groups.

1.2.2. Motives over number fields with exceptional motivic Galois groups.
In early 1990s, Serre asked the following question [38]: Is there a motive over
a number field whose motivic Galois group is of exceptional type such as Go
or Eg?

A motive M over a number field K is, roughly speaking, part of the
cohomology H'(X) for some (smooth projective) algebraic variety X over
K and some integer i, which is cut out by geometric operations (such as
group actions). The definition of the motivic Galois group of M relies on
the validity of standard conjectures in algebraic geometry. However, one can
use the following alternative definition which is believed to give the same
group. For each prime ¢, the motive M has the associated ¢-adic cohomology
Hy(M) C H' (X%, Q¢), which admits a Galois action:

pate : Gal(K/K) — GL(H,(M))

The (-adic motivic Galois group Gpre of M is the Zariski closure of the
image of pps . This is an algebraic group over Q. Classical groups appear
as f-adic motivic Galois groups of abelian varieties (see [32]). However, it is
proved in [32] that abelian varieties do not have exceptional motivic Galois
groups; nor is there a Shimura variety of type Go or Fg. This is why Serre
raised the question for exceptional groups, and remarked that it was “plus
hasardeuse”. Until recently, the only known case of Serre’s question was Go,
by the work of Dettweiler and Reiter [8].

In [42], we give a uniform construction of local systems on P(b —{0,1, 00}
with Zariski dense monodromy in exceptional groups FE7, Eg and Ga, which



76 Z. YUN

come from cohomology of families of varieties over P! — {0,1,00}. As a
consequence of this construction, we give an affirmative answer to the f-adic
version of Serre’s question for E7, Fg and Go: these groups can be realized
as the f-adic motivic Galois groups for motives over number fields (in fact
the number field is either @ or Q(i)). With a bit more work, one can also
realize Fj as a motivic Galois group over Q.

1.2.3. Inverse Galois Problem. The inverse Galois problem over QQ asks
whether every finite group can be realized as the Galois group of some Galois
extension K/Q. The problem is still open for many finite simple groups,
especially those of Lie type. The same rigid local systems over IP’%2 —{0,1,00}
constructed to answer Serre’s question can be used to solve new cases of the
inverse Galois problem. We show in [42] that for sufficiently large primes ¢,
the finite simple groups G2 (IFy) and Eg(IFy) can be realized as Galois groups
over Q. With a bit more work, one can also prove the same statement for
Fy(Fy).

In inverse Galois theory, people use the “rigidity method” to prove cer-
tain finite groups H are Galois groups over Q. The rigidity method is an
analog of rigid local systems with finite monodromy group. Although the
idea of rigidity has long been used in the inverse Galois theory, the connec-
tion with Langlands correspondence and automorphic forms has not been
explored before. Our result shows that this connection can be useful in solv-
ing the inverse Galois problem, and it even sheds some light to the rigidity
method itself. In fact, our construction of the local system over P! —{0,1, 0o}
suggests a triple in Eg(Fy) which should be a rigid triple (see [42, Conjec-
ture 5.16]). This has been confirmed by Guralnick and Malle [17], where
they used this triple to show that Eg(F,) is a Galois group over Q as long
as £ >T7.

1.3. Main results.

1.3.1. Rigid automorphic data. Let X be a smooth, projective and ge-
ometrically connected curve over a finite field k. For simplicity we assume
G is split over F' and simply-connected. Fix a finite set S of closed points
of X. By an automorphic datum for G with respect to S we mean a triple
(w, Kg,xs) where w is a central character Z(F)\Z(Ap) — Q,, Kg is a
collection of compact open subgroups K, C G(Fy) for each x € S, and xg

is a collection of characters x, : K, — @Z . An automorphic representation
7w of G(Ap) is called (w, Kg, xg)-typical if its central character is w, it is
unramified outside S and for each z € S, m,; has an eigenvector under K,
on which K, acts through the character ..

We also introduce the notion of a geometric automorphic datum
(Q,Kg,Kg,ts) in §2.6. The idea is to give more structure to an automorphic
datum so that it makes sense to base change to an extension of the ground
field k. In particular, we replace K, by a pro-algebraic subgroup K, of the
loop group of G at z, and replace the character y, by a rank one char-
acter sheaf K, on K,. The geometric automorphic datum (2, Kg, g, ts)
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not only recovers the automorphic datum by the sheaf-to-function corre-
spondence, but also gives an automorphic datum (w', Kgr, xs) for G over
F ® k' for any finite extension k'/k.

We introduce the notion of rigidity for a geometric automorphic da-
tum (2, Kg, Kg,tg) in Definition 2.7.2. The datum (Q, Kg, Kg,tg) is called
strongly rigid if for every finite extension k’/k, there is a unique (', Kgr, x57)-
typical automorphic representation 7’ of G(Apg, ) for the automorphic da-
tum (o', K¢/, xs/) obtained from base change. We also introduce the notion
of weak rigidity. We expect that strong (resp. weak) rigidity of geometric
automorphic data should correspond to the physical (resp. cohomological)
rigidity of G-local systems under the Langlands correspondence.

The first main result is Theorem 2.7.10, which gives a sheaf-theoretic
criterion for rigidity of geometric automorphic data, using “relevant” points
on certain moduli stack Bung(Kg) of G-torsors over X with level structures.

1.3.2. Construction of the local system. The Langlands correspondence
m +— F, for cuspidal automorphic representations m has been established
by recent work of V.Lafforgue [26]. However, the construction in [26] does
not give an explicit description of the G-local system F. We would like to
construct the G-local system F, explicitly in the rigid situation.

The main results in this direction are Theorem 4.4.2 and Proposition
4.5.2. The former guarantees that under a certain rigidity assumption on
the geometric automorphic datum (2, Kg, Kg,ts), the G-local system F
for an (w, Kg, xs)-typical automorphic representation 7 can be constructed.
The latter gives a concrete description of F; as a direct summand of the
direct image sheaf of a family of varieties over X — S.

We also make a Conjecture 4.1.2 which relates the Artin conductor of
Fr at © € S and certain relative dimension of K, in a precise way. This
conjecture has been verified for many examples in §5 and §6.

The above discussion is over-simplified. In the main body of the paper we
consider quasi-split groups G that are not assumed to be simply-connected.
Complications arise in the general case because the moduli stack Bung(Kg)
has several connected components. The definition of rigidity for geometric
automorphic data needs to be modified to take care of unramified twists of
automorphic representations. In this generality, Theorem 4.4.2 only guar-
antees the existence of F, as a G-local system in a weakened sense. With
a bit extra structure we can construct an actual G-local system JF from
(Q,Kg,Ks,ts), see Theorem 4.7.3.

1.3.3. The method. The method we use to construct G-local systems
is the geometric Langlands correspondence, a program initiated by Drin-
feld and Laumon. The geometric Langlands correspondence can be set up
over a general field, and can be viewed as an upgraded version of the
Langlands correspondence, in which functions are replaced by sheaves. The
starting point is an observation of Weil which says that the double coset
G(F)\G(AF)/1,ex) G(Og) may be interpreted as the set of G-torsors over
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X. Let Bung be the moduli stack of G-torsors over X. By the sheaf-to-
function correspondence of Grothendieck, Q,-sheaves on Bung (for the étale
topology) should be thought of as an upgraded version of automorphic forms,
which are Qg -valued functions on the automorphic space G(F)\G(Af)/
[T.e1x) G(Oz) (in the everywhere unramified case).

Given a geometric automorphic datum (2,Kg, Kg,tg), assuming each
Kz descends to a finite-dimesional quotient L, of K, then the automorphic
sheaves for the situation are sheaves over Bung(K§) (the moduli stack of
G-torsors over X with K = ker(K, — L) level structures at z € 9),
together with certain equivariance structures dictated by €2 and Kg. Such
sheaves form a derived category D¢ o(Kg, Kg). Rigidity roughly means that
the category D¢ n(Kg, Kg) contains a unique irreducible perverse sheaf A.

The advantage of the geometric Langlands correspondence is that it
allows us to apply geometric Hecke operators to A, and in this way we
can construct the Hecke eigen G-local system F explicitly. Details will be
explained in §4.2-4.3.

1.3.4. Ezxzamples. There are three classes of examples of geometric auto-
morphic data in the case G = GL9 that we work out in details at various
places of the paper. The corresponding local systems in these examples are
exactly the three types of hypergeometric sheaves of rank two constructed
by Katz, of which the Kloosterman sheaf of rank two is a special case. We
prove in §2.8 that these geometric automorphic data are strongly rigid. We
show in §3.3 that the hypergeometric sheaves of rank two essentially exhaust
all rigid local systems of rank two on P! ramified at at least two points. In
§4.5 we explain how these geometric automorphic data are related to hyper-
geometric sheaves via the geometric Hecke operators.

In §5 and §6 we review the work [19], [44] and [42], which are the main
examples that lead to the theory of rigid automorphic representations.
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2. Rigidity for automorphic representations

§2.1-§2.3 contain background material on reductive groups and automor-
phic representations. §2.4-§2.5 provide background on the sheaf-theoretic
interpretation of automorphic forms. More results on rank one character
sheaves are contained in Appendix A. The key definitions appear in §2.6
and §2.7, where we introduce geometric automorphic data and the notion of
rigidity for them. The main result is Theorem 2.7.10 which gives a criterion
for the rigidity of geometric automorphic data. Examples in GLg are worked
out in details in §2.8.
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2.1. Function field. Let k be a perfect field and fix an algebraic closure
k of k. Let X be a projective, smooth and geometrically connected curve
X over k. Let F' = k(X) be the field of rational functions on X. Let I'p =
Gal(F*®/F) be the absolute Galois group of F', where F'* is a separable closure
of F. The field F ®j, k has absolute Galois group I := Gal(F7/F ®y, k)<lp
and FF/IF = Gal(E/k)

Let | X| be the set of closed points of X. For each z € | X|, let F, denote
the completion of F' at the place x. The valuation ring and residue field of F},
are denoted by O, and k;. The maximal ideal of O, is denoted by m,. The
absolute Galois group of F) is denoted by I';, inside of which we have the
inertia group I, = Gal(F:/F¥) < T, where FI'' is the maximal unramified
extension of F; inside a separable closure F:. The quotient group I';/I, is
Gal(k/k,). Fixing an embedding F* — F? for each z gives an embedding
of the Galois groups I'y, — I'p and I, — Ip.

The ring of adeles of F' is the restricted product

Ap = H /Fx

z€|X|

where for almost all x, the z-component of an element a € Ap lies in O,. It
is equipped with a natural topology: a neighborhood basis of 0 is given by
Kp =TLe¢x mde where D = >_ze|x| dz - @ is an effective divisor on X.

When k is a finite field, F' is a global function field, and |X| can be
identified with the set of places of F'. The ring of adeles Ag is locally com-
pact. The Galois group Gal(k/k) is topologically generated by the geometric
Frobenius element Froby. Recall the Weil group W C I'r is the preimage
of FrobZ under the quotient I'x — Gal(k/k).

2.2. Groups over a function field.

2.2.1. Tori. For any diagonalizable group 7' over any field K, we denote
the character and cocharacter lattices of T ®x K by X*(T) and X.(T),
where K is an algebraic closure of K. They are discrete abelian groups with
continuous actions of Gal(K /K).

2.2.2. Quasi-split groups. We start with a split connected reductive group
G over k. Let ZG be the center of G and G*! = G/ZG be the adjoint form of
G. Fix a pinning of G, i.e., a split maximal torus T, a Borel subgroup B con-
taining T (hence a based root system ¢ C X, (T) with simple roots A) and
an isomorphism U, = G, for each simple root subgroup U, C G (a € A).
Let Aut' (G) be the pinned automorphism group of G, i.e., automorphisms
of G preserving the pinning. Then Aut’(G) is canonically isomorphic to the
outer automorphism group Out(G) = Aut(G)/G*.

Fix a homomorphism 6 : Tr — Aut’(G). The image of 6 is of the form
I' = Gal(F’'/F) for a finite Galois extension F’/F inside F**. The extension
of F'/F corresponds to a Galois branched cover fx : X' — X of X. We
assume that 7 is tamely ramified. Note that we allow base field extension,
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for example X’ can be X ®j k’ for some finite extension k’/k. For any F-
algebra R, we define

(2.1) G(R)={9 € G(F' @r R)["g =0(v)g,Vy € '}

Here g — 7g denotes the action of I on G(F’ ®p R) induced from its action
on F’. The functor (2.1) is represented by a connected reductive group G
over F' which is a quasi-split form of G and which becomes split over F”.
The torus T C G gives rise to a maximal torus T C G. We use Z, G,
G*. D to denote the center, the derived group, the adjoint quotient and the
maximal torus quotient of G.
2.2.3. The Langlands dual of G. Let T = X*(T)®y G,, g, be a torus over

Q. Let G be the connected split reductive group over Q, with maximal torus
T and based root system A(G) C ®(G) identified with based coroot system
AV C ®V of G with respect to T. We extend the based root system of G
into a pinning, and denote the pinned automorphism of G by AutT(@). Then
there is a canonical isomorphism Aut(G) 2 Aut!(G). The homomorphism
0:T'r — Autf(G) then induces 6 : T'p — AutT(CAJ) that factors through the
finite quotient I" = Gal(F'/F).

2.2.4. Integral models of G. An integral model of G over X is a smooth
group scheme G over X together with an isomorphism of group schemes
t: Glspec F — G over F (here we identify Spec F with the generic point of
X). One can construct an integral model of G as follows. Let Uy = X — Sy
where Sy is the ramification locus of 0x. Then the same formula (2.1), now
with R a commutative k-algebra with a morphism Spec R — Uy, gives a
reductive group scheme Gy, over Up. We then need to extend Gy, to a smooth
group scheme over X. One can do this locally at every closed point z € Sy
and patch the results together. At x € Sy, the theory of Bruhat and Tits
gives several choices of smooth group schemes G, over Spec O, extending
Glspec F, (the parahoric subgroups), and we may choose any of them. Once
we choose a model G for G, we can talk about G(O,) for any x € | X|.

For the maximal torus 7" of G and the center Z of (G, we may use
formulae similar to (2.1) to define their integral models 7 and Z. Then 7
is the finite-type version of the Néron model of T over X. We make the
following technical assumption (which may turn out to hold always, and
which holds in all examples we consider):

The group scheme Z fits into an exact sequence 1 — Z — Ty — 15 — 1,
where Ty and T3 are smooth group schemes over X whose generic fibers are
tori.

2.2.5. Loop groups. For each z € |X|, we may view G(F;) as the set of
k-points of a group indscheme L,G called the loop group of G at x. The
loop group of G at x represents the functor R — G(R®yF,) where R is any
k-algebra and R®yF, is the completion of R®y, Fy with respect to the RQm,-
adic topology. Similarly we may define a pro-algebraic group over k called
the positive loop group L} G, representing the functor R +— Q(R(X\)k(’)x).
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More generally, for a parahoric subgroup P, C G(F,) we may define the
associated positive loop group which we still denote by P, (but viewed as a
subgroup scheme of L,G).

Warning: L,G and L} G are both over k and not over k,: alternatively
we may define versions of loop groups over k, and take restriction of scalars
to k.

2.3. Automorphic representations and automorphic data. In
this subsection we assume k to be finite. We also fix a prime ¢ # char(k),
and choose an algebraic closure Q, of Q;. We will consider automorphic rep-
resentations of G(Ar) on Q,-vector spaces. At this point one could replace
Qy by C, but it will be convenient to use Q, directly because later we will
relate automorphic forms with Q,-sheaves.

The group G(Ap) of Ap-points of G is the restricted product of G(F})
over x € | X| with respect to the subgroups G(O,). Then G(Ap) is a locally
compact topological group with a neighborhood basis of the identity given by
[Tes Ko x 1,45 9(Ox), where S C |X]| is finite, Ky C G(F) is a compact
open subgroup for all z € S. With this topology on G(Ar) we may talk about
locally constant Q,-valued functions on G(Ar). Let C*°(G(F)\G(AFr)) be
the space of locally constant Q-valued functions on G(Ap) that are left
invariant under G(F'). By definition, we have

C*®(G(F\G(Ap) = lim  Fun(G(FN\G(AR)/(]] K= x [ 9(Os
(S{Kz}zes) zeS z¢S

where Fun(—) means the space of Q-valued functions. The group G(Ar)
acts on C*°(G(F)\G(Ar)) via right translation: (g - f)(z) = f(zg) where
g€ G(Ap), f € C®(G(F)\G(AF)) and x € G(F)\G(AF).
2.3.1. DEFINITION (See [3, Definition 5.8]). (1) A function f €
C*(G(F)\G(AF)) is called an automorphic form if for some (equiv-
alently any) x € |X]|, the G(F;)-module spanned by right G(F})-
translations of f is admissible. Denote the space of automorphic
forms by Ag. This is a G(Ap)-module under right translation.

(2) An automorphic representation of G(Ar) is an irreducible subquo-
tient of Ag.

2.3.2. Kottwitz homomorphism. For the local field F,, Kottwitz defined
a homomorphism [25, §7]
(22) kG, G(Fy) — (X(Z2G)1,) ™.
Here ZG is the center of G, and I, <\T'y acts on G, and hence also on X*(ZCAJ)
via 6. For the global field F' one can similarly define a homomorphism
(2.3) ke G(Ap) — (X*(ZG)r,) o

which is trivial on G(F') and is compatible with (2.2) in the obvious sense.
Since [25] works in the local setting, we sketch the construction of (2.3)
along the same lines.
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To construct kg, p, we first work with F @ k instead of F and try to
construct Kg po 7+ G(Apg, 7) — X*(Z@)[F, then take Frobg-invariants to
get kg F.

In the sequel we assume k = k. To construct ka,r, we follow these steps
(see [25, §7.2-7.4]):

e When G =T is a torus, it can be fit into an exact sequence 77 —
To — T — 1 where T} and T5 are induced tori and the correspond-
ing sequence T (F)\T1(Ar) — To(F)\T2(Ap) — T(F)\T(Ap) — 1
is also exact. For an induced torus T’ = Res&G,, (where E is a finite
Galois F-algebra), the map kg : EX\A}, — Z = Z[Gal(E/F)]1,
is given by the degree map on ideles. We then define k7 r to be
the unique arrow making the following diagram with exact rows
commutative

T(F\Ti(Ap) — To(F\T2(Ap) — T(FN\T(Ap) —1

lﬁTl,F \LHTQ,F \L”T,F

Xu(T1) 1 Xi(T2) 1 X (T) 1

e When G is simply-connected, ZG is a torus and X*(Z(A?) =
X, (D). The map kg, is defined as the composition of G(Ar) —
D(AF) and KD F-

e In general, one can find a central extension 1 — C' — G— G —
1 such that G9r is simply-connected and C' is a torus. We have
already defined k¢ p and kg in the previous steps. We define
kaG,r to be the unique arrow7making the following diagram with
exact rows commutative

C(AF) G(AF) G(AF)

lRO,F i’ié,p \LHG,F

X, (), — X (2G) 1, —= X.(ZG) 1, —=0

0

1

2.3.3. DEFINITION. An unramified character of G(Af) is a smooth char-
acter x : G(Ap) — @Z that factors through kg r. Given an irreducible
representation m of G(Ap) and an unramified character x of G(Ap), we ob-
tain another irreducible representation m ® y, called an unramified twist of
.

2.3.4. REMARK. Unramified characters of G(Ar) are in bijection with
(Zé){?fobk‘ Langlands correspondence for function fields predicts that to
an automorphic representation 7 of G(Ap) one should attach a continu-
ous cocycle p : Wp — G(Q,) (with respect to the action f of T on G)
up to G-conjugacy, i.c., a class in Héont(WF,CA;'). Since Wr/Ip = FrobZ,
there is a natural map (Z@){{Obk = H!(FrobZ, (ZG)Ir) — H e (W, ZG),
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and the latter acts on H 0m(VVF, G). Therefore there is a natural action of
(ZG)II;fOb on H',  (Wp,G). The Langlands correspondence is expected to
mtertwme unramified twists of automorphic representations and the action

of (ZG)iy, on Hlyy (Wr, G).

2.3.5. Central characters and restricted central characters. Let Z C G
be the center. For a continuous character w : Z(F)\Z(Ap) — Q,, let
C(G(F)\G(AFr)) C C*(G(F)\G(AF)) be the subspace on which Z(Ar)
acts through w by right translation. Similarly let

Acw = Ac N CT(G(F)\G(AF)).

Let Z(Ap)? C Z(AF) be the kernel of the composition Z(Ar) — G(AF)
BN X*(ZG)FN]D’C For each z € |X|, let Z(F,)" C Z(F,) be the kernel

of Z(F,) — G(F,) —= BCALN X*(ZG)FTOb” Then Z(F,)? is a compact open
subgroup of Z(F,), and for almost all € |X|, Z(F,)* = Z(O,). Therefore,
for sufficiently large S and sufficiently small compact open subgroup Kz g C
[Lies Z(Fz), Ilogs 2(Os) x Kz,s is contained in (G(F)\G(AF))* and the
quotient Z(F)\Z(AF)!/ [l.¢s Z2(0z) x Kz, is finite. We call a continuous
character w' : Z(F)\Z(Ar)! — Q; a restricted central character. We can
similarly define the spaces C25(G(F)\G(AF)) and Ag s, which are stable
under unramified twists of G(Ar). For a restricted central character wf, we

may restrict it to Z(F,)" and get a continuous character Wi Z (Fp)% — Q.

2.3.6. Cusp forms. A function f € C®(G(F)\G(Ar)) is called a cusp
form if for every parabolic subgroup P C G defined over F' with unipotent
radical Np, we have

/ F(ng)dn =0
Np(F)\Np(AF)

for all g € G(AF). For a central character w, the space of cusp forms in Ag,
form a sub-G(Ap)-module .ACHSP C Agw- It is known that AG °P decomposes
discretely into a direct sum of irreducible admissible G(Ap)- modules called
cuspidal automorphic representations.

2.3.7. DEFINITION. Let S C |X]| be finite.

(1) An automorphic datum for G is a triple (w, Kg, x5) where
o w: Z(F)\Z(Ap) — Q, is a central character;
e Kg is a collection of compact open subgroups K, C G(Fy),
one for each z € S;
e Y is a collection of smooth characters x, : K, — @Z , one for
each x € S.
Such a triple should satisfy the following compatibility conditions.

e For each = € S, wz|z(k,)nK, = Xal2(Fo)nKy;
e For each x ¢ S, w, is trivial on Z(F;) N G(Oy).
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(2) A restricted automorphic datum is a triple (w?, Kg, x5), where Kg
and xg are as above, w : Z(F)\Z(Ap)! — Q, is a restricted central
character, and the compatibility conditions become

e For each v € 5, wi|Z(F$)mKw = Xﬂc|Z(Fx)hﬂKl-5
e For each x ¢ S, wh is trivial on Z(F,)"NG(O) = Z(F,) N
G(Oy).

2.3.8. DEFINITION. Let (w, Kg,Xxs) be an automorphic datum. An au-
tomorphic representation 7 = ®,m, of G(Ap) is called (w, Kg, xs)-typical
if

e The central character of 7 is w;

e For each x € S, the local component 7, contains a nonzero vector

on which K, acts through the character x,;

e For each = ¢ S, 7, is spherical; i.e., wg(oz) #0.
When (wf, Kg, ) is a restricted automorphic datum, we define (w?, Kg, x5)-
typical automorphic representations in a similar way, except that the first
condition changes to that the central character of 7 restricted to Z(F)\Z(Ar)"
is w?. Similarly, we define the notion of (Ks, xs)-typical automorphic repre-
sentations by dropping the central character condition.

Let

(24)  Cgu(Ks,xs) = Co(GIFNG(AR)/ T] 6(0x) x T (Kus xa))-
xS z€S

denote the space of functions on G(F)\G(Ap) which are eigenvectors under
Z(Ap) with eigenvalue w, invariant under [],4¢ G(Oz) and are eigenvectors
under the action of each K, with eigenvalue y,, z € S. Similarly one defines
Cg .1 (Ks, xs) for a restricted automorphic datum (W, K, x5)-

2.3.9. LEMMA. Let (w, Kg,xs) be an automorphic datum. If there is a
subset X C G(F)\G(Ar), compact modulo Z(Ar), such that all functions
in Cg w(Ks, xs) vanish outside 3, then any (w, Kg, xs)-typical automorphic
representation m of G(Ar) is cuspidal. Moreover,

(2.5) Co.w(Ks, xs) = P nif X)) @ (R 7))

T xeS xgS

where T runs over (w, Kg, xs)-typical automorphic representations, and WQ(EK“’X”‘)

denotes the eigenspace of m, under K, on which it acts through x.-

Proor. If every function in Cg ., (K, x5) is supported on some 3 com-
pact modulo Z(Af), then the space Cg . (Ks,xs) C Fun(G(F)\G(AFr)/
ngé $9(0z) x [ eqker(xz)) is finite-dimensional and stable under the ac-
tion of the spherical Hecke algebra at all places x ¢ S. Then we appeal to
[26, Lemme 7.16] to conclude that Cg ., (Kg, xs) consists of cusp forms.

Now let 7 be a (w, Kg, xs)-typical automorphic representation. By def-
inition 7 is a subquotient of the space Ag, therefore we may assume 7 is a
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quotient of a G(Afp)-submodule A" C Ag . Let B = A'NCg ., (Ks, xs), then

B consists of cusp forms. By the semisimplicity of the action of the compact

group [T,6 G(0x) X [ K, we have B — (@pesms )@ (@055 7).

The G(Ap)-module B generated by B is then contained in the space of cusp
forms, and we have B — 7. Therefore 7 is also cuspidal. The equality (2.5)
follows from the fact that the cuspidal spectrum is discrete. O

2.4. Moduli of G-torsors. A.Weil observed that the double coset
G(F)\G(AF)/]1,e1x)9(Oz) may be interpreted as the set of k-points of
a certain moduli stack. We recall this interpretation in this subsection.

2.4.1. Moduli of G-torsors. Let k be any field. For an integral model G
of G over X, we may talk about G-torsors on X: these are schemes £ — X
with a right action of G such that étale locally over X, £ is G-equivariantly
isomorphic to G for the right translation of G on itself. Similarly one can
define G-torsors over X ®j, R for any k-algebra R. Let Bung be the moduli
stack of G-torsors over X, i.e., Bung(R) is the groupoid of G-torsors over
X ®p R. Then Bung is an algebraic stack locally of finite type.

2.4.2. EXAMPLE. When G = GL,, there is a natural way to assign a

vector bundle V of rank n to a GL,-torsor £ and vice versa: V = & X A7
and & = Isom(O%, V). Therefore we have an isomorphism of stacks

Bungy,, = Bun,

the latter being the moduli stack of vector bundles of rank n on X. In
particular, for n = 1, Bungy,, = Bun; = Picy.

Similarly, Bungy, is equivalent to the groupoid of pairs (V,:) where V
is a vector bundle of rank n on X and ¢ : A"V 5 Oy is a trivialization of
the determinant of V.

When G = PGL,,, Bunpgy,, is isomorphic to the quotient stack Bun,, /Picx
with Picyx acting on Bun,, via tensor product. The content of this statement
is T'sen’s theorem on the vanishing of the Brauer group for curves over an
algebraically closed field.

2.4.3. The set H;(F,G). For each z € |X|, we have a map H'(Spec O, G)
— HY(F,,G) obtained by restricting a G-torsor over Spec O, to Spec Fj.
Define H}(F, G) C H'(F, G) using the Cartesian diagram

HE(F, G) — [ e x| Tm(H' (Spec Oy, G) — H'(F,, G))

|

Hl(Fa G) er|X\ Hl(vaG)

Note that H'(F ®j k, G) hence H§(F ® k,G) is a singleton (see [2, §8.6],
[39, II, 2.3, Remarque 1)]). When £ is finite and G has connected geometric
fibers, H'(Spec Oy, G) is trivial and H§(F, G) is the same as ker!(F,G) :=
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ker(HY(F,G) — [Leix HY(F,,Q)). It is also known that when G is split

and k is finite, ker!(F,G) is a singleton ([26, Remark 7.13]). In general,
H (F, G) measures how a G-torsor over X can fail to be trivializable at the
generic point of X. Any G-torsor £ over X determines a class in H(F, G)
by restricting it to the generic point n € X.

For each class £ € Hé(F, (), we choose a G-torsor & with generic class
¢ (this is possible since the class £ gives a G-torsor &y over some nonempty
Zariski open subset U C X and we can extend &y across the missing points
x € X — U because the restriction of ¢ to HY(F,,G) lies in the image of
H'(Spec O,,G)). Define G¢ = Autg (&), the group scheme over X of G-
automorphisms of &. This is an inner form of G. We denote by G¢ the
generic fiber of G¢, which is an inner form of G over F.

2.4.4. Weil’s interpretation. Weil observed a natural bijection of group-
oids

26) e || GePN\Gelar)/ ] %(©2) > Bung(k).

¢EHL(F,G) zelX|
In other words, not only are the isomorphism classes of both sides in bijec-
tion, but for any coset g = (g,) € H;E|X| Ge(Fy)/Ge(Oy), the automorphism
group of e(g) (as a Ge-torsor) is isomorphic to the stabilizer of g under the
left action of G(F).

We give the definition of the map e on the part where £ is the trivial
class, i.e., G(F)\G(AF)/ ], x| 9(Oz) — Bung(k). We have

GIENG(AR)) [] 90 = |J  90x-s)\ ][] C(F)/G(0Ox).

z€|X| SC|X| finite xeS

Thus it suffices to construct maps

es: G(Ox-s)\ [ G(F)/G(0) — Bung(k)
€S

compatible with inclusions S — 5. To g = (gz) € [[,cg G(Fr), we assign
a G-torsor &; by gluing the trivial torsor 5}?1’5 = G|x_s over X — S with
the trivial G-torsor EFY = Glspec 0, over Spec O, for each x € S along
Spec Fy. The gluing datum at x is given by the isomorphism G|spec r, =
Ei,ri"|spec o 5§?_vs|spec F, = Glspec F, Which is given by left multiplica-
tion by g,. Changing the trivializations of E{1Vy and Y results in a right
multiplication of g, by an element in G(O,) and left multiplication by an
element in G(Ox_g). Thus the isomorphism type of the resulting torsor
G-torsor & only depends on the double coset G(Ox_5)g]],c5G(Ox). This
defines the map eg.

Working with the base field &, noting that H'(F ®; k, G) vanishes, (2.6)
becomes an equivalence of groupoids

(2.7) G(F o ING(b o)/ [ 9(OM) = Bung(R).
zeX (k)
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2.4.5. EXAMPLE. Unitary similitude groups. Assume char(k) # 2. Let
7 : X' — X be a double cover (possibly ramified) of X which is generically
étale with X’ smooth. Let 0 € Autx(X’) be the nontrivial involution. Fix
a line bundle £ on X. An £-Hermitian vector bundle of rank n on X' is a
pair (&', h) where £ is a vector bundle of rank n on X’ and h is a pairing

h:& ®0y o*& — 1L

such that

(1) 0*h = hos where s : £' ®o,, 0*E" — 0*E' ®p,,, £ switches the two
factors. (Here we use the canonical isomorphism ¢*7*L = 7*L) to
identify the targets of o*h and h o s.

(2) The map & — Homy, (c*&',7*L) = 0*E"Y ® n*L induced by h is
an isomorphism.

Let Bungf)?fl/ « be the moduli stack classifying triples (£, £, h) as above, i.e.,
L is a line bundle over X and (&', h) is an L-Hermitian vector bundles of
rank n over X',

Let & = OF7 and hg : £) ® 0*E[ — Ox/ be the direct sum of n copies
of rank one Ox-Hermitian bundles. We define a group scheme G over X
in the following way: for each k-algebra R and = € X(R), we denote the
preimage of z in X’ by Spec R', then the fiber G;(R) = {(g,\) € GL,(R') x
R*|ho(ge1, ge2) = Ahg(er, ez) for all e, es € R™}. The generic fiber G of G
is the unitary similitude group GU(n, ho) over F defined using the Hermitian
form holgpec 7 on F'™.

The set H!(F, G) parametrizes F*-homothety classes of (F’-valued) Her-
mitian forms h on F'™ up to change of bases. The subset Hé(F7 G) C
HY(F,G) parametrizes those Hermitian forms h on F'™ whose base change
to F!" for each z € |X| contains an O-lattice A, such that A} = cA, for
some ¢ € F) (here Ay = {v € F™|h(v,A;) C OL}). We call such a lat-
tice essentially self-dual under h. Let Hermegq(n, F') be the set of Hermitian
forms on F'™ whose base change to each F™* contains an essentially self-dual
lattice. Then H§(F, G) = Hermega(n, F)/(GLn(F') x F*), where GL,(F")
acts by changing bases for F' and F'* acts by scaling the form.

For each h € Hermegq(n, F'), there exists a nonempty Zariski open subset
U C X such that (F'™, h) extends to an Op-Hermitian bundle (OF,, hy)
where U’ = 7~ }(U). For each x € X — U we may choose an essentially
self-dual lattice A" € F/™ and ¢, € FX/OX such that A" = ¢, A". Define
¢y = 1 for z € |U|. Let L. be the line bundle on X defined by the idele class
¢ = (cz)ze|x|)- We may glue (Of, hy) with the lattices A" to form an L.-
Hermitian vector bundle (&7, k). Then we may define the unitary similitude
group scheme over X in a similar way as we defined G, using (Sé, hg¢) instead
of (O%,, ho), and its generic fiber now becomes GU(n, h). The equivalence
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(2.6) in this case states an equivalence of groupoids

(2.8) | ] CGU(n, h, F)\GU(n, h, Ar)
[h|€Hermegq (n,F) /(GLyn (F')X F'X)

/ T] GAuto, (AL ) = Bunff™ (k).
z€| X|

Here GAutoy (A%, h) is the group of O}-linear automorphisms of A? that
preserve h up to a scalar in Q. Note that the left side of (2.8) maps to
FX\A% /11, OF = Picx(k) by taking the similitude character, which corre-
sponds to the morphism Bun!*™ — Picy sending (£, &, h) to L.

2.4.6. Level structures. One can generalize Bung to G-torsors with level
structures. Fix a finite set S C |X|, and for each z € S let K, C L,G
be a pro-algebraic subgroup that is contained in some parahoric subgroup
of LG, and has finite codimension therein. Then there is a group scheme
G(Kg) obtained by modifying G at each x € S such that L} G(K;) = K.
A G-torsors over X with Kg-level structures is the same as a G(Kg)-torsor.
We shall denote the corresponding moduli stack by Bung(Kg). Let K, =
K. (k) C G(F;). Then Weil’s equivalence (2.6) can be generalized to an
equivalence of groupoids

29) || GeEN\Ge(ar)/(]] Ge(00) x [] Ko) = Bung(Ks) (k).

g€ty i (F.G) z¢S z€S

Here HflJ,Ks (F, Q) is the set defined similarly as Hé(F, @), replacing G with
G(Ks).

2.4.7. Connected components of Bung. The construction of the Kottwitz
map kg,r (2.3) can be adapted to give a map on the level of moduli stacks.
For S containing Sy and K, contained in some parahoric subgroup of L, G,
there is a morphism

(2.10) % : Bung(Kg) — X*(ZG)1,.

Here X*(Z @) 1 means the finite étale group scheme over k£ with geometric

points X*(Z CA}) 1 and the obvious Frobg-action on it. This map is always sur-
jective. In [18, Theorem 6], J. Heinloth showed that when G is semisimple
or a torus (and K, are contained in parahoric subgroups), the map k ex-
hibits X*(Z @) 1 as the set of geometric connected components of the stack
Bung(Kg).

2.4.8. The action of Bunz. Recall from §2.2.4 that Z admits an inte-
gral model Z over X. We may define the moduli functor Bunz classifying
Z-torsors over X. The assumption in §2.2.4 guarantees that Bunz is repre-
sentable by an algebraic stack. In fact, present Z as the kernel of a surjection
71 — 715 of smooth models of tori 77 — Ty over X, Bunz is represented by
the kernel of the morphism Buny; — Bung, between Picard stacks. Con-
cretely, Bunz can be identified with the moduli stack of pairs (&1, 7) where
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&1 is a Tq-torsor over X and 7 is a trivialization of the associated 75-torsor
& 7>;1 Ts.

More generally, for a pro-algebraic subgroup Kz, C LI Z of finite
codimension (one for each z € S), we may modify the integral model Z
at S to get another integral model Z(Kyzg). We can form the moduli
stack Bunz(Kzg) of Z(Ky g)-torsors over X (i.e., Z-torsors with Ky ,-
level structures at @ € S). This is a [[,.q L Z/Kz4-torsor over Bunz.

Now consider a certain level structure Kg = {K, },cs for G. Let G(Kg)
be the group scheme defined in §2.4.6. Let Kz, = L,Z N K, which is
necessarily contained in L} Z. Therefore Z(Kz ) and Bunz(Kzs) are de-
fined. For every point £ € Bung(Kg), the automorphism group scheme
Autg k() is a group scheme over X which is an inner form of G(Kg).
Since Z(Kzs) C G(Kg), Z(Kz,s) is canonically a central subgroup scheme
of Autg g (€). It therefore makes sense to twist £ by a Z(Kz s)-torsor. In
conclusion we get an action of the Picard stack Bunz(Kz g) on Bung(Kg).

2.4.9. EXAMPLE. (1) In Example 2.4.5, the center Z C GU(n, ho) is
the induced torus Resgle with the integral model Z = Res X/Gm.
Therefore Bunz = Picxs. The action of £’ € Picys on Bungerm is

given by (£,&',h) — (Nmx/,x (L") ® L, ® L', h'), where }’ is the
obvious Nmy/,x(£') ® L-Hermitian structure on £ @ £’ induced
from h by tensoring with the natural isomorphism £’ ® o*L =
F*NmX//X ([,,) .

(2) Suppose G is split (i.e., G = G ®; F) and X = P! In this case,
G=Gx X and Z =ZG x X. Then Bungz is simply the classifying
space B(ZG), because any ZG-torsor over P! is trivial. The fact
that there exists an action of Bunz = B(ZG) on Bung simply says
that the automorphism group of every point of Bung contains ZG.

In general, let Az g be the automorphism group of points in
Bunz(Kzs), then Az g is contained in the automorphism group
of every point of Bung(Kg).

2.5. The sheaf-to-function correspondence.

2.5.1. Convention. We temporarily use X to denote an algebraic stack
locally of finite type over a field k. Let D%(X) denote the bounded derived
category of constructible complex of Q,-sheaves for the étale topology of X.
For detailed definition see [6] for the case of schemes and [27] and [28] for the
case of stacks. All complexes of sheaves we consider will have Q,-coefficients
unless otherwise stated. All sheaf-theoretic functors are understood to be
derived unless otherwise stated.

2.5.2. The correspondence. For the rest of this subsection, & is a finite
field. Let F € Db%(X). For each z € X (k'), Gal(k/k') acts on the geometric
stalk Fz (a complex of Q-vector spaces). Let Froby € Gal(k/k’) be the
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geometric Frobenius element. Define a function
frw: X(K) — Q
T Z )Tr(Froby,, H! Fy)
€L

We get a family of Qg-valued functions {fz s} /. defined on X (k') for

varying finite extensions k’/k. Let Fun(S) denote the vector space of Q-
valued functions on a set .S. The map

Ob Db H Fun(X
k' Jk
F o= Afrrtwm
is called the sheaf-to-function correspondence.

2.5.3. Functorial properties of the sheaf-to-function correspondence. If
¢ : X — Y is a schematic morphism of finite type between algebraic stacks
over k which induces a map ¢(k’) : X (k') — Y (k') between finite sets, then
for any F € D%(X), we have

(2.11) forp = oK frp

Here ¢ is the derived push-forward functor with compact support, while
o(K")y : Fun(X (k') — Fun(Y' (k")) is “summation along the fibers” (in the
case where ¢ is not schematic, summation along the fibers should be the
weighted by the cardinalities of the automorphism groups of the k-points on
the fiber).

A special case of (2.11) is the Lefschetz trace formula. Namely if we take
Y = Spec k, X a scheme over k with ¢ the structure morphism and &’ = k,
we have on the one hand

(2.12) fork=>_(—1)'Tr(Frobg, H.(X @4 k, F))
i€Z
and on the other
(2.13) k) fre= Z frr(e Z Z )Tr(Froby, H Fy).
zeX (k) zeX (k) i€Z

The equality of the right hand sides of (2.12) and (2.13) is the Lefschetz
trace formula for the Frobenius morphism of X.
For any G € DY(Y), we have

forgr = oK) fou
where ¢(k')* : Fun(Y (k’)) — Fun(X (k') is the pullback of functions.
If F,G € Db(X), then we have
fregre = frufon-

where the right hand side means pointwise multiplication of functions on

X (k).
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2.5.4. Character sheaves. In general, there is no canonical way to go
from functions back to sheaves. However in many cases, starting from a func-
tion f on X (k), there is a natural candidate sheaf F for which fr; = f.
When X = L is an algebraic group over k and f : L(k) — @Z is a char-
acter, we will see in Appendix A that often times one can construct a rank
one character sheaf on L whose associated function is f. The correspon-
dence between rank one character sheaves on L and characters of L(k) will
play an important role in defining geometric automorphic data in the next
subsection, and we shall frequently refer to the notations and results in
Appendix A.

2.6. Geometric automorphic data and automorphic sheaves.
Let k be any field. We fix an integral model G of G over X constructed
as in §2.2.4. Recall that Sy C |X| is the locus where 0x is ramified. The
group scheme G|x_g, is reductive with connected fibers. The exact choice of
the model G at x € Sy is not important at this point because we will impose
level structures at these points. Let S C |X| be a finite set containing Sp.

2.6.1. Geometric (restricted) central character. Let Z be the integral
model of Z over X as in §2.2.4. For each z € S, let KJZrm C LIZ be a

connected pro-algebraic subgroup. We may form the stack BunZ(KJZr’S) of
Z-torsors over X with Kzgg—level structures at x for each z € S, as in
§2.4.8. Restricting the Kottwitz morphism kpun, in §2.4.7 to BUHZ(KJZF,S),
we get a homomorphism Bung(KJZr,S) — X*(Z@)[F. Let Bun%(K}}S) be
the kernel of this homomorphism. When S # & and sz is chosen small
enough, Bun%(Kz g) is an algebraic group over k (i.e., Z-torsors with KJZr 5
level structures have trivial automorphism groups, and BunuZ(KZ g) is of
finite type over k). We consider the category CS 1(Bun2(K2 g)) of rank one
character sheaves on BunhZ(Kz g)-

If we shrink K}z to a smaller level KJZ“'; for each z € S, then we have a
natural projection BunhZ(KJSFJF) — Buni,(K}') which is a [], . KJer/K}J;—
torsor. The pullback functor CS; (BunuZ(KES)) — CS; (Bunhz (K}g)) is fully
faithful since K} o/ K}J; is geometrically connected. We may form the col-

imit over smaller and smaller KJZr g with respect to the fully faithful embed-
dings of categories

€S}(Z;8) == lim CS1(Bun (K} g)).

+
KZ,S

An object in the category CShl(Z; S) is called a geometric (restricted) central
character.
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When k is a finite field, let K} = K} (k). Via the sheaf-to-function
correspondence and the homomorphism

Z(F\NZ(Ap) /(][ 2(00) x [] K3.,) — Bunk (Kz,s)(k)
xS x€S

as in (2.9), we get a homomorphism

CS1(Bunk (K7 5)) — Hom(Z(F\Z(4r)*/([] 2(0:2) x [] KZ2.,).@).
xS zes
Here CS;(—) means the group of isomorphism classes of objects in CS1(—).
Passing to the colimit, we get a homomorphism

CS}(2;S) = Ob €S (2: ) — Homeom (Z(F)\Z(4r)}/ [] 2(02), Q).
x¢S
i.e., each geometric restricted central character gives a restricted central
character.

For any choice of KJZr7S and each z € S, there is a homomorphism i, :
L.Z — L Z/K}, — Bunz(K7 g) by locally modifying the Z-torsors at
x. Let (L,Z)" C L.Z be the kernel of L,Z — L,G — X*(Zé),z (the
local Kottwitz homomorphism (2.2)). Then i, restricts to a homomorphism
i (L 2)t — (LxZ)h/K}J — BunuZ(KJZr,S). Suppose 2 € CS?(Z; S) comes
from an object in CSl(BunEﬁ:’(Kzs)), we let

Q, =i 0 € CS1((L.2)Y),

which is a rank one character sheaf that descends to the algebraic group
(LxZ)“/sz. The object €2, is independent of the choice of K}’S. Let Qg =

MyesQe € CS1([Thes(LaZ)?).

2.6.2. DEFINITION. A quadruple (2, Kg, Kg,ts) is a geometric automor-
phic datum with respect to S if

e Qec(CS i(Z ;.S) is a geometric restricted central character;

e K is a collection {K;},es, where K, C L,G is a pro-algebraic
group contained in some parahoric subgroup of L,G with finite
codimension. We require that each K, is generated by K, N L*Z
and K, N L,GI. We often use Kg also to denote the product
HmeS Kx‘

e Kg is a collection {K,},cs where each K, € CS1(K,) is a rank one
character sheaf on K, that is the pullback of a rank one character
sheaf from some finite dimensional quotient K, — L,. We often
use g to denote the tensor product K,csk, € CS1(Kg).

e Note that Kz, := K; N L,Z is automatically contained in (LxZ)h,
since K, was assumed to be contained in a parahoric subgroup.
Let Kz s := [[,c5 Kzz- Then tg is an isomorphism ¢s : Qs|k, 4 =
Ks|k, s in the category CS1(Kz,s) (which is the same as a collec-
tion of isomorphisms ¢; : Qu|k,, = K|k, one for each z € S).
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When £ is a finite field, a geometric automorphic datum (2, Kg, Kg,ts)
gives rise to a restricted automorphic datum (w?, Kg,xs) as in Definition
2.3.7, by setting K, := K, (k) and using the sheaf-to-function correspon-
dence to turn  and K, into w? and y,. However, passage from a geometric
automorphic datum to a restricted automorphic datum loses information,
especially that carried by tg, as we shall see in §2.6.4.

2.6.3. A smaller level K; Let (Q,Kg,Kg,ts) be a geometric automor-
phic datum. For each © € S we choose a pro-algebraic normal subgroup
K < K, of finite codimension such that

e The character sheaf IC; descends to the finite-dimensional quotient
L, =K,/K/.

o Let K}z =K} NL,Z. Then KJer is connected and BunZ(K}’S)
is a scheme (i.e., the automorphic group of every point is trivial),

and the geometric central character {2 descends to BunEZ(KE g)-

By shrinking K‘g these conditions can always be satisfied. With this choice
of K;r, we shall view KC; as an object in CS1(L,), and view ) as an object
in CS1(Bun% (K7 g)).

For each x € S, let Kz, = K; N L;Z. Then Lz, := KZm/K}m is a
central subgroup of L. Let

Ls = [[La; Ks:=Rue5Ke € CS1(Lg); Lzs =Lz,
zeS

The morphism Bung(K§) — Bung(Kg) is an Lg-torsor. Similarly,

BunhZ(K'Z"’S) — Bunhz (Kz,) is an Lz g-torsor. The group scheme Bung(K}"S)

acts on Bung(K{¥) by the discussion in §2.4.8. Summarizing the situation
we have a diagram

(2.14) Bun (K} 4) = Bunz (K} g) ~ Bung(K})

Lz,si Lz,sl J/LS

Buné(szg)C—> Bung (KZ,S) m Bung(Ks)

2.6.4. Secondary central character. The isomorphism tg is an extra piece
of structure in the geometric automorphic datum that do not appear in
the restricted automorphic datum (wu,KS,XS). Choose K'g as in §2.6.3,
then (g is an isomorphism Q|r, o = Ks|n, . Let Azs be the automor-
phism group of the identity point of the Picard stack Bunz(Kyzg). Then
we have a canonical homomorphism iz : Azg — Kzg — Kg. On the
other hand, A z s is the kernel of the homomorphism Lz 5 = szg/KJZr’S —

[oes LaZ/K5 o Laaes, Bunz (K} o) for K} ¢ asin §2.6.3. Since Q is a local

system on Buniz(K} ), the restriction Qg|a , 5 admits a canonical trivializa-

tion. Composing this trivialization with the restriction of the isomorphism
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ts:QslL, s = KslL, s € CS1(Lzs) to Azs, we get a trivialization

T ICS|AZ,S = @g € CSl(AZﬁ).

We would like to call 7 the secondary central character attached to the geo-
metric automorphic datum (Q,Kg, Kg,ts). By Remark A.1.2(3), the triv-

ializations of Kg|a, s form a torsor under Hom(wo(AZVS)Gal(E/k),@Z), o
the secondary central character can add as much as #mo(Az,s) Gal(R/k) €Xtra

constraints in addition to the restricted automorphic datum (wu, Kg,xs).

The above discussion also shows that when the coarse moduli space of
Bunz(Ky g) is a point, the secondary central character determines (€2, tg).
We summarize this into a lemma.

2.6.5. LEMMA. Let (Kg, xs) be as in Definition 2.6.2. Let qur be chosen
as in §2.6.3. Suppose the coarse moduli space of Bunz(Kyzg) is a point,
i.e., Bunz(Kyzg) 2 BAyg. Then the pairs (2, tg) such that (,Kg, Kg,ts)
form a geometric automorphic datum correspond bijectively to the descents
of s to Lg/Azs.

In particular, if Bunz(Kzs) =2 BAz g and Az g is connected, there is
up to isomorphism a unique pair (2, 1s) making (2, Kg,Kg,ts) a geometric
automorphic datum.

2.6.6. EXAMPLE. Suppose G is split and semisimple and X = P!. Then
G =Gx X and Z = ZG x X to are constant group schemes over X.
Assume each K, contains ZG, then Bunz(Kzg) = B(ZG) and Azs =
ZG. Given Kg, the datum of (€2,t5) correspond bijectively to descents
Ks € CS1(Kgs/ZG) of Kg. Via the sheaf-to-function correspondence, Kg
gives a character of (Kg/ZG)(k), which is in general a larger group than
Ks(k)/ZG(k). On the other hand, the corresponding restricted automorphic
datum (w!, Kg, x5) only gives a character on the smaller group Kg(k)/ZG (k).
Therefore in general geometric automorphic data contain more information
than the corresponding restricted automorphic data.

2.6.7. Base change of geometric automorphic data. Let k'/k be a field
extension. Let S’ be the preimage of S in X ®j k' (a closed point in S may
split into several in S”). Given a geometric automorphic datum (2, Kg, Kg, ts)
for G over F' with respect to S, we may define a corresponding geometric
automorphic datum (', Kg/,Kg/,1g) for the function field F ®j k' with
respect to S’ as follows.

The base change K, ® k' naturally decomposes as a product Hny K,
where y runs over the preimages of z in S’. The pullback of K, to K, ®p
k' then takes the form X,K,, whose tensor factors give the base change
character sheaves IC;, € CS1(Ky).

If Q is a geometric central character coming from BunhZ(KJZr7 g) for a

certain level KJZFS, we may similarly define the base change level KJZr g
over k', so that Bunhzk/(Kgs,) = BunhZ(K}’S) ®k k'. Then define ¥ €
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CS1(Bunk (K} ) to be the pullback of © via the morphism Bun’, (K7 ¢)®x

K — Bunnz (K} g). The isomorphism +g induces ¢g.

When k is finite, k¥'/k a finite extension, and the restricted automor-
phic datum (wh, Kg, xs) over F' comes from a geometric automorphic datum
(2, Kg,Kgs), we may base change it to an automorphic datum (v, K¢/, xg')
over F ®j k' coming from the base change (', Kg/, Kg) of (2, Kg, Kg) via
the sheaf-to-function correspondence. For example, w is the composition

Z(F @k K')\Z(Apg, i) Nm, Z(F)\Z(Ap)" i Q, . However, the datum
(Ks, xs) does not have a well-defined base change unless we specify a geo-
metric automorphic datum (Kg, Kg) from which it comes.

Let (Q,Kg,Kg,ts) be a geometric automorphic datum giving rise to a
restricted automorphic datum (w!, Kg, xs). We are interested in the sheaf-
theoretic analog of the function space (2.4), under the sheaf-to-function cor-
respondence.

2.6.8. The category of automorphic sheaves. We form the group scheme

1 ety 28
MS ::Bunz(Ks) X LS

which acts on Bung(K;C) preserving each fiber of the geometric Kottwitz
morphism (cf. the diagram (2.14)). The quotient [Bung (K )/Mg] should be

thought of as the quotient of Bung(Kg) by the Picard stack Bunhz (Kzs), al-
though we do not want to get into the issue of making quotients of a stack by
another Picard stack. The isomorphism g in the geometric automorphic da-
tum gives a trivialization of the restriction of QXIKg € CSl(BunuZ (K&)xLg)
to the anti-diagonally embedded Lz s. By Lemma A.1.4, such a trivializa-
tion gives a descent of QX Cg to Kg o € CS1(Mg). We may then talk about
the derived category D?MS,ICS,Q)(BHHQ(K@) of (Mg, Ks.q)-equivariant Q-

complexes on Bung(KY), as we mentioned in §A.4.2.

2.6.9. REMARK. There is a subtlety in defining the category
D?MS,ICSVQ)(BUHQ(KE’L» because each connected component of Bung(KY)

is not of finite type in general. To remedy, we can write Bung(K;C) as a
union of Mg-stable open substack Bung that are of finite type modulo the
action of Mg (depending on a parameter { from a filtered set of indices, for
example the set of Harder-Narasimhan polygons of G-torsors). The category
b +\ 0. . b D

D(MS,KS,Q)(BUHQ(KS% Qy) is defined as the colimit of D(MS’K&Q)(Bung, Qp)
as Bung gets larger (with respect to the extension by zero functor). In prac-
b

(Ms,Ks,0)
enough (this is the sheaf-theoretic manifestation of the cuspidality of auto-

morphic forms).

tice, the categories D (Bung, Q,) will often stabilize when ¢ is large

If we shrink K; to another level K;*, we have the corresponding al-
gebraic groups Lg = [[,csK./KiT, KjT = KIft*NL,Z and Lyg =
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__ Lzs -
[Lcs KZI/KJZ“J; We define similarly Mg := BunZ(KJZFE) x Lg and
QO X g descends to a rank one character sheaf IES@ on MS. There is a
projection Ms — Mg whose kernel is K;/K;TJF, and /E&Q is the pull-
back of Kggq. The natural projection 7 : Bung(K{™) — Bung(KY) is
also a K& /K&t torsor. Therefore the quotient stacks [Bung(K:gH)/Ms]
and [Bung(KJ)/Mg] are isomorphic, and the pullback along 7 induces an
equivalence of categories

Dl sy Bung(KE)) = Dl o (Bung(K3¥)).
We define
Dg.0(Ks, Ks) := lim Diyp i o) (Bung(K¥)).
K

where the transition functors are equivalences. Objects in the category
Dg o(Kg, Kg) are called (2, Kg, Kg, ts)-typical automorphic sheaves.

Let K := K} (k). For an object F € Dga(Kg,Ks) the correspond-
ing function fr; on Bung(K¥)(k) is an eigenfunction under Mg(k) with
eigenvalues given by the character corresponding to Ksq. In particular, fr
is (Kg/Kd, xs)-equivariant and (Z(F)\Z(Ar)f, w?)-equivariant. According

0 (2.9), we may identify the double coset G(F)\G(Ar)/]],¢59(Oz) X
[les K as a sub groupoid of Bung(KY)(k). Restricting fr) to

G(F)\G(Ap)/ 1], Op) X [yes K gives a function in Cg ., (Kg, xs)-
Thus we get an a dltlve map

Ong,Q(KS7 ,CS) - Cg,wh (K57 XS)

2.6.10. Variants of the category of automorphic sheaves. For an exten-
sion k'/k, we may take the base-changed geometric automorphic datum
(,Kg,Kgr,15) for G(F ® k') and define the corresponding category of
automorphic sheaves. We denote this category by Dgo(k'; Kg,Kg). Sim-
ilarly, when k’/k is a finite extension, we may define the function space
ngh(k/SKS»XS)'

By the Kottwitz homomorphism (2.3), we may decompose Bung(Kyg)
into open and closed substacks Bung(Kg), according to the Froby-orbits «
in X*(ZCAT’)IF. Each Bung(Kg), is stable under the action of BunhZ(szg).
Let Dgo(Ks,Ks)a C Dga(Ks,Ks) be the full subcategory consisting of
those sheaves supported on Bung(Kg)s. Similarly we may define
Cg i (K5, X5)a for any a € X*(ZG) (nonzero only when a is fixed by Froby,).

2.7. Rigidity of geometric automorphic data. In this subsection
we introduce several notions of rigidity for geometric automorphic data, and
give a criterion for the weak rigidity using the notion of relevant orbits.

2.7.1. DEFINITION. A restricted automorphic datum (w?, Kg, x) is called
strongly rigid, if there is a unique (wh, Kg, xs)-typical automorphic repre-
sentation up to unramified twists.
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2.7.2. DEFINITION. Let k be a finite field and let (Q,Kg,Kg,ts) be a
geometric automorphic datum giving rise to a restricted automorphic datum
(wh, Kg, xs). For any finite extension k' /k, let (", K¢, xs/) denote the au-
tomorphic datum for G over F’ obtained from the base-changed geometric
automorphic datum (', Kg/, Kg/, 1) from F to F @ k'

(1) The geometric automorphic datum (2, Kg, Kg, tg) is called strongly
rigid, if for every finite extension k’/k, the base-changed restricted
automorphic datum (w’, K¢, xs) is strongly rigid in the sense of
Definition 2.7.1.

(2) The geometric automorphic datum (2, Kg, g, ts) is called weakly
rigid, if there is a constant N such that for every finite extension
k'/k, we have dim Cg 2 (K'; K, x5)a < N for any o € X*(Z@)IF.
For notation see §2.6.10.

We will see several examples of strongly rigid restricted automorphic
data for G = GLy and F = k(t) in §2.8.

2.7.3. LEMMA. If (2, Kg,Kg,ts) is weakly rigid, then there exists a num-
ber N such that for each finite extension k'/k, there are at most N iso-
morphism classes of (w’u,KS/,XSI)—typical automorphic representations '
of G(Apg, k) up to unramified twists, and all of them are cuspidal (here,
(W, Kgr,xs') is the restricted automorphic datum for G(F @y k') obtained
from base change).

PROOF. Let G(AF)o be the preimage of 0 € X*(Z@)IF under the Kot-
twitz homomorphism. The dimension of Cg ,:(Ks,xs)o is the number of
double cosets in Z(Ar)G(F)\G(AFr)o/ [L¢59(Oz) ] e Kz that support
functions with prescribed eigenproperties under the action of Z(F)\Z(Ar)"
and Kg. Since dimCg ,:(Ks,xs)o < N, all functions in Cg (K3, Xs)o
are supported on finitely many such double cosets, hence they are all sup-
ported on some compact-modulo-Z (A r)? subset of G(Ar)o. Extending w! to
a central character w, then functions in Cg,,(Kg, xs) are all supported on
compact-modulo-Z(Ar) subset of G(Ar). We then apply Lemma 2.3.9 to
conclude that all (w, Kg, xg)-typical automorphic representations are cus-
pidal, and there are at most N of them. Since every (wu,K S, Xs)-typical
automorphic representation can be made (w, Kg, xs)-typical by an unrami-
fied twist, they are also cuspidal, and the number of them up to unramified
twists are bounded by dim Cg ,:(Ks,xs)o < N. Replacing k& with a finite
extension &/, the same estimate holds. O

2.7.4. Relevant points. One can talk about the stabilizer of BunuZ(KZS)
at &: it is the Picard groupoid Ag¢ whose objects are pairs (b, 3) where
b € Bun’ (Kzs) and § € Isomg k(b - €, &), with the obvious definition of
composition of and isomorphisms between such pairs. Since the automor-
phism group of points in BunuZ(K z,5) is a subgroup of the automorphism

group of every point in Bung(Kg), it turns out that Ag is a group scheme.
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Choosing a smaller level Kg? as in §2.6.3, a preimage £* € Bung(Kg?) of
& gives an isomorphism ig+ : Ag = Mg+, the latter being the stabilizer
of £t under Mg. There is a canonical homomorphism Mg ¢+ — Mg which
may not be an embedding. Consider the composition

(2.15) evis g+ Ag > Mger — Mg,

We then define K¢ € CS1(Ag) to be the pullback of g along eVKE £+
The object K¢ a priori depends on the choices of K; and £T, but we have

2.7.5. LEMMA. (1) The isomorphism type of Ke € CS1(Ag) is in-
dependent of the choice of K; and ET.
(2) For &1, € Bung(Kg) (k) in the same Bunz (K z,s)-orbit, the pairs
(Ag,, Ke,) and (Ag,,Ke,) are (non-canonically) isomorphic.

PRrROOF. (1) We denote the g defined in (2.15) by ICKg o+ to emphasize
its a priori dependence on auxiliary choices. For fixed choice of K;C, changing
ET will change the map eVKY £+ by an inner automorphism of Mg. Since
inner automorphisms act trivially on CS;(Mg), the isomorphism type of
ICK; &+ is independent of £ +.

Changing K‘g to an even smaller level K'SH, and choosing a preimage
ETT of £F in Bung(K&™), we get a surjection Mg — Mg (here My is the
counterpart of Mg for K{ ), and a similar isomorphism ig++ : Ae & M S+t
making a commutative diagram

7;g++/‘/ r
Ag —S Mg et —> Mg

it L

MS,8+ e MS
Since Ky (the counterpart of Kggq for K§L+) is the pullback of Kgq
along Mg — Mg, we have ICK§,5+ = ev;{;nglCS,Q = K
ICK;+ g++- Therefore K¢ does not change under shrinking K;r either.
(2) Fix a level K as in §2.6.3. For &;,& in the same Bunz(Kyzg)-
orbit, their arbitrary preimages & and & in Bung(K{) are in the same

Bung(KJZr g) % Lg-orbit. Therefore their stabilizers Mgg, and Mgg, are

conjugate to each other in Mg. We then argue as in the first part of the
proof of (1). O

2.7.6. DEFINITION. A point £ € Bung(Kg)(k) is called (92, Kg)-relevant
if the restriction of K¢ to the neutral component of Ag¢ is isomorphic to the
constant sheaf. Otherwise & is called (€2, Kg)-irrelevant.

* U
eVK§+’g++ S

By Lemma 2.7.5(2), a Bunz(Kz g)-orbit on Bung(Kg)(k) either consists
entirely of (€2, Kg)-relevant points or entirely of (€2, Kg)-irrelevant points.
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Therefore we may talk about (€2, Kg)-relevant and irrelevant Bunz(Kz g)-
orbits.

In practice we introduce a weaker relevance condition by ignoring the
central character. Let £ € Bung(Kg)(k). Then we have an affine algebraic
group Autg k() over k, the automorphism group of £ preserving the K-
level structures. For each z € S(k), the restriction €|spec 0, can be viewed
as a K -torsor. Let Aut,(€) be the pro-algebraic group of automorphisms
of &|spec 0, as a Kg-torsor. Choosing a trivialization of Elgpec 0, as a K-
torsor, we get an isomorphism €, : Aut,(£) = K,; changing the trivialization
changes the isomorphism €, by an inner automorphism of K. For each z €

S(k), restricting an automorphism of £ to Spec O, gives a homomorphism
of pro-algebraic groups

evee t Autgkg(£) = [[ Aute(6) 2Ks @ik
z€S (k)

which is well-defined up to conjugacy. We can pullback the character sheaf
Ks to Aut(€) via evg e and get a rank one character sheaf

Ksg = eVTS‘,E’CS € CS1(Autg k4 (E)).

This is well-defined because inner automorphisms act trivially on the iso-
morphism classes of rank one character sheaves.

2.7.7. DEFINITION. A point £ € Bung(Kg)(k) is called Kg-relevant if
the restriction of g ¢ to the neutral component of Autg k¢ (€) is isomorphic
to the constant sheaf. Otherwise the point £ is called Kg-irrelevant. Again
Ks-relevance is a property of a Bunz(Kyz g)-orbit.

2.7.8. LEMMA. If a point €& € Bung(Kg)(k) is (2, Kg)-relevant, then
it is also Kg-relevant. Moreover, if Az g is connected, then a point £ €
Bung(Kys)(k) is Kg-relevant if and only if it is (2, Kg)-relevant.

ProoF. If €T € Bung(K{) is a lifting of £, then Lgg+ is canoni-
cally identified with Autg k¢(€), hence a homomorphism A : Autg k() =
Lggr — Mggr = Ag. We have N'Ke = Kgge, hence (2, Kg)-relevance
implies Kg-relevance.

Next we assume A 7 g is connected and deduce that Kg-relevance implies
(Q, KCg)-relevance. Note that Az g C Lz g C Lg is the kernel of the homo-
morphism Lg — Mg, and is always contained in Autg k(). Therefore, we
have an exact sequence

1—-Azs— AUtQKS(g) L Ag.

Since Az s is connected, the fact that Kg ¢ is trivial on Autg g (£) implies
that K¢ is trivial when restricted to Aut&KS(E)/AZ’S. To show that ]Cg’A?:
is trivial, it suffices to show that Autg g (£)/Azs = Ag, or to show that
coker(\) is finite.
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Since coker(Lg — Myg) is the coarse moduli space of BunhZ(szg),

coker(\) is the coarse moduli space of the stabilizer of £ under Bunuz (Kz.s).
Recall D is the maximal torus quotient of G. Let Kp ¢ =[], Kp,» where
Kp . is the image of Kg in L, D. By our assumption, K, = Kz, - (K; N
Ldeer), hence Kp ; is also the image of Kz, under L,Z — L, D. We have
maps Bunz(Kz g) — Bung(Kg) — Bunp(Kp g). For b € Bunz(Kzs) and
€ € Bung(Kg), we denote their images in Bunp(Kp g) by bp and Ep. Sup-
pose b-& = &£, then bpEp = Ep in Bunp(Kp ), which implies that b lies in
the kernel of ¢ : Bunz(Kz g) — Bunp(Kp g). Since Z — D is an isogeny,
we have a factorization [n] : Z — D — Z for some positive integer n. This

induces a factorization [n] : Bunz(Kz ) s Bunp(Kps) — Bunz(Kzys).
Therefore ker(¢)¢ C ker([n])¢ (where (—)¢ means taking the coarse mod-
uli space). Hence coker(\) C ker([n])¢, which is finite. This completes the
proof. O

2.7.9. LEMMA. (1) Let & € Bung(Kg)(k) be a (Q,Kg)-irrelevant
point. Then for any object F € Dgo(Ks,Ks), itF =0 and i F =
0. Here ig denotes the inclusion map of the fiber of £ in Bung(K;f).
(2) Let [9] € GIF)\G(AF)/ 1,45 9(O0z) X [1es Kz be a double coset
whose corresponding point £ € Bung(Kg)(k) is Kg-irrelevant. Then
any function f € Cg(Kg,xs) vanishes on the double coset
G(F)9(1,¢s 9(Oz) x [l,es Kz)- Similar statement holds when k

is replaced by a finite extension k'.

PROOF. (1) We work over k without changing notation. Choose a smaller
level E(; as in §2.6.3 and a preimage £ € Bung(K{)(k) of €. Let ig+ :
Spec k — Bung(K) be the inclusion of £T. It suffices to prove that i}, F =
0 and i.!§+ = 0. Since Dgn(Kg,Ks) = D(MSJCS,Q)(Bung(K@), the stalks
gy F and ilg+]: are Mg ¢+-equivariant complexes over Spec k. By Lemma
A.4.4, this category is zero if ICS’Q|MZ o is not the constant sheaf, i.e., if £

is a (Q, Kg)-irrelevant point of Bung(Kg) (k).

(2) Let A := Autgk(€). Then A(k) is the automorphism group of
the double coset [g] if we view G(F)\G(Ar)/[,¢59(Ox) X [[,cs Kz as a
groupoid. There is a function f € Cg(Kg, xs) nonzero on the double coset

represented by £ if and only if the character x gy : A(k) — [[,cq Ko —

@Z is trivial. Under the sheaf-to-function correspondence, x g, corresponds
to the rank one character sheaf Kg¢ on A. Since £ is irrelevant, Kgg|40 is
nontrivial. By Theorem A.3.9, the character xg g)|ao(k) is also nontrivial,
and therefore f must vanish on [g]. O

2.7.10. THEOREM. Let (2, Kg,Kg,ts) be a geometric automorphic da-
tum. Consider the following statements.

(1) Bung(Kg) has only finitely many Kg-relevant Bunz(Kz g)-orbits
over k.
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(2) Bung(Kg) has only finitely many (2, Kg)-relevant Bunz(Kyz g)-
orbits over k. R

(3) For each a € X*(ZG)1,, Dga(k;Ks,Ks)a (see §2.6.10 for nota-
tion) contains only finitely many irreducible perverse sheaves up to
isomorphism.

(4) The geometric automorphic datum (2, Kg, Kg,ts) is weakly rigid.

Then (1) = (4) = (2) & (3). When Az is connected, all the statements
are equivalent.

PROOF. (2)=>(3) We base change all stacks to k without changing no-
tation. Clearly (2) is equivalent to that Bung(K{), has only finitely many
(92, Kg)-relevant M g-orbits over k for each «. If this is the case, let 51+, ceey 5;{,
be representatives of the relevant Mg-orbits in Bung(K)(k)a, whose im-
age in Bung(Kg) we denote by &1, -+ ,En. By Lemma 2.7.9, any object
F € Dga(Ks,Kg)a = D?MS,ICS,Q)(BHDQ<K§)“) can only have nonzero

stalk and costalk along the Mg-orbits of E;F . If such an F is an irre-
ducible (Mg, Kg q)-equivariant perverse sheaf, it is the middle extension of
some (Mg, K5 q)-equivariant local system on the Mg-orbit O; := Mg - E;F.
By Lemma A.4.4, the category of (Mg, Kgq)-equivariant local system on
O; = Mg/Ag, is equivalent to the category of twisted representations of
70(Ag,) under some cocycle in H?(m(Ag,), Q, ) determined by Kg,, which
only has finitely many irreducible objects. Therefore there are only finitely
many irreducible perverse sheaves in Dg (k;Kg,Ks) up to isomorphism.
(3)=(2) For each (Q, Kg)-relevant Mg-orbit O = Mg/Ag C Bung (K )a,
the category Locinvgkgo)(O) = Repe(mo(Ag)) for some cocycle § €

H?(m(Ag), Q,). One can find a central extension 1 — C' — Ag — Ag — 1
and a character y¢ : C — Q, such that Repg(mo(Ag)) is equivalent to

the category of finite-dimensional representations of gg on which C' acts
through xc. For the argument see §4.5.1. In particular, Repg(mo(Ag)) is
never the zero category. Take any nonzero irreducible object therein, we get
an irreducible (Mg, Kgq)-equivariant local system £ on O, and the middle
extension of a suitable shift of £ is an irreducible perverse sheaf F. For
different (€2, Kg)-relevant Mg-orbits we obtain different irreducible perverse
sheaves in this way. Therefore, if there are only finitely many irreducible
perverse sheaves in Dg o(k; Kg, Kg)a, Bung(Kg)a can only have finitely
many (€2, Kg)-relevant Mg-orbits, i.e., (2) holds.

(1)=(4) We will show that dim Cg ,:(Ks,xs)a is bounded by a con-
stant independent of the base field £ and o € X*(ZCA}) 1.~ Choose the level
K; small enough as in §2.6.3 so that K;r is pro-unipotent, hence Kg/KJ =
Ls := Kg(k). Let G(Ap)q be the preimage of o under the Kottwitz homo-
morphism kg r. Then dim Cg .z (K, Xs)a is the number of Z(F)\Z(AF)? x
Lg-orbits on G(F)\G(Ap)a/ ]l cs Ki * [l;¢59(0) that can support
(Z(F)\Z(AF)%,w?) and (Lg, xs)-eigenfunctions. By Lemma 2.7.9(2), only
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those cosets that are KCg-relevant can support such functions. By (1), there

are only a finite number of BunhZ(szg)—orbits in Bung(Kg), over k (any

this bound can be chosen to be independent of «). Take such an orbit and
denote its preimage in Bung(Kg)a by O. Suppose O contains a k-point
(otherwise it does not contribute to the function space Cg :(Ks, X5)a). We
shall bound the number of Z(F)\Z(Ar)f x Lg-orbits on O(k) by a number
that is unchanged upon passing k to a finite extension.

Fix £t € O(k), and let Sg+ be the stabilizer of £ under BunhZ(K}’S) X
Lg. Let P := BunnZ(KES)(k:). Since O is a single orbit under BunhZ(KzS) X
Lgs over k, the number P x Lg-orbits in O(k) is bounded by #H'(k, Sg+) <
#mo(Se+).

Note that Bung(K&)a(k) is decomposed according to classes ( €
G(F)\G(AF)a/ Il es K& x Il,¢5G(Ox), which is all we care about. Let
O(k)® be the subset of O(k) that belongs to G(F)\G(Ap)a/ [I,es K ¥

[1.¢s9(Oz). We also have a map P — H;KES(F, Z), the latter is a sub-

group of H'(F,Z) and it acts on Hé x+ (£, G) compatibly with the ac-
g

tion of P on Bung(K{)a(k). Let Py C P be the subset which maps to

kers,K;r(Z G) = ker(le’K;S(F, Z) — HéKg(F, G)). Then each P x Lg-

orbit on O(k) intersects O(k)” in a single Py x Lg-orbit. Therefore the
number of Py x Lg-orbits on O(k)¥ is also bounded by #mo(Se+).

Finally we bound the number of Z(F)\Z(Ar)? x Lg-orbits on O(k)".
For this we only need to bound the cokernel of Z(F)\Z(Ar)! — P,, which is
a subgroup of ker SKE (Z,G). Therefore it suffices to bound # ker SKE (Z,G).

For a group H over F we denote HY . (F,H) to be the kernel of
H'(F, H) = [T, H' (F3", H). Then kergy+(2,G) C ker(Hy_,..(F,Z) —
HL ..(F,Q)) =:kers(Z,G). Tt suffices to bound the size of kerg(Z, G).
Over the finite Galois extension F’/F, Z become constant diagonalizable
groups (i.e., Gal(F®* /F") acts trivially on their character groups), and we may

write Z @p F' as GJ,, % Zfi for some finite constant diagonalizable group
over F'. Let T' = Gal(F'/F), then we have exact sequences

(F,G) as in (2.9), and only the trivial class corresponds to

1 ——HYT, Z(F")) —=HYF, Z) —=HY(F', Z)"

i | i

1 ——HYT,G(F")) —=HYF,G) —= HY(F',G)"

The image of kers(Z,G) in HY(F’, Z)T' certainly lies in Hy_,, . (F', Z)".
Since Z @p F' = GI, x Zn HL_ (F'.Z)' ¢ H .. (F', Z%). On the
other hand, the kernel of kers(Z,G) — HY(F', Z)' lies in the kernel of
HYT, Z(F")) — HYT,G(F")), which is surjected by HY(T',C(F")) where
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C =ker(Z — @) is a finite diagonalizable group over F. The conclusion is
that

#kers(Z,G) < #HL .. (F' 78T 4HYT, CO(F")).

Both groups on the right side are finite and their cardinalities are bounded
independent of extensions of k. This gives a bound on # kerg K (Z,G) <

#kers(Z,@), and hence on the number of Z(F)\Z(Ap)? x Lg-orbits on
0% (k) for any Kg-relevant BunuZ(KJZr’S)—orbit on Bung(K{), for any a.
Therefore the dimension of Cg :(Ks,Xs)a i3 bounded independent of «
and the field extension k'/k.

(4)=(2) Suppose Cg ,:(k'; Ks,x5)a < N for all finite extensions &'/k,
we shall show that Bung(K{) contains at most N (€2, Kg)-relevant Mg-
orbits over k. If not, let Oy, ---,0ny1 be distinct (Q, Kg)-relevant Mg-
orbits, and let Sf € O;(k). Replacing k by a large enough finite extension,
we may assume that all & are defined over k. However, recall from (2.9)
that not all k-points of Bung(KY) correspond to points in the double coset
G(FO\G(AF)/ Tl,eq K % [1.¢5G(Oz). For each point &' there is a class
¢; € HY(F, G) recording the isomorphism class of EZ.+ at the generic point of
X . Since HY (F ®;, k, G) vanishes, by enlarging k to a finite extension, we may
kill the classes (;, and hence make sure that 5i+ do represent certain double
cosets [gi] € G(F)\G(AF)/ [I,es Ky * [1,¢5G(Ox) (which are necessarily
distinct). By the argument of (3)=(2), there is a nonzero local system £; €
Loc(mg,ks.q)(Oi) with support on the closure of the orbit Mg - &' (enlarge
k if necessarily to make sure that £; is also defined over k). Then for large
enough finite extensions k’/k, the function fr, ;s attached to £; via the
sheaf-to-function correspondence lies in ngu(k' ; Ks,Xx5)a, and is nonzero
at [g;] and vanishing outside the Mg(k)-orbit of [g;]. Then { fr, i }iz1,. N+1
gives at least (IV + 1) linearly independent functions in Cg :(k'; K5, X5)a;
contradicting our original assumption.

Finally, when A 7 g is connected, we know from Lemma 2.7.8 that (1)=(2),
hence all four statements are equivalent to each other. O

2.7.11. Numerical condition for weak rigidity. Let (Q,Kg,Kg,ts) be a
geometric automorphic datum. For each 2 € S we define an integer d(K29) as
follows. Let K?:d =K,;/Kz, C L,G*. The Lie algebra E;d of K;d is an O,-
lattice in g*d(F,). On the other hand we have the special parahoric subgroup
LFG*! whose Lie algebra is another lattice g*d(0,) c g®(F,). It makes
sense to consider the relative dimension dimy,(g24(0,) : £) between the two
lattices g*d(O,) and €4: take another lattice A contained in both of them
and define dimg(g?d(0,) : £4) as dimg(g?d(0,)/A) — dimg(€4/A). Note
that the inertia group I, acts on G* (as restricted from the homomorphism

Iy % Aut’(G) — Aut’(G??)). Define
d(K2) := dim G* — dim G*®'= + 2 dimy,(g°4(O,) : €29).
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2.7.12. LEMMA. (1) For any choice of K¥ as in §2.6.3, the stack
[Mg\Bung(K{)a] is smooth of pure dimension (gx — 1) dim G* +
% ZxES d(Kgd)
(2) Suppose there exists a point on Bung(Kg) whose stabilizer under
Bunz(Kzs) is finite. If (2, Kg,Kg,ts) is weakly rigid, then

(2.16) % S d(K) = (1 - gx) dim G,
zeS

PROOF. (1) Since dim[Mg\Bung(K})a] = dim Bung(K{),—dim Mg =
dim Bung(Kg) — dimBunz(Kzg), we shall compute the dimension of
Bung(Kg) and Bunz(K 7 g) separately. One can define d(K,) and d(Kz ;)
in a way analogous to d(K2%), with the group G®! changed to G or Z (cor-
respondingly G* changes to G or ZG). Clearly d(K,) — d(Kz,) = d(K2%).
We shall prove that

(2.17) Bung(Ks) = (gx — 1) dim G + % S d(K,),
€S
. 1
(218)  Bunz(Kzs) = (9x —1)dimZG + 7 D d(Kza).
€S

Taking the difference of these equations gives (1).

It is well-know that Bung(Kg) is smooth of dimension —y(X, Lie Gk ),
where Lie Gk is the coherent sheaf on X obtained from Lie G by chang-
ing its local sections over Spec O, from g(O,) to ¢, = Lie K,. A local
calculation shows that deg(Lie §) = —3 > ¢ dimG/dim G’=. Moreover,
degLie G —degLie Gk = >, g dimy(g(O;) : €;). Therefore deg Lie Gk =
— > es(3 dim G/ dim Gl +dimy (g(O,) : &) = —3 3,5 d(K;). By Riemann-
Roch theorem, —x (X, Lie k) = — deg Lie Gk, + (¢9x — 1)rank(Lie Gk ) =
3> e d(Ky) + (9x — 1) dim G. This proves (2.17). The proof of (2.18) is
similar. This finishes the proof of (1).

(2) The stabilizer of a point £ € Bung(Kg) under Bunz(Kz ) is the
same as the stabilizer of any of its preimage £ € Bung(Kg) under Mg.
Let U C Bung(KZ)a be the locus where the stabilizers under Mg are fi-
nite. The given condition ensures that I/ is nonempty for some «. Also U
is stable under Mg and consists of ({2, Kg)-relevant points (because the
condition for relevance only has to do with the neutral component of sta-
bilizers). Moreover U is open because the dimension of the stabilizers un-
der Mg is upper semicontinuous. By Theorem 2.7.10, (2, Kg, Kg, ts) being
weakly rigid implies that U consists of finitely many Mg-orbits. Therefore
dim[Mg\Bung (K )a] = dim[Mg\U] = 0, and we get (2.16) from (1). O

2.8. Rigid automorphic data for GL,. Let &k be a finite field. Con-
sider the split group G = GLjy over F = k(t), the function field of X = P}.
Since G is split, we take the constant group scheme over X as the integral

model G, and denote G also by G.
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2.8.1. S consists of three points. Let S = {0,1,00} C |PL| = |X]|. For
x € S, let I, be the Iwahori subgroup of L,G such that

L, (ky) = {( ‘C‘ Z)\cemx,a,b,de(ﬂx}.

The reductive quotient of I, is G2, given by sending < Z Z ) toa mod my,
1 (2

and d mod m,. For each = € S, we choose a character x, = (xx ', X ) :
KX x kX — @Z , which corresponds to a rank one character sheaf I, =

Kk =P on G2,. We may view K, as a rank one character sheaf on I,
by pullback along I, — G2,. We temporarily use I, to denote I (k;) (not
to be confused with the inertia group I, in §2.1). Then (Ig, xs) comes from
(Is, Kg) via the sheaf-to-function correspondence.

2.8.2. PROPOSITION. (1) There is an (Ig,xs)-typical automorphic
representation of G(Ap) only if

(2.19) IT X8

z€eS

In this case there is unique way (up to isomorphism) to extend
(Is,Ks) into a geometric automorphic datum (,Ig,Kg,ts).
(2) If, moreover, for any map € : S — {1,2} we have

H x€@) £ 1( the trivial character),
z€S

then the geometric automorphic datum (Q,1g,Kg,ts) is strongly
rigid.

PROOF. (1) Let 7w be an (Ig, xs)-typical automorphic representation of

G(Ap). Then its central character of w : F*\A} — @Z is compatible with

(1) (2)
(Is, xs): w|px is trivial for ¢ S and wy|Hx is equal to OF — kj Xe Xe |

@EX for x € S. Since ®w, has to be trivial on F'*, and in particular k>, we
must have (2.19). When (2.19) is satisfied, the central character w is also
unique up to an unramified twist, and in particular the restricted part w? is
unique determined by the characters {xz}zes.

Since in our case BunEZ(Iz,S) = Pic’(X) = BG,,, Lemma 2.6.5 implies
that when (2.19) holds, there is a unique pair (€, tg) making (Q,Ig,Kg,ts)
into a geometric automorphic datum.

(2) We shall show that (Ig, xs)-typical automorphic representations are
unique up to unramified twists. For this we may fix a central character w
compatible with (Ig, xs), and argue that (w,Ig, xs)-typical automorphic
representations are unique up to unramified twists.
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By (2.6), we have an equivalence of groupoids (note that H!(F, GLs) is
trivial)

GIF)\G(Ar)/ ] G(Oz) x [] I = Buna(Is)(k).
xS z€S

Here Buny(Ig) is the moduli stack classifying (V,fg), where V is a vector
bundle of rank two on X and fg is a collection of lines ¢, in the two-
dimensional fiber V,, one for each z € S. The Kottwitz map in this case is
K : Bung(Ig) — Z sending (V, £g) to the degree of V. We denote x~1(d) by
Bund(Is). We shall determine the Kg-relevant points on each Bund(Ig).

Evaluating an automorphisms of (V,£s) € Buns(Is)(k) at = € S gives a
map

o = (alV, @) Aut(V, lg) — G2,.

x

which sends an automorphism ¢ € Aut(V,{s) to the scalars by which ¢
acts on ¢, and on V,/l,. Then (V,lg) is Kg-relevant if and only if Kgy :=
R.cs 04;1)’*/@(51) ®a§c2)’*lC§;2) is trivial on the neutral component of Aut(V, £g).

There is one situation in which we may immediately conclude that (V, £g)
is irrelevant, that is when V = £’ @ £” is a sum of two line bundles such
that for each x € S, either ¢, = L or ¢, = L"”. We call such a point (V, £g)
decomposable. In this case, consider the subgroup G/, — Aut(V,{g) given
by scaling only the direct summand £’. The map aglg,, is given by the
inclusion of G, into the first or second factor of G2,. Therefore the sheaf
/Csyf(g;n takes the form

Ksyle;, 2 ®zeskf®)

where e(x) = 1 if £, = L/ and e(x) = 2 if ¢, = L. Under the sheaf-to-

function correspondence, Ksy|g: goes to the character [] g X;(f(m)) kX —

@EX , which is nontrivial by our assumption. Therefore, Ks y[g: is nontrivial,
and (V,lg) is irrelevant.

To determine the relevant points, we need to look for indecomposable
(V, £s)’s. Any rank two vector bundles V over X = P! is of the form £ ® £
where £1 = O(a), L2 = O(b) for integers a > b. If a > b, the automorphism
group of V consists of 2 x 2 matrices ( 8\ i ) where ¢ € Hom(Lq, L1).
If ¢, # L1 then there is a unique value n, € Hom(Ls,, L1 ;) such that

1 ng .
e

If a — b > 2, there exists ¢ € Hom(Ls, £1) = HO(P', O(a — b)) such that
¢(x) = ny for all € S whenever ¢, # Ly, (since degS = 3). Therefore,

letting £/ = £1 and L£" = ( 1 ¢ > - Lo, we get a new decomposition

0 1
V = L @& L"” such that for each = € S, ¢, is either L or L, i.e., (V,{g) is
decomposable hence Kg-irrelevant.

The remaining possibilities are
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(1) If a—b =1, for (V,£g) to be indecomposable, none of the ¢, should
be contained in £q by the above discussion. When this is the case,
we may use an automorphism of V as above to obtain another
decomposition V = £ @ L” such that ¢y and /., are contained in
the fibers of £” while ¢; is spanned by (1,1) under trivializations
of £' and £” at 1. This gives a unique Kg-relevant point %o,_1 €
Bun3*~*(Is) (which is also a k-point).

(2) If a = b, trivializing P(V) we may view £, as a point in P!. The
point (V,£s € (P')°) is indecomposable if and only if the three
points £, € P! are distinct. Since Aut(V) = GLg, all such (V, £g)
give the same point %9, € Bun3®(Ig). This is a k-point, and is the
unique Kg-relevant point on Bun3®(Ig).

To conclude, for each d € Z, Bund(Is) contains a unique Kg-relevant
point x4, which is defined over k. For each d € Z, let G(Afp)q be the
subset consisting of g = (g,) with degdet(g) = d, and let Cg(Is,xs)a =
C (G(F)\G(Ap)a/ [Li¢s G(Oz) X [1,e5(La Xz))- The above discussion shows
that dim Cg(Is, xs)q = 1, in which all functions are supported on the double
coset given by 4.

The action of the center F*\A % on G(F)\G(Ar) identifies G(F)\G(AFr)q
for all d with the same parity. Therefore dim Cq ., (I3, xs) = 2, and the re-
striction map Cg o (Is, xs) — Ca(Is, x5)o® Ca(ls, xs)1 is an isomorphism.
Formula (2.5) implies that there are at most two (w, I's, x5 )-typical automor-
phic representations, and they are cuspidal. All statements so far hold when
k is replaced by any finite extension k' (with respect to the base-changed
automorphic datum).

If there is only one (w,Ig, xs)-typical automorphic representation m,
there is nothing else to show. Suppose there are two (w, Is, xs)-typical au-
tomorphic representations 7 and 7’. By multiplicity one for G = GLo, 7
is not isomorphic to 7’ as G(Ap)-modules. Consider the unramified qua-

dratic character n : G(F)\G(A)/ ], G(O.) degodet, 7, {£1}. Twisting
by 1 sends one (w,Ig, xs)-typical automorphic representation to another.
We claim that 7 ® n = «’. If not, then 7 ® n = . By the global Langlands
correspondence for GLg, there is a Galois representation p : W — GL2(Qy)
attached to 7, and it satisfies p ® x,, = p, where x;, is the unramified char-

acter Wg — Z — {£1}. This implies that p = Ind%g ¢ for some character

C:Wg — @Z , where £ = F ® k' and k' is the quadratic extension of k. In
particular p|y,, is reducible. This means that the base change BCg/p(7),
as a (W', Igr, xg)-typical automorphic representation of G(Ag), is not cus-
pidal, which is a contradiction. Therefore up to unramified twists, there is
only one (w, Ig, xs)-typical automorphic representation of G(Ar). The same
argument applies when k is replaced by any finite extension &’. Therefore
(Q,1Is,Kg,tg) is strongly rigid. O
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2.8.3. S consists of two points—Case I. Let S = {0, 00} and char(k) # 2.
We consider the following geometric automorphic datum. At x = 0, let K
be the Iwahori subgroup Iy. Let xq : T(k) = kX x kX — Q, be a character,
viewed as a character of Iy = Iy(k) via Iy — T(k). Let Ky € CS1(T) be the
corresponding character sheaf, also viewed as a character sheaf on Ko = Ij.

On the other hand, fix a nontrivial additive character ¥ : k — @ZX . At
x = 00, let Ko = I, the pro-unipotent radical of the Iwahori subgroup at
o0, i.e.,

Koo (k) = {( - ) cet k[t abd e k[, ab=1 mod tl}.

Consider the homomorphism
(2.20) K, — G?

(‘C‘ g) — (bosc_1).

Here by is the constant term of b and c_; is the coefficient of =1 in ¢. Let
¢ : k? — k be a linear function. Then the character /¢ : G2(k) = kxk — Q,
corresponds to an Artin-Schreier sheaf ASy. Let Koo = ASy, viewed as a rank
one character sheaf on K via the map (2.20). Since Bunz (K7 ) is a point
in this case, by Lemma 2.6.5 there is a unique way (up to isomorphism) to
extend (Kg, Kg) into a geometric automorphic datum (Q2, Kg, Kg,ts).

2.8.4. PROPOSITION. Suppose the linear function ¢ : k* — k is nontrivial
on each coordinate, then the geometric automorphic datum (Q,Kg,Kg,ts)
s strongly rigid.

PROOF. Let (w%, Kg, xs) be the restricted automorphic datum attached
to (Q,Kg,Kg,ts). To show strong rigidity, we need to show that there is
a unique (w!, Kg, xs)-typical automorphic representation of G(Ar) up to
unramified twists (and the argument will work when £ is replaced with any
finite extension k').

Let m be a (wh, Kg, xs)-typical automorphic representation. The moduli
stack we should consider is Bung(Kg) = Bung (I, I1). It classifies quadru-

ples (W, 4y, véi), véi)), where V is a rank two vector bundle over X = P!, ¢,

is a line in the fiber V), vc(xlj) is a nonzero vector in V., and vé? is a nonzero
vector in the quotient line Vo / <’Uc(>é)>. Again the Kottwitz map gives a de-
composition of Buny (I, It ) into Bung(Iy, I%) according to the degree of V.
We shall show that each Bung(Ty, IL) contains a unique Kg-relevant point,
and the rest of the argument is similar to that of Proposition 2.8.2.

Fix a k-point (V, £, vg;) ) vg)) of Bung (Ip, IL). Let A = Aut(V, 4y, vg), vg)).
For an automorphism ¢ € A, we may evaluate it at oo to get po €

2)

GL(Vs), which fixes oY) and preserves vso up to a multiple of o8, Then
gooo(vg)) — oY = fl(cp)vc(,};) for some fi(¢) € k. On the other hand, ex-

tending voé to a section 5&,) of V on the first infinitesimal neighborhood of
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oo, then go('ﬁ(()}))) — ﬁ(,é) = fg((p)t_lvg) modulo the span of t_lvc(,é), for some

f2(p) € k independent of the choice of e lifting o8V, This way we get a

homomorphism
f=(f1,fa) : A= G

The point (V,Zo,vg),vg)) is KCg-relevant only if f*ICy is trivial on A° (in
fact A is connected).

The vector bundle V is isomorphic to £ & L”, where £' = O(a), L" =
O(b) for integers a > b. When a > b, as in the proof of Proposition 2.8.2, we
may adjust the decomposition by an automorphism of V so that £ is either

L or Ljj, and at the same time either vg)) € Ll or v&l}) eLl.

If vﬁ? € L/, there is an automorphism ( é (1b > € A where ¢ €
Homx (£", L") = H(P!, O(a—1b)) such that ¢g = 0 and ¢ # 0. This means
that there is a subgroup G, C A such that f|g, identifies it with the first
factor of G2. Since K is nontrivial on the first factor of G2, f*Kuolg, is
nontrivial, and (V, £y, vg), vc()g)) is Kg-irrelevant.

If vg) € L/, and a — b > 2, then we may consider the similar automor-
phism with ¢g = 0, ¢ = 0 but the coefficient of ¢! in the local expansion
of ¢ at co is nonzero. This way we get a subgroup G, C A such that f|g,
identifies it with the second factor of G2, and since K is nontrivial on the
second factor of G2, we again conclude that (V, £y, fuc(é) , ué?) is Kg-irrelevant.
When a —b =1 and ¢y = L}, we may drop the requirement ¢y = 0 and the
above argument still works.

The remaining cases are

(1) fa—b=1, ¢y = L] and o € L. This is in fact a single point
in Bun2®~!(Iy, %)) defined over k with trivial automorphism, and
it is the unique Kg-relevant point therein.

(2) If a = b, after twisting by O(—a) we may reduce to the case a =0
and we have V = V @z Ox for the two-dimensional vector space
V = HYX,V). The lines ¢y and @é?) determine two points in
P(V). If these two points are the same, then A is the unipotent
radical U of the Borel subgroup of GL(V) preserving £y, which
maps isomorphically to the first factor of G2 under f. Therefore in
this case (V, £y, vg),vg)) is Kg-irrelevant. The only possibility for
(V, 4o, v&),vg)) to be relevant is when the lines ¢y and <vc(x1>)> are
distinct. This is in fact a single point in Bun3®(Iy, IL) defined over
k with trivial automorphism, and it is the unique Kg-relevant point
therein.

O

2.8.5. S consists of two points—Case II. Let S = {0, 00} and char(k) # 2.
We consider the following geometric automorphic datum. At z = 0, let Kg
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be the Iwahori subgroup Iy with reductive quotient T = G2,. Choose a

characters yo = (X(()l), XéQ)) : T(k) — @Z , which correspond to character

sheaves IC(()l) and ICSZ) on G,,. Let Ko = IC(()l) X IC(()Q) be the character sheaf
on T, viewed also as a character sheaf on Ij.

On the other hand, fix a nontrivial additive character ¢ : k — @Z . Let
Kl =ker(LLG _mod Moo, G) be the first congruence subgroup of LL G, and
let Ko, = K. - T. There is a natural projection K. — g (where g = Lie G)
given by reduction modulo m2,. Let t = Lie T. Choose ¢ = (cb(l), ¢(2)) €
k?, which gives an additive character ¢ : t — @Z sending diag(z,y) to
w(d>(1):): + ¢(2)y). We have the corresponding Artin-Schreier sheaf AS, on
t. Also choose characters (X&), Xf{i)) : T(k) — @, , which correspond to a
character sheaf IC(()})) X ng%) on T. Let Ky = IC(()? X IC(()%) MASy € CS1(T x t).
Via the projection Koo — T x g — T x t (the last projection g — t is the
projection onto the diagonal matrices), we view K as a character sheaf on
K. The corresponding character of Ko, = Koo (k) is

(1 (2) (1) (2)y __
Xoo t Koo = T(k) x Mata(k) — £ x k* x k x k DX 00 007), g
2.8.6. PROPOSITION. (1) There is a (Kg,xs)-typical automorphic

representation of G(Ar) only if
T X =1.

z€S
In this case, there is a unique way (up to isomorphism) to extend
(Kg,Kg) into a geometric automorphic datum (Q,Kg,Kg,ts).
(2) If the following extra conditions are satisfied
e For any map € : S — {1,2} we have

(2.21) T[T @ #1:

z€eS

° ¢(1) £ ¢(2),
Then the geometric automorphic datum (Q,Kg, Kg,ts) is strongly
rigid.

SKETCH OF PROOF. The basic idea of the proof is similar to that of
Proposition 2.8.2. The only nontrivial part in proving (2) is to show that each
Bung(Kg) contains a unique Kg-relevant point. Let us sketch the argument.

The moduli stack Buny(Kg) = Buny (I, Ko) in this situation classifies
the data (V, 4o, e@,e&?) where V is a rank two vector bundle over X = P!,
fo is a line in )y, and E&) and Eg%) are independent lines in V.. Fix a
point (V,eo,eéi),eé?) € Bung(Ip, Koo )(k) and let A = Aut(V,Eo,ﬁg),Eg,)).
Evaluating an automorphism ¢ € A at 0 we get

ag = (oz(()l), oz((]z)) cAut(V, £y, 0D, 1)) — G2, =T

o0 P o0
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where the two coordinates are the scalars by which ¢g acts on £g and on
Vo/lo. Let v € o - {0} for i = 1,2. Expanding ¢ near oo to the first
order, we may write p(v(M)) = a&)(cp)v(l) + t718W ()v™M modulo t~1v(?)
and ¢~2; similarly p(v®) = ag)(go)v@) +t718@ ()o@ modulo t~'v(M) and
t~2. The functions ag),a(@, 61, 82 are well-defined (independent of the
choices of v1) and v(z)). They define homomorphisms

oo = (@M a?)) : ASGE =T

g=(W,52) . 4A-A=t
The point (V, 4y, Eg) , eéi)) is Cg-relevant if and only if both character sheaves

Ko =) oKD @ a@*KP); and Kg = B*AS,
zes

are trivial on the neutral component A°.

We write V = L' & L” where £' =2 O(a), L = O(b) with a > b. If a > b,
we may use automorphisms of V to arrange so that one of the following
happens

o (Y = L, Q) = LY, by = L{. Then the diagonal torus diag(A, 1)
belongs to A, and K, is nontrivial on this torus by assumption
(2.21). Therefore (v,eo,eéi),ﬁé?) is Kg-irrelevant.

o (Y = L, Q) = LY, Ly = L. Similar argument for the torus
diag(1, \) shows that (V,Eo,eé}},ﬁé?) is Kg-irrelevant.

o /) — Ll Q) = L, by = L{ or Lj. Similar argument as in the

previous cases shows that (V,Eo,ﬁg),ﬁg)) is Kg-irrelevant.

o 1Y) = cr, 0@ # L., or L7 . If a > b+ 2, then there is an additive

subgroup ¢ : G, — A which is the identity when evaluated at 0
-1
(so that £y is preserved) and takes the form ¢(u) = ( (1) Utl )
modulo ¢~2, u € G,. Calculation shows that 3(¢(u)) = (us, —us)
for some s # 0. Therefore Kslg, = miAS,a)_g2 (where my :
Gq — Gy is the multiplication by s map). Since ¢ — ¢(2) £ 0, Ks
is nontrivial on ¢(G,) C A, hence (V, 4y, 6&?, EC()%)) is Kg-irrelevant.
If a—b=1and ¢y € L, then £, is preserved by any automorphism
of V, and we still have an additive subgroup ¢ : G, — A given by
-1
o(u) = ( (1) Utl > The argument above still works to show that
(V, 4y, EC(,})), 5533) is Kg-irrelevant.
The remaining cases are

e a = b. Up to twisting by O(—a) we may assume V = V @
Ox for some two-dimensional vector space V. Then we may view
Lo, E(oé), Zg%) as lines in V. To avoid possible G, in A on which I, is



112 Z. YUN

nontrivial, the three lines £, 6&? , eé%) must be distinct. This defines
the unique Kg-relevant point in Bun3®(Kg), which is defined over
k with automorphism group equal to the central G,,.

e a = b+ 1 and none of the three lines éo,&(;) and &(33) are in L.
This defines the unique Kg-relevant point in Buni®* ' (Kg), which
is defined over k with automorphism group equal to the central G,,.

The rest of the argument is similar to that of Proposition 2.8.2. ([

We will see in §3.3 that the three types of rigid automorphic data we
considered in this subsection for GLy correspond, under the Langlands cor-
respondence, to the three types of hypergeometric local systems of rank two
over punctured P!,

3. Rigidity for local systems

In this section, we will review some basic facts about local systems in
étale topology in §3.1, and introduce the notion of rigidity for them in §3.2,
following Katz [24]. Rigid local systems of rank two are studied in details
in §3.3. We also review the notion of rigid tuples in Inverse Galois Theory
in §3.4 for comparison.

3.1. Local systems. Let k be any field.

3.1.1. Local systems in étale topology. Let U be a scheme of finite type
over k. We recall some definitions from [20, §1.2, §1.4.2, §1.4.3]. A Z-local
system on U is a projective system (F,),>1 of locally constant locally free
7./ 0" Z-sheaves F, of finite rank on X under the étale topology such that the
natural map F,, ® Z/{""'Z — F,_1 is an isomorphism for all n. Denote the
category of Z-local systems on U by Loc(U, Z;), which is a Zy-linear abelian
category. The category of Qs-local systems is by definition the abelian cate-
gory Loc(U, Zy)®Qy obtained by inverting ¢ in the Hom groups in Loc(U, Zy).
Similar definition gives Loc(U, Or,) and Loc(U, L) for any finite extension L
of Q. Finally define Loc(U) := Loc(U, Q) to be the colimit lim Loc(U, L)
over all finite extensions L of Q.

In the sequel we assume U is normal and connected. Fix a geometric
point u € U. Let F be a Q-local system on U of rank n. The stalk F, is a
Qy-vector space of dimension n which carries an action of the étale funda-
mental group 1 (U, u) defined in [16, V,§7]. Thus F determines a continuous
homomorphism

pr:m (U, u) — AUt@[ (Fu) = GLn(Qy),

where Qy is topologized as the colimit of finite extensions E of Qy, each with
the f-adic topology. The last isomorphism above depends upon the choice
of a basis of F,. This way we get a functor

(3.1) wy, : Loc(U) — Repeoys (71 (U, w))



RIGIDITY IN AUTOMORPHIC REPRESENTATIONS AND LOCAL SYSTEMS 113

where Repo(m1(U,u)) is the category of continuous representation of
71 (U, u) on finite-dimensional Q,-vector spaces. Both sides of (3.1) carry
tensor structures and w,, is in fact an equivalence of tensor categories ([20,
Proposition 1.2.5]).

Let 73" (U,u) := (U ®4 k,u), and call it the geometric fundamental
group of U (with respect to the base point ). This is a normal subgroup of
71 (U, u) which fits into an exact sequence ([16, V, Proposition 6.13])

1 — 73" (U, u) — m (U,u) — Gal(k®/k) — 1.

3.1.2. H-local systems. Let H be an affine algebraic group over Q,. We
may define the notion of H-local system on a connected normal scheme U
over k. There are two ways to do this.

First definition. Fix a geometric point v € U. An H-local system on U

is a continuous homomorphism
(3.2) p:mi(U,u) — H(Qy).
Such homomorphisms form a category Locy (U), in which isomorphisms are
given by H(Q,)-conjugacy of representations. For example, Locgr, (U) is
equivalent to the full subcategory of Loc(U) consisting of local systems of
rank n.

Second (and more canonical) definition. Let Rep(H) be the tensor cate-
gory of algebraic representations of H on finite-dimensional Q,-vector spaces.
We define an H-local system to be a tensor functor F : Rep(H) — Loc(U)

(notation: V' +— Fy ). We form the category of H-local system on U by taking
the category of such tensor functors

Locy (U) := Fun®(Rep(H), Loc(U)).

The two notions of H-local systems are equivalent. Given a representa-
tion p as in (3.2) and for V' € Rep(H), the composition

pv : m(U,u) & H(Q) — GL(V)

is an object in Loc(U) of rank equal to dim V. The assignment V' +— py gives
a tensor functor F : Rep(H) — Loc(U). Conversely, given a tensor functor
F : Rep(H) — Loc(U), using the equivalence (3.1), it can be viewed as a
tensor functor Rep(H) — Repgon (m1(U,w)). The Tannakian formalism [7]
then implies that such a tensor functor comes from a group homomorphism
p as in (3.2), well-defined up to conjugacy.

3.1.3. DEFINITION. Let F € Locy(U) be given by a continuous homo-

morphism p : 71 (U,u) — H(Q,). The global geometric monodromy group
HE°™ of F is the Zariski closure of p(7$*™ (U, u)) in H.

Recall the following fundamental result of Deligne on the nature of the
global geometric monodromy groups of local systems when k is a finite field.

3.1.4. THEOREM (Deligne). Let k be a finite field and F be an H-local
system on U (defined over k). Suppose that for some faithful representation
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H — GL(V)Lthe associated local system Fy is t-pure with respect to an
embedding v : Qp — C. Then the neutral component of H%eom s semisimple.

In fact, purity of Fy implies that Fy is semisimple over Uz, and we
then apply [6, Corollaire 1.3.9] to get the above result. For the definition of
(-purity, see [6, §1.2.6].

3.1.5. Local monodromy. Let X be a projective, smooth and geometri-
cally connected curve over a perfect field k. We shall use the notation from
§2.1. Fix a finite set of closed points S C |X| and let U = X — S. An
algebraic closure F, of F, gives a geometric generic point 1, € X. The
morphism Spec F, — U then induces an injective homomorphism of funda-
mental groups

(3.3) Iy = Gal(FL /Fy) — m(U,ng) = w1 (U, ),

where the second map is well-defined up to conjugacy. Since F is a com-
plete discrete valuation field with perfect residue field k,, we have an exact
sequence
1 — I, — Gal(F:/F,) — Gal(k/k,) — 1.

Under (3.3), I, is contained in the normal subgroup 7™ (U, u) < 71 (U, u).

When char(k) = p > 0, there is a normal subgroup IY < I, called
the wild inertia group such that the quotient I% := I,/I¥ is the maximal
prime-to-p quotient of I, called the tame inertia group. We have a canonical
isomorphism of Gal(k/k,)-modules

Ii = lin pin (k).
(n,p)=1

Let p : m(U,u) — H(Q,) be an H-local system. The local monodromy
of p at x € S is the homomorphism p, := p|;, : I, — H(Qy). The local
system p is said to be tame at x € S if p, factors through the tame inertia
group I¢.

3.1.6. Conductor. For a continuous linear representation of the inertia
group on a Qg-vector space V

o: 1, — GL(V)
one can define its Swan conductor and Artin conductor (see [22, Chapter
1]). We recall their definitions in the case o(I;) is finite (see [37, §VI.2],

[13, §2]). Let D = o(I,) = Gal(L/F}") for some finite Galois representation
L/F}" inside F;. There is a filtration of D

D=Dy>Di>Dyi>--- .

For ¢ > 0, D; is the subgroup of D which acts trivially on (’)L/miL (mg,
is the maximal ideal of Op). This is called the lower numbering filtration
on D. In particular, Dy = ¢**(I}Y) = o(I¥). The Swan conductor of the
representation o is

o dim(V/VPi)
Sw(o) == ; D]
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This turns out to be an integer. The Swan conductor of ¢ is zero if and only
if o is tame. The Artin conductor of the representation o is

a(o) := dim(V/VI®) + Sw(o).

If o = pp : I — GL(V) is the local monodromy of a local system
F € Loc(U), we also denote Sw(o) by Sw,(F) and a(o) by ay(F).

3.1.7. The twisted situation. Let 0 : m(U,u) — Aut(H) be a homo-
morphism that factors through a finite quotient I' = Gal(U’/U) for some
finite étale Galois cover U’ — U. We define a 0y -twisted H-local system on
U to be a pair (F,6) where

e Fisan H-local system on U’, viewed as a tensor functor Rep(H) —
Loc(U");

e ¢ is a collection of isomorphisms 6,y : Fy+ = v*Fy, one for each
v €T,V € Rep(H), where V7 is the representation of H given by
the composition H - H — GL(V). The isomorphisms {6, 1} are
required to satisfy the usual cocycle relations with respect to the

multiplication in I', and to be compatible with the tensor structure
of F.

This definition a priori depends on the choice of I'" through which 0y fac-
tors. However, enlarging I' gives an equivalent notion of 8g-twisted H-local
systems, therefore the definition is independent of the choice of the finite
quotient I' of 71 (U, u). We denote the category of p-twisted H-local sys-
tems on U by Locp g, (U).

It is easy to check that there is an equivalence of groupoids

(3-4) Locr gy (U) 2 Zigwy (m1(U, w), H(Qy)) /H(Qy)

where Z} . (m1(U,u), H(Qy)) is the set of continuous 1-cocycles on 1 (U, u)
with values in H(Q,) which carries an action of m1(U,u) via 6y. Note
that ZL . (m1(U,u), H(Q,)) is in bijection with liftings of m(U,u) — T
to m(U,u) — H(Q,) x T, and H(Q,) acts on such liftings by conjuga-
tion. In particular, isomorphism classes in Locg g, (U) are in bijection with
Hiont(ﬂl(lﬁ u), H(QE))

In the twisted situation, the local geometric monodromy of F € Locg g, (U)

at a point x € S is a cohomology class H., (I, H(Qy)), where I, acts

= 0
on H(Qy) through I, — m(U,u) =% Aut(H). Moreover, the above con-
struction is functorial with respect to 1 (U, u)-equivariant homomorphisms
H— H'.

3.2. Rigidity for local systems. Rigidity of a local system is a geo-
metric property, therefore we assume the base field k£ to be algebraically
closed in this subsection. Let X be a complete smooth connected algebraic
curve over k. Let X be a smooth, projective and connected curve over k.
Fix an open subset U C X with finite complement S.

Let H be an algebraic group over Q, with an action 0y : m (U,u) —
Aut(H) that factors through a finite quotient I' = Gal(U’/U).
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3.2.1. DEFINITION (extending Katz [24, §1.0.3]). Let F € Locg g, (U).
Then F is physically rigid if, for any other object 7’ € Locp g, (U) such that
for each z € S, the local geometric monodromy of F’ is isomorphic to that
of F (i.e., the two local systems give the same class in H., (I, H(Qy))), we
have F = F’ as objects in Locg g, (U).

Although the definition uses U as an input, the notion of physical rigidity
is in fact independent of the open subset U: for any nonempty open subset
V C U, F isrigid over U if and only if F|y is rigid over V. Therefore, phys-
ical rigidity of an H-local system is a property of the Galois representation
Gal(F*/F) — H(Q,) x T obtained by restricting p to a geometric generic
point of the X.

3.2.2. Motivation for cohomological rigidity. Another notion of rigidity
can be thought of as an infinitesimal version of physical rigidity. We motivate
the definition by considering local systems in the complex analytic topology.
Suppose the algebraic curve X is defined over C. Let U = X — S C X be a
Zariski open dense subset and let U*" denote the Riemann surface structure
on U(C). Let H be a connected reductive group over Q,. An H-local system
F in this case is simply a group homomorphism

pF PP .= W}Op(Uan, u) — H.

without continuity conditions. For x € .S, the local monodromy of F around
x is the image of a counterclockwise loop around z (with starts and ends at
u) in H.

In this case, the objects of the category Locy (U?") are the Q,-points
of an algebraic stack Locy (U?) defined over Q. In fact, for simplicity we
consider the case where S # &, then I'*°P is simply a free group F, with
r generators. Then Locy (U?") is isomorphic to the quotient stack [H"/H]|
where H acts diagonally on H" by conjugation. From this description we
readily see that Locy(U") is a smooth algebraic stack.

It is convenient to work with a Riemann surface with boundary that is
homotopy equivalent to U*". There is a canonical such Riemann surface: the
real blow-up X?" of X?" along the points in S. The preimage of x € S in
X0 s a circle 8, which L is identified with the circle of unit tangent vectors in
T, X . The boundary 0X*" of X*" is the disjoint union of 9, for x € S. The
moduli stack Locy (X®") which is canonically isomorphic to Locy (U*"). We
also have the moduli stack Locg(9X®): it is simply isomorphic to [H/H]S,
one factor of the adjoint quotient [H/H] for each boundary component 0.
Let H?® be the quotient torus of H. We can similarly define Locjan ()A(/ an)

and EocHab(a)N( an). We have a commutative diagram relating these moduli
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stacks

(3.5) Loc(X™) — = 5 Loc(dX ™)

l l

Lo¢gan (X)) — Locpan (0X™)

where the horizontal maps are given by restricting local systems to the
boundary, and vertical maps are induced from the projection H — H?P.
Now we fix a monodromy datum (A4, Cg):
e An object A € Locsan(X).
e Cg ={C,}res, where C, is a conjugacy class in H for each x € S,
such that the local monodromy of A|s, is the image C2 of C,, in
H?b,
Define a substack Cg = ngs[Cm/H] of Locy(0X™), and similarly cab =
[1,[C2>/H®) C Locyas (0X™). We define

ﬁOCH(jZaH, Cs) :=Cg X Loy (8Xm) ﬁOCH()?aH)

Locpan (X, C2P) .= C2 X Loe,pan (D) Locpan (X™).

The object A lies in Locpab (X, C2P). We form the fiber

EOCH()N(an,A, Cg) == ;COCH()A(:an, Cys) X Loc, ap (Xon,C20) {A}

Since X" is homotopy equivalent to U?", the stack Locy ()Af an ' (Cg) classifies
H-local systems F on U*" with monodromy around z lying in the conjugacy
class C, and an isomorphism F2P = A.

We are interested in the infinitesimal deformations of a point F €
Locy (X", A, Cg). The tangent complex TrLocy(X?*") of Locy(X?) at
F is given by

Tj:ﬁOCH()A(;an) = H*()?an7Ad(f))[1]

where the local system Ad(F) is the tensor functor F evaluated at the
adjoint representation of H on its Lie algebra h. Let Fy := F| a%an €

Locy(0X™). The same calculation shows
T, Locr(OX™) = H*(HX™, Ad(Fp))[1].

The tangent complex of Cg is concentrated in degree -1 and is equal to
H%(0X2", Ad(Fp))[1]. Therefore we have a distinguished triangle

(3.6) Tr,Cs — Tr,Locy (X™) — HY(X™, Ad(Fp)) —

Since Locy ()N( an (g) is defined as the preimage of Cg under the morphism
res in (3.5), the map TrLocy(X?**,Cs) — TrLocy(X?*") has isomorphic
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cone with the map Tr,Cs — Tx,Loc(0X?™). By (3.6), we get a distin-
guished triangle

(3.7)  TrLocy(X™, Cs) — H*(X™, Ad(F))[1] — H (0X™, Ad(Fp)) —

We may express TrLocyy ()~( an’(Cg) in more complex-geometric terms, with-

out appealing to the boundary 0X®. Let j : U — X and i, : {z} — X
(x € S) be the inclusions. We define ji,Ad(F) to be the non-derived di-
rect image of Ad(F) along j. Concretely, the stalk of ji, Ad(F) at z € S is
(h)!= where I, is the inertia group at . We have a distinguished triangle of
complexes of sheaves on X?2"

JeAd(F) = jAd(F) = Sresic H (0, Ad(Fp))[-1] —
which then gives a distinguished triangle after taking cohomology
H*(X™, ji Ad(F))[1] — H* (X, Ad(F))[1] — H(9X™, Ad(Fp)) —
Comparing with (3.7), we get a quasi-isomorphism
(3.8) TrLocy(X™,Cs) = H (X™, ji, Ad(F))[1].

We use the notation ji, because in this case ji.Ad(F)[1] is also the middle
extension of the perverse sheaf Ad(F)[1] from U to X.
Similarly,

(3.9) TaLocyn(X™, C3) = HA (X, ji Ad(A))[1].

Since H®*" is abelian, Ad(A) is the constant sheaf h? = Lie H*" and
j1+Ad(A) is the constant sheaf h2P on X", Since Locy (X, A, Cs) is defined
as the fiber of Locy(X?",Cg) over A, we have a distinguished triangle

TrLocy(X™™, A, Cs) — TrLocy(X*™,Cs) — TaLocsas (X, C%) —
Comparing (3.8) and (3.9) we conclude that
TrLoc(X™, A, Cg) = H* (X j, Ad° (F))[1]

where Ad"(F) = ker(Ad(F) — Ad(A)) is the local system obtained by
evaluating the functor F on the adjoint representation of H on hder =
Ker(h — b™).

As usual, classes in H?(X®", j,,Ad%(F)) are obstructions to infinitesi-
mally deform F with prescribed local monodromy around S and abelianiza-
tion F2P = A. When H2(X®*, j,,Ad%"(F)) = 0, the moduli stack Locg (X,
A, Cs) is smooth at F and H' (X2, ji, Ad9"(F)) is its Zariski tangent space
at F.

Since hd°* carries an Ad(H )-invariant symmetric bilinear form, j,, Ad9" (F)
is Verdier self-dual and H!(X?", j;,Ad%°"(F)) is a symplectic space. More-
over, the vanishing of H?(X®", j,, Ad"(F)) is equivalent to the vanishing of
HO(X?" j, Ad9®"(F)), i.e., if F does not have infinitesimal automorphisms
then there is no obstruction to its infinitesimal deformation.
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3.2.3. Cohomological rigidity. Now back to £-adic local systems. We keep
the notations from the beginning of this subsection. Let H be a connected
reductive group over Q; and 0y : 71 (U,u) — Aut(H) be a homomorphism
that factors through a finite quotient I'. Let F € Locp g, (U), which corre-
spond to a homomorphism p : 71 (U,u) — H(Q,) x T. Let hd°" = Lie Hder.
Consider the composition

AdY (p) : m (U, u) & H(Q,) x T £ GL(hd)
where £(h,v) = Ad(h) o 0(7y). This defines a local system on U of rank
equal to dim H9 which we denote by Ad%"(F). Let j : U — X be the

open inclusion. The middle extension ji,Ad4°"(F) still makes sense in the
l-adic setting. We arrive at the following definition.

3.2.4. DEFINITION (extending Katz [24, §5.0.1]). An object F €
Locp g, (U) is called cohomogically rigid, if

Rig(F) := H'(X, j. Ad"" (F)) = 0.

3.2.5. REMARK. (1) The space Rig(F) only depends on the generic
stalk of F: if we shrink U we get the same middle extension
§1+Ad%T(F) and hence the same vector space Rig(F).

(2) The Killing form on h% induces a symplectic form on Rig(F)
with values in H%(X, Q) = Q,(—1). In particular, the dimension of
Rig(F) is always even.

(3) According to the discussion preceding §3.2.3, assuming
H?(X, j1,Ad%*(F)) vanishes as well, we should think of the van-
ishing of Rig(F) as saying that there are no nontrivial infinitesimal
deformation of F with prescribed local monodromy around S and
prescribed abelianization F2°. However, defining the moduli stack
of f-adic local systems is much subtler, and this interpretation only
serves as a heuristic.

The following lemma is easily verified, using the natural transformations

Jt = G = Js
3.2.6. LEMMA. For any local system L on U, we have an exact sequence
0 — H(U, L) — ®yes(La) — Hy(U, L) — H'(U, L)
= @aes(La)r,(~1) = HA (U, £) — 0.
Moreover, we have canonical isomorphisms
HO(X, ji. L) 2 HO(U, £) & (L4)™ ()
H'(X, ji.L) = Im(HL(U, £) — H'(U, £))
H*(X, 1, L) 2 HZ(U, £) =2 (L) my () (—1)-

We now give a numerical criterion for cohomological rigidity.
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3.2.7. PROPOSITION. Let F € Locgyg, (U). Then F is cohomologically
rigid if and only if

(3.10) % Z az(AdY (F)) = (1 — gx) dim b — dim H (U, Ad9°" (F)).
€S

Here a,(AdYT(F)) is the Artin conductor of AdY(F) at x (see §3.1.6) and
gx s the genus of X.

PROOF. Let £ = Ad%(F). Recall the Grothendieck-Ogg-Shafarevich
formula
2

XU, L) := Z(—l)idim H(U, L) = x.(U)rank(L Z Sw, (L
1=0 zeS
where x.(U) = —2gx + 2 — #5S. On the other hand, by the exact sequence
in Lemma 3.2.6 we have
dim H} (X, ji.£) = dimHL(U, £) = ) _ dim(L,)"™ + dim H(U, £).
€S
Combining these facts we get

dimH} (X, ju L) =Y (dim Ly /L + Swy(L)) + (2gx — 2)rank(L)
zeS
+dim HA(U, £) + dim H*(U, £).

Using the relation between Swan and Artin conductors, and using the self-

duality of £ = Adder(}" ), we get

dim HL(X, ji. L Z az(L) + (29x — 2)rank(L) + 2dim H°(U, £).
z€S

Therefore the vanishing of H!(X, ji.£) is equivalent to the equality (3.10).
O

From (3.10) we see that cohomologically rigid H-local systems exist only
when gx < 1. When gx =1 and F € Locp g, (U) is cohomologically rigid,
Ad(F) must be everywhere unramified. There are very few such examples
(see [24, §1.4]). Most examples of rigid local systems are over open subsets
of PL.

When H = GL,,, the two notions of rigidity are related by the following
theorem.

3.2.8. THEOREM (Katz [24, Theorem 5.0.2]). For X = P!, cohomologi-
cal rigidity GLy-local systems (i.e., rank n local systems) are also physical
rigidity.

3.2.9. REMARK. Let H be semisimple. An alternative approach to define
the notion of rigidity for a fy-twisted local system F on U over a finite
field k is by requiring the adjoint L-function of the Galois representation
pr : Tr — H(Q,)xT to be trivial (constant function 1). This is the approach
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taken by Gross in [15]. When H%(Uz, A" (F)) = 0, triviality of the adjoint
L-function of pr is equivalent to the cohomological rigidity of F.

3.3. Rigid local systems of rank two. Let X = I[”/,lC where £ is an
algebraically closed field with char(k) # 2. We shall classify cohomologically
rigid H = GLa-local systems (or rank two local systems) over U = X — S for
some finite S C | X|. Let F € Loca(U) be irreducible and cohomologically
rigid. We may assume that S is taken to be minimal in the sense that F
does ramify at all points = € S. We have Ad%"(F) = End’(F), the local
system of traceless endomorphisms of F. Irreducibility of F implies that
HO(U, End®(F)) = 0. The formula (3.10) then reads

> a.(End’(F)) = 6.

€S

3.3.1. LEMMA. Let p, : I, — GL2(Qy) be the local monodromy represen-
tation of F at x.

(1) IfEnd°(F) is tame at x, then a,(End®(F)) = 2. If moreover det(F)
1s tame at x, then F is tame at x.

(2) If End®(F) is wildly ramified at x, then a,(End’(F)) > 4. If
a(End®(F)) = 4 and det(F) is tame at , then one of the two
cases happens.

e Both breaks of F at x are 1/2, hence Swy(F) = 1. In this case,
the local monodromy py : I, — GLa(Qy) of F is isomorphic to
the induction Ind{i (x) where J, Q1 is the unique subgroup of

index two and x : Jp — @Z is a character.
e The local monodromy py : I, — GL2(Qy) is the direct sum of

two characters x1,x2 : I — @Z with Sw(x1) = Sw(x2) = 1.

PROOF. Let pder : I, 2% GLy(Qy) — GL(sly) be the local monodromy
representation of End’(F) at . The image of the wild inertia I under p,

is a p-group, hence lies in a maximal torus of GLa. Therefore p,|rv = a @ 3
for characters o, 8 : IV — @Z, and pgerhg ~afloalBal.

(1) If pder is tame, then o = 3. A topological generator ¢ € I maps
to a non-identity element in PGLsy, whose centralizer is necessarily one-
dimensional. Hence dim(sly)’* = 1 and of course Sw,(End’(F)) = 0. There-
fore a,(End®(F)) = 3 — dim(sly)’* + Sw,(End’(F)) = 2.

If we assume det(p,) is tame, then a5 = 1. But we also have a@ = 3,
which forces o and 8 both have order at most two, hence trivial. Therefore
Pz 1S tame.

(2) If pder is wildly ramified, then a # 3. Therefore there is a unique
maximal torus 7' C GLg containing p,(I¥). We have dim(sly)’= = 1. The
image of p;(I;) should normalize p,(I), hence it lies in the normalizer

Ngr,(T), which gives a map I\ — Ngr,(T)/T = {£1}.
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Suppose I! maps onto Ngr,,(T')/T. Then (sl)’ = 0 and since Sw,(End’(F)) >
1, we have a,(End®(F)) = 3 —dim(sly)’* + Sw,(End®(F)) > 4. When equal-
ity holds, we have Sw,(End®(F)) = 1. The action of I on sly is the sum
of a trivial character and a3~! and a~'3. Therefore a3~! has break 1/2.
Suppose further that det(F) is tame, then a3 = 1. Hence a3~' = o2 has
break 1/2, which means « and (3 both have break 1/2. The unique subgroup
Jz <1, of index two stabilizes the two eigenlines of p;|rw, and therefore
- Indgfc (x) where x is the character of J, by which it acts on the a-
eigenline of I.

Suppose It maps trivially to Ngr,(7)/T. This means p,(I,) C T hence
Pz = x1D X2 for characters x1,x2 : I, — @EX extending a and (. In this case
dim(sly)’s = 1, and Sw,(End®(F)) = Sw(xixs ') + Sw(x; x2) > 2 (since
a # B3). Therefore a,(End’(F)) = 3 — dim(slz)’s + Sw,(End’(F)) > 4.
When equality holds, o371 has break 1. If moreover det(F) is tame, we
have o = 37!, therefore the break of o? is 1, hence the breaks of both o
and ( are 1. O

3.3.2. PROPOSITION. Let F € Loca(U) be an irreducible cohomologically
rigid rank two local systems on U = P! — S (and S is chosen minimally).
Assume 0,00 € S. Then up to an operation F — F Q L for some rank one
local system on U, and up to an automorphism of G, = P! —{0,00}, one
of the following situations happens.

(1) S ={0,1,00}, F is tamely ramified at each x € S and its mon-
odromy at 1 is a pseudo-reflection.

(2) S ={0,00}, F is tame at 0 and Swoo(F) = 1 with two breaks equal
to 1/2.

(3) S ={0,00}, F is tame at 0 and Swoo(F) = 1 with one break equal
to 1 and another break equal to 0.

PROOF. The determinant det F is a continuous character of x : w1 (U) —

@EX , and we can write it as x,x? where x,, is the p-power part of x and x?
is tame. Since p > 2, x;, has a unique square root which gives a rank one
local system £ over U. The local system F' = F ® £! is still irreducible
and cohomologically rigid, and now its determinant is tame. Therefore we
may assume that det(F) is tame.

By Lemma 3.3.1, when #S5 > 2, there two cases.

(1) #S = 3 and a,(End°(F)) = 2 for all z € S. Up to an automorphism
of G, we may assume S = {0,1,00}. Since det(F) is tame, Lemma 3.3.1
implies that F is tame. We may find a rank one local system £ on P! —{0,1}
whose local monodromy at 1 is one of the eigenvalues of the local monodromy
of F at 1. Then F ® £~! is tame and its local monodromy at 1 is a pseudo-
reflection.

(2) #S = 2 (hence S = {0, 00}). By Lemma 3.3.1, up to switching 0 and
00, we may assume that F is ag(End’(F)) = 2 and as(End®(F)) = 4. By
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Lemma 3.3.1(1), F is tame at 0. There are two cases for F at oo according
to Lemma 3.3.1(2):

e Both breaks of F at oo are 1/2 and hence Swo(F) = 1.
e Both breaks of F at oo are 1. The action of I, on @? is a direct

sum of two characters x1, x2 : Ioo — @Z . The character x; extends
to a rank one local system £, on G,, with tame local monodromy
at oo (Katz’s canonical extension, see [21]). Then F @ £ is still
tame at 0, with breaks 0 and 1 at oco.

O

3.3.3. REMARK. The three cases in Proposition 3.3.2 are the irreducible
hypergeometric sheaves of rank two constructed by Katz [23, §8.2]. In fact,
if F is one of the local systems in Proposition 3.3.2, it is easy to see that
Xc(Gm, j1sF[1]) = 1 in all three cases (where j : U < G,,). By [23, Theorem
8.5.3], F is a hypergeometric sheaf.

As we shall see in §4.5, the three local systems in Proposition 3.3.2 are the
Langlands parameters (restricted to Ir) of the automorphic representations
considered in §2.8.1, §2.8.3 and §2.8.5 respectively.

3.4. Rigidity in Inverse Galois Theory. It is instructive to compare
the notion of rigidity for local systems with the notion of a rigid tuple in
inverse Galois theory. We give a quick review following [40, Chapter 8].

3.4.1. DEFINITION. Let H be a finite group with trivial center. A tuple
of conjugacy classes (C1,Ca,---,Cy) in H is called (strictly) rigid, if
e The equation

(3.11) 9192+ gn =1

has a solution with g; € C;, and the solution is unique up to simul-
taneous H-conjugacy;
e For any solutions (g1, - ,gn) of (3.11), {g;}i=1,... n generate H.

The connection between rigid tuples and local systems is given by the
following theorem. Let S = {P;,---, P,} C P}(Q), and let U = P(b - S.

3.4.2. THEOREM (Belyi, Fried, Matzat, Shih, and Thompson). Let (C1,

-, Cp) be a rigid tuple in H. Then up to isomorphism there is a unique

connected unramified Galois H-cover w : Y — U®@@ such that a topological

generator of the (tame) inertia group at P; acts on'Y as an element in C;.

Furthermore, if each C; is rational (i.e., C; takes rational values for

all irreducible characters of H), then the H-cover Y — U ®@q Q is defined
over Q.

From the above theorem we see that the notion of a rigid tuple is an
analog of physical rigidity for H-local systems when the algebraic group H
is a finite group.

Rigid tuples combined with the Hilbert irreducibility theorem solves the
inverse Galois problem for H.
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3.4.3. COROLLARY. Suppose there exists a rational rigid tuple in H, then
H can be realized as Gal(K/Q) for some Galois number field K/Q.

For a comprehensive survey on finite groups that are realized as Galois
groups over QQ using rigid tuples, we refer the readers to the book [30] by
Malle and Matzat.

4. Calculus of geometric Hecke operators

In this section, we will connect the notion of rigidity for automorphic
data and the notion of rigidity for local systems together. Guided by the
Langlands correspondence, we formulate a conjectures in §4.1. Then we re-
view some basic techniques from the geometric Langlands program in §4.2-
§4.3 such as the geometric Hecke operators. The main results are Theorem
4.4.2 and Proposition 4.5.2 which constructs the Hecke eigen local system
under the rigidity assumption. Examples in GLy from §2.8 and §3.3 are
finally connected to one another in §4.6.

4.1. Langlands correspondence for rigid objects. We are in the
situation of §2, with k a finite field.

4.1.1. The Langlands correspondence for groups over function fields. Let
S C |X| be a finite set of places containing the ramification locus of x, and
U =X —S. Let U be the preimage of U in X'. Let W (U,u) C m(U,u) be
the Weil group of U with respect to the base point u, i.e., it is the preimage
of FrobZ under the homomorphism (U, u) — Gal(k/k).

Recall that the Langlands correspondence predicts that to an automor-
phic representation m of G(Ar), unramified outside S, one should be able
to attach a continuous cocycle pr : W(U,u) — G(QZ) (with respect to the
pinned action fof I = Gal(U’/U) on G) up to G—conJugacy Base change
to k, one should be able attach a f-twisted G-local system F; € Locg 5(Ug)
to m. The assignment m — p, should be such that the Satake parameter
of 7, for any x ¢ S matches the semisimple part of the conjugacy class of
pr(Frob,) in G. By the work of V.Lafforgue [26], when 7 is cuspidal, such
a continuous cocycle p, (hence Fy) exists.

We expect that when 7 is rigid, the local system F is also rigid. More
precisely we propose the following conjecture.

4.1.2. CONJECTURE. Let (Q,Kg,Kg,ts) be a weakly rigid geometric
automorphic datum, with the corresponding restricted automorphic datum
(wh, Ks,xs). Then

(1) For any (W', Kg, xs)-typical automorphic representation m, the local
system Fr € LOC@ﬁ(UE) attached to it via the Langlands correspon-
dence is cohomologically rigid.

(2) If moreover AdY(F,) (a local system over Ui of rank equal to

dim @der) does not have nonzero global sections, and that the generic
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stabilizers of Bunz(Kz g) on Bung(Kg) are finite, then
(4.1) (K2 = a, (A (Fp)).

For the definition of d(K2%), see §2.7.11; for the Artin conductor
az(AdY (Fr)) see §3.1.6.

4.1.3. REMARK. In the situation of Conjecture 4.1.2(2), the equality
(4.1) at all z € S implies the cohomological rigidity of F, by the numerical
criterion Proposition 3.2.7. In fact, Conjecture 4.1.2(2) was motivated by
the similarity between the equations (2.16) and (3.10), the first one being a
numerical condition for the weak rigidity of a geometric automorphic datum
and the second a numerical criterion for the cohomological rigidity of a local
system. For many known examples of weakly rigid geometric automorphic
data, Conjecture 4.1.2(2) can be proved for those points = € S at which F
is tamely ramified, using the techniques in [44, §4]. See also [44, §9], where
Conjecture 4.1.2 is fully verified for the local systems constructed in [42].
When F is wildly ramified at z, [19, §5] also verifies (4.1) in the examples
known as Kloosterman sheaves.

4.2. Geometric Hecke operators. From now on until §4.7.4, k is an
algebraically closed field.

4.2.1. The geometric Satake equivalence. Let LG be the loop group of
G: this is an ind-scheme representing the functor R — G(R[[t]]). Let LTG
the positive loops of G: this is a scheme (not of finite type) representing
the functor R — G(R|[t]]). The fppf quotient Gr = LG/L"G is called the
affine Grassmannian of G. Then L™G acts on Gr via left translation. The
L*G-orbits on Gr are indexed by dominant coweights A € X,(T)™*. The orbit
containing the element t* € T(k((t))) is denoted by Gry and its closure is
denoted by Gr<y. We have dim Gry = (2p, \), where 2p denotes the sum of
positive roots in G. The reduced scheme structure on Gr<) is a projective
variety called the affine Schubert variety attached to A. We denote the inter-
section complex of Gr<y by ICy: this is the middle extension of the shifted
constant sheaf Q,[(2p, A\)] on Gry.

The Satake category Sat = Pervy+(Gr,Qy) is the category of LTG-
equivariant perverse Q,-sheaves on Gr supported on Gr<) for some A. In
[29], [12] and [33], it is shown that Sat carries a natural tensor structure
such that the global cohomology functor h = H*(Gr, —) : Sat®°™ — Vec is
a fiber functor. It is also shown that the Tannaka dual group of the tensor
category Sat is isomorphic to the Langlands dual group G. The Tannakian
formalism gives the geometric Satake equivalence of tensor categories

~

Sat = Rep(G).

4.2.2. Hecke correspondence. We are in the situation of §2.6. Recall an
integral model G of G was fixed as in §2.2.4. Let S C |X| be a finite set
containing the ramification locus Sp of fx. Let U = X — S and U’ = 0, (U).



126 Z. YUN

Then U’ — U is a finite étale Galois cover with Galois group I'. The base
change G xy U’ is the constant group scheme G x U’.

Fix a geometric automorphic datum (Q, Kg, Kg, tg). Let Kg be a smaller
level as in §2.6.3. To alleviate notation, we write

Bun := Bung(Kgs); Bun® := Bung(K}).

Consider the following diagram

(4.2) Hkg/ z U’

+ Bun

Bun +

We explain the meaning of Hky» and the various morphisms. The stack Hkg
classifies the data (2,&1,&,7) where ' € U’ has image = € U, &,& €
Bunt and 7 : E1lx—{a = &2|x_{z) is an isomorphism of G-torsors over

X — {x} preserving the K; -level structures at y € S. The morphisms Z, 7
and 7’ send (z/,&1,E2,7) to &1,E and 2’ respectively.

Let R be a k-algebra and 2/ € U’(R) with image x € U(R). Let O,
be the formal completion of X’ ®; R along the graph of z’. After localiz-
ing R we may choose a continuous isomorphism « : O, = R|[[t]]. Denote
the preimage of 2’ under 7’ by Hk,s, which in fact only depends on .
For a point (2/,&1,&2,7) € Hk,, if we fix trivializations of £ and & over
Spec O, = Spec R|[[t]], the isomorphisms 7 restricted to Spec R((t)) is an
isomorphism between the trivial G-torsors over Spec R((t)), hence given
by a point g, € G(R((t))). Changing the trivializations of &i|gpec 0, and
Ealspec 0, will result in left and right multiplication of g, by an element in
G(R|[t]]) (here we use the fact that G becomes a constant group scheme over
U’). Thus we have an evaluation morphism

(4.3) evy : Hky — (LTG\LG/LTG) @ R.

Changing the isomorphism « will change the morphism ev,, by composing
with the action of an element in Aut(R[[t]]) on the target. This construction
gives a morphism

(4.4) ev : Higy — [”G\LG/ ”G] .

Auty)

Here Auty is the pro-algebraic group over £ whose R-points is the group of
continuous R-linear ring automorphisms of R[[t]] (with the t-adic topology),
and it acts on LG and LTG. R
4.2.3. The geometric Hecke operators. For each object V' € Rep(G), the
corresponding object ICy € Sat under the geometric Satake equivalence is
automatically Auty-equivariant, and it defines a complex on the quotient

stack [% which we still denote by ICy,. Let ICgk be the pullback
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of ICy to Hkyr along the morphism ev in (4.4). We define a functor
Ty - D?MS,ICS,Q)(BUHJF) — D?MS,ICS,Q)(U, x Bun™)
TN (T Hk
A — (mx h)(hR*ARICy").

The formation V +— Ty is also I' :== Gal(U’/U)-equivariant in the fol-
lowing sense. The group I' acts on Hky because Hky: descends to U. It
also acts on Rep(G): v € T sends a representation p : G — GL(V) to the

representation G LNV GL(V) which we denote by V7. Then there is a

natural isomorphism of functors
v Tyy = (idg,+ X 7)o Ty
For 1,72 € I', we have

Uyromp,v = (Idpyp+ X 72) v 0 Qv .
The isomorphisms «. y are obtained from the fact that the morphism ev
in (4.4) is I'-equivariant, and the fact that the Satake equivalence Sat =
Rep(@) is also I'-equivariant (where I' acts on both G and G by pinned
automorphisms).

To spell out how ¥y, is compatible with the tensor structure on Rep(@),
it is best to consider more general Hecke operators.

4.2.4. Iterated Hecke operators. We refer to [11, §2.4-2.7] for details. For
each finite set I we may consider the stack Hkyr over Bun™ x Bun™ x (U’)!
classifying the data (z,&1,&,7) where x : I — U’ with graph z; C U,
£1,E € Bun™ and 7 : &|x_s, = E|x_z, is an isomorphism of G-torsors
preserving level structures. Let n I n 1 Hkyr — Bun™ and 7y : Hkyr —
U be the projections. For any representation V; € Rep(@l ), we have an
object IC‘I;Ik on Hkyyr defined using evaluation maps similar to (4.4) indexed
by I. For any scheme Y over k, we may introduce the functor

vy Diaig egoy(Y X Bun®™)  — Dingg s (U7 XY x Bun*)

A = (m xpy x B i((py x %I)*A@?ICI\;}{)

where py : Hkyir x Y — Y is the projection. These functors are functorial
in V7, and satisfy the following factorization properties.

(1) For the trivial representation triv € Rep(GY), there is a canonical
isomorphism T4y y (A) = AKX Qy.

(2) For two finite sets I, J and V; € Rep(G), V; € Rep(G”), we have
a natural isomorphism of functors

(4.5) Tviry,y = EVI,U’JXY °%y,y

satisfying obvious associativity and unit conditions.
(3) For any surjection ¢ : J — I of finite sets, we have a correspond-
ing diagonal map A(yp) : U < U’. We also have the diagonal
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map A(yp) : G < G7 which allows us to view V; as a representa-

tion A(p)*Vy € Rep(G!). Then there is a natural isomorphism of
functors

(4.6) (idBun+ X A((p) X idy)*TVLY = TA(«,O)*VJ,Y
compatible with the composition of surjections.

The first property above is almost a tautology and the second one uses the
definition of the convolution product in the Satake category. There are also
compatibilities among (1)-(3), which we do not spell out.

Moreover, the functors Vi — %y, y are I'-equivariant as in the case of
Ty.

When Y is a point, we write Ty, y as Ty,. Taking Y to be a point,
J = {1,2} — {1}, letting V; = Vi K V5 € Rep(G?), and combining the
isomorphisms (4.5) and (4.6), we get a canonical isomorphism

(4.7) (Tvi,ur © T lBunt xa@) = Tviers:

D€M57KS,SZ)(BHH+) - D?MS7ICS,Q)(Bun+ x U/)

which is compatible with the associativity of the tensor product Vi @ Vo ® V3
in Rep(G) in the obvious sense.

4.2.5. Compatibility with the Kottwitz homomorphism. For a € X*(ZCAJ)IF,
let Bun, (resp. Bun}) be the preimage of o under the Kottwitz morphism
k : Bun — X*(Z@)]F (resp. kT : Bun™ — X*(Z@)[F). In the definition
of Dga(Kg,Kg) in terms of Dg’l\/IS’,CS’Q)(Bunﬂ7 we may work with Bun]
instead of the whole Bun™ (because Mg preserves each Bun.), and define

D, = Dé)MS,ICS,Q)(Bun:)'

Then Dg o(Kg, Kg) is the Cartesian product of D, over a € X*(Z@)IF. For
any scheme Y over k, we also define

Da(Y) := Dl g o) (Y % Bunf).

where Mg acts trivially on Y.

For each x € X, we have the local Kottwitz homomorphism k, : L,G —
X*(Z@)h as in (2.2). In particular, when z € U, I, acts trivially on X*(ZG),
and the map r, factors as L7 G\L,G/LIG — X*(Z@). However this map
is canonical only after choosing a point 2’ € U’ over x. Therefore there is

a well-defined map rkyy : Hkyr — X*(Z CAJ) (while for Hky only the map to
X*(Z @) I is well-defined). Similarly, for the iterated Hecke correspondence,
we have a map kpy,r : Hkgr — X*(ZG)! — X*(ZG), the last map being
the addition. For v € X*(Z@), let Hkyyvr ,, be the preimage of v under kpy ;.

For each v € X*(Z@), let Rep(G;v) be the full subcategory of Rep(@)
consisting of those V' € Rep(G) with central character v € X*(ZG). Simi-
larly we define Rep(@'l ;v) by looking at how the diagonal copy of Z G acts.
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For V € Rep(é; v), the support of ICy € Sat is on the preimage of v under
LTG\LG/L*TG — X*(Z@G). From this we conclude the following.

4.2.6. LEMMA. For Vi € Rep(@l; v), ICE}‘ is supported on Hkyir ,, and
the geometric Hecke operators restricts to functors

(4.8) Ty i DoY) = Dayn(UT xY) Va e X*(ZG),
where U is the image of v in the quotient X*(Z@)IF.
4.3. Hecke eigen properties.
4.3.1. DEFINITION. A Hecke eigensheaf for the geometric automorphic
datum (2,Kg,Kg,tg) is a triple (A, F, ¢) where
o Ac DQ,Q(KS’, Ks).
e F € Locg 5(U) called the Hecke eigen local system. We think of F
as a G-local system over U’ together with a descent datum {6,y :
Fvr — V*fV}yeF,VeRep(@,@z) as in §3.1.7. R
e ¢ is a collection of isomorphisms, one for each V' € Rep(G) and
functorial in V'
oy Ty (A) = Fy KA.
The triple (A, F,¢) must satisfy the following conditions.

(1) For the trivial representation triv = Q, of G , we have the canonical
isomorphism Ty (A) = Q, X A from §4.2.4(1) and also Fiiy = Q.
We require that ¢y be the identity map of Q, X A.

(2) For V1, V5 € Rep(a), YoV, is equal to the composition

(4.7)
Tvien (A) - (SVhU/ o %y, (A))’Bun+xA(U’)

ZVQ Rogd (90\/2 )
_

Tvi,u (Fvy KA gyt xa@r)

idry, Moy

(Fn B Fyg g‘A)|Bun+><A(U’) = (Fv, ® Fip) KA = Fyygv, KA.

The last step uses the tensor structure on the functor F.

~

(3) For any v € T' = Gal(U'/U) and V € Rep(G), we have a commu-
tative diagram

(4.9) Ty (A) Al FyrRA
\La'y,v l&y’v@idf\
id *
(s % 1) Ty (A S e R A

These properties imply that Ty,x..xv, (A) = Fy, K- - K Fy, KA, com-
patible with the factorization structures in §4.2.4.

We also axiomatize a weak version of Definition 4.3.1. For this we intro-
duce a variant of the notion of G-local systems.
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4.3.2. DEFINITION. Let A be a set with an action of X*(ZG) (denoted
by v:a—v-a,forve X (ZG) and a € A). A (G, A)-weak local system
over U’ is the following data.

(1) For each finite set I and a € A, there is an additive functor

f(_),a:Rep(@I) —  Loc(U")
Vi FV[,oc'

(2) For triv € Rep(G!) the trivial representation, there is a canonical
isomorphism Fiyiy o = Q, (the constant sheaf on U .

(3) For finite sets I and J, Vi € Rep(GY; 1) and V; € Rep(G”;v), there
is an isomorphism

—FVI,zwa X ‘FVJ,CY = ‘FV[&VJ,CX‘
satisfying obvious associativity for three finite sets I, J, K and for
the unit constraint in (2).
(4) For a surjection ¢ : J — [ of finite sets, and V; € Rep(a‘];u)
restricting to A(¢)*Vy € Rep(G’;v) via the diagonal A(p) : GI —
G’ , there is an isomorphism

A(p) Fvya = FA(e)*Vya

Here A(yp) also denotes the diagonal map Ul < U’’. These iso-
morphisms should be compatible with compositions of surjections
and with the isomorphisms given in (2) and (3).
If, moreover, the action of X*(Z CA}) on A factors through the quotient X*(Z é) Ips
and the functor F(_) , is equipped with a descent datum {6, v, }VGF,VIERep(éI)
as in §3.1.7, which is compatible with the other isomorphisms we introduced
above, {F(_) o} is called a O-twisted (G, A)-weak local system.

The following lemma records some easy consequences of the definition
above.

4.3.3. LEMMA. Let {F_ .} be a (G, A)-weak local system on U'. Then

(1) For V; € Rep(é; vi), i = 1,--- ,n, we have a functorial isomor-
phism
(4.10) Fvg-8V,.a = I, ttvn)a B B IV, o BFy, a
(2) For any V4 € Rep(@; w), Vo € Rep(@; v), we have a functorial iso-
morphism
(4.11) Fvia M Fvs poa = Fviva X Fv, a-
(3) For any V1 € Rep(@; w), Vo € Rep(@; v), we have functorial iso-
morphisms

thoc & fVQ,M‘O! = fV1®V2,a = j:V2®V1,a = ‘7:‘/2704 ® ‘7:V17V'04'
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(4) For V € Rep(G;v) with dual V* € Rep(G;—v) and any o € A,
Fv.a and Fy= .o are dual local systems in a canonical way.

(5) For V € Rep(G) and any a € A, the rank of Fv is dim V.

(6) Let (Z@)’ C Z@ be the subgroup with character group equal to the
image of X*(ZG) — Aut(A). Let G' = G/(ZG). Then for each
a € A, the functor F_) , restricted to Rep(é’) gives a G'-local

system over U'. Same holds in the O-twisted situation.

PROOF. (1) and (6) are easy and we omit the proof.

(2) By (4~10)7 thu-a&ng,a = f%&VQ,a and fVQ,u-a&tha = szﬁvl,oc-
Applying (3) to the transposition o : {1,2} — {1,2} we get o*Fyyrv; 0 =
FV,®Vs,o- Combining these facts we get (4.11).

(3) Restricting (4.11) to the diagonal U’ — U’ x U’.

(4) We define ev : Fy+ .o @ Fya — Qy as the composition Fvepva @
Fva = Frava — Fiiva = @g where we use the evaluation map ev :
V*®V — triv. We define coev : Q; — Fv,a @ Fv+ .o to be the composition
@g = Firiva-a — Fvevspa = Fra @ Fvs .o Where we use the coevaluation
map coev : triv — V ® V*. We need to check that these maps exhibit
Fv+p.a as the dual object to Fy, in the tensor category Loc(U’). The map
(id®ev) o (coev®id) : Fyq — Fv,a is the composition

@Z ®fVa fV@V*,u-a ®FV,a = FV,a b2y fV*,V-a ®FV,01 = ]:V,a ® fV*@V,a
1d®ev }-Va ®Q£

which is the identity map as part of the compatibility conditions we alluded
to in Definition 4.3.2. Similarly one checks that the map (ev®id)o(id®coev) :
Fvepa — Fv+p.a is also the identity.

(5) We may assume V € Rep(G;v). By (4), Fvo and Fy .o are dual
local systems, hence have the same rank. On the other hand, V* @ V €
Rep(G*), and by (6), Fygva has rank dim(V* ® V) = (dim V)2. Hence
Fvepa @ Fva = Fyrgva has rank (dim V)2, and therefore Fy,, has rank
dim V. ([

4.3.4. COROLLARY. Let F = (F(_)a)aca be a (CA;, A)-weak local system
on U'. Then
(1) For any V € Rep(G), if o, B € A are in the same orbit of X*(Z@),
then the semisimplifications of Fv,o and Fyg are isomorphic (in a
non-canonical way).
(2) Suppose all Fy o are semisimple local systems, then for any Vi, Vs €

coev®id

Rep(G) and a € A there is a (non-canonical) isomorphism of local
systems Fv, o @ Fvpa = Friove,a-

PROOF. (1 )We may assume V € Rep(G;p), 3 = v - a for some v €
X*(Z@). Pick any W € Rep(G; v).Then we have Fv,alFw pa = fvggfwa
by Lemma 4.3.3(2). Restricting to U’ x {2’} for some geometric point 2’ € U’,
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we get ]_-‘e/a’&iimw = F‘?gimw using the rank formula in Lemma 4.3.3(5).
From this we conclude that the semisimplifications of Fy,, and Fy g are
isomorphic.

(2) Again we may assume Vo € Rep(G;v). By (1), Fviva = Fva-
Therefore the desired isomorphism follows from Lemma 4.3.3(3). |

4.3.5. DEFINITION. A weak Hecke eigensheaf for the geometric automor-
phic datum (2, Kg, Kg,tg) is a triple (A, F,¢) where

e A € Dga(Kg,Ks), which means an object A, € D, for each
(NS X*(Z@>[F

o F is a O-twisted (G, X*(Z@)IF)—Weak local system with respect to
the obvious action of X*(ZG) on X*(ZG) 1 by addition. In other
words, F is a collection {Fy,} of local systems over U’, for V €
Rep(G) and o € X*(Z@)[F, together with the extra structures as
in Definition 4.3.2.

e ¢ is a collection of natural isomorphisms of functors (for each o €
X*(Z@)1, and v € X*(Z@) with image 7 € X*(ZG)1,):

O(—ya Fyalda) 2F ) o WAT: Rep(G!;v) — Dayn(U').
The natural isomorphisms ¢(_) , should intertwine the factoriza-

tion structures (1)(2)(3) in §4.2.4 for the iterated Hecke operators
and the factorization structures (2)(3)(4) of F in Definition 4.3.2.

4.4. Rigid Hecke eigensheaves. The main purpose of this subsection
is to establish the existence of Hecke eigensheaves in a special situation.

4.4.1. Assumptions. We make the following assumptions on the geomet-
ric automorphic datum (2, Kg, Kg,tg).

(1) The affine part of the coarse moduli space of BunhZ(K z,5) is finite

(recall every commutative algebraic group over k is canonically an
extension of an abelian scheme by an affine commutative algebraic
group; the latter is called the affine part). For example, this is true
if G is semisimple, or more generally Kz, has finite index in L} Z
for each z € S. R

(2) We assume that for each a € X*(ZG)1,, Bun, contains a unique
(Q, Cs)-relevant BunhZ(KZS)—orbit O, (see Definition 2.7.6).

(3) Choose a point &, € O,. We assume that the group A, = Ag,
(see §2.7.4) is finite.

(4) Let Ko = K¢, € CS1(An) (see §2.7.4). Then K, gives a class
o € H2(Ay, Q,) (see Lemma A.4.1). We assume that the category
Repg, (Aq) (see §A.4.3) contains a unique irreducible object W, up
to isomorphism.

Here is the main result of this section.

4.4.2. THEOREM. Under the assumptions in §4.4.1, the category D,
contains a unique irreducible perverse sheaf A, up to isomorphism. Let
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A € Dga(Ks,Ks) be an object whose restriction to Bunl is A,. Then
A can be extended to a weak Hecke eigensheaf (A, F,p) in which Fyq is a
semisimple local system for all V € Rep(G) and a € X*(ZG)p,,.

~

By Corollary 4.3.4(2), each functor F(_), : Rep(G) — Loc(U’) is weak
tensor in the sense that there exist isomorphisms Fy, o ® Fip a0 = Fvigls,a
which do not necessarily satisfy the associativity constraint.

The proof of Theorem 4.4.2 occupies the rest of the subsection.

Fix a smaller level K{ < Kg as in §2.6.3. For each a € X*(Z@)IF, let
O7 be the preimage of O, in Bun}, which is an Mg-orbit. Choose £ € OF
over &,. Then the stabilizer M set is identified with A,.

4.4.3. LEMMA. The embedding j, : On — Bun, is open.

PROOF. Equivalently we need to show that jI : Of — Bun} is open.
Let U C Bun] be the locus where the stabilizers under Mg are finite.
Then U is an open substack of Bun? because the dimension of stabilizers
is upper semicontinuous. On the other hand, any k-point in ¢ is (2, Kg)-
relevant because the relevance condition is vacuous there. Since OF is the
only relevant Mg-orbit, we have U = O}, hence O is open. O

We have
Dl()Msﬁs,Q)(O;) = D?Aa,lca)(pt) = Db(Repga (Aa)).

The first equivalence follows from the fact that [Mg\O}] = A,\pt; the
second equivalence follows from Lemma A.4.4. The unique irreducible object
Wa € Repg, (Aa) gives an irreducible (Mg, Kg )-equivariant local system
L, over OF.

4.4.4. LEMMA. (1) We have j Lo = Jawla € Do. We denote
both objects by Ag.
(2) For any scheme Y over k, the functor

(4.12) DY) — Da(Y)= Dy (Y x Bun)
A — AXKA,
1s an equivalence of categories. In particular, when Y = Spec k, a
shift of Aq is the unique irreducible perverse sheaf in Dy.

PROOF. (1) Since O is the unique (€, Kg)-relevant Mg-orbit, any ob-
ject in D, must have vanishing stalks and costalks outside O} by Lemma
2.7.9. Therefore jot!,ﬁa = jiLa.

(2) We shall construct an inverse to the functor (4.12). Since O} is the
unique (2, Kg)-relevant M g-orbit, any object in D, (Y") must have vanishing
stalks and costalks outside Y x OF | by the same argument as Lemma 2.7.9.
Therefore the restriction functor
(4.13)

(idy % jo)* : Da(Y) = Dintg ieg ) (Y X Bung) — Ding e ) (Y % OF)
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is an equivalence of categories.
Let i : Spec k — O be the point £F. The restriction functor

(idy x if)*: D?MS’,CS’Q)(Y x OF) — D?Am,ca)(Y x {E€M) = D?Am,ca)(Y)
is again an equivalence of categories. In the last category, A, acts trivially on
Y. The forgetful functor identifies D?Aa ,Ca)(Y) with the category of objects

in D®(Y) together with a &,-twisted action of A, (for this we need to choose
a cocycle representing &,). Since W, is the unique irreducible object in the
semisimple category Repg, (Aq), any object B € Dé’ " ,Ca)(Y) is of the form
A" @ W, for A = Hompgep, (4,)(Wa,B) € D’(Y). Therefore an inverse to
(4.12) is given by

(414)  Da(Y) 3 A= Hompep, (4,)(Wa, (idy x ifjd)"A) € D*(Y).

o

O

4.4.5. Construction of Fy,. Let Vi € Rep(al;u), a € X*(Z(AJ)[F and
3 = a + 7. Applying (4.14) from the proof of Lemma 4.4.4 to Y = U'! and
Tv;.a(Aa) € Do(UM) (see (4.8)), we get a canonical isomorphism
PViat EV[,CM(AO[) = ]:VI,a X Aﬁ
where Fy, o € D°(U') is defined as
(4.15) Fvpa = Hompep, (a,) (Was (dyr X i3 73) " Fvy,a(Aa)) -

The properties (1)(2)(3) of the iterated Hecke operators in §4.2.4 implies
the properties (2)(3)(4) of Fyq as in Definition 4.3.2, except that we do not
yet know that Fy,, are local systems. Moreover, the I'-equivariance of the

morphisms ev (see (4.4)) gives a 6-twisted descent datum on Fvpa
5%\/1704 : fVI'Y’a = ”y*bea,V’y erl.

The descent datum satisfies the analog of condition (3) in Definition 4.3.1
(note for Vi € Rep(@l ;v), the central character of V7 is v o, which has
the same image in X*(Z@) I, therefore A,y appears in both the upper
right and lower right corners of (4.9)). Therefore to prove Theorem 4.4.2, it

~

remains to show that Fy, is a local system for each V' € Rep(G), because
then by (4.10) all Fy, o are local systems. We shall do this in two lemmas.

4.4.6. LEMMA. The complex Fy,q is a semisimple local system on U’ for
all V€ Rep(G;v) and o € X*(ZG)p,,.

PROOF. Let § = a4+ 7 € X*(Z@)IF. Let Hky o—p be a union of
«—
components of Hk,, which map to Bunl under h (hence to Bungr un-

der ﬁ) We recall the notion of Universal Local Acyclicity (ULA) from

[4, §5.1]. The morphism 7 X I Hk;» — U’ x Bun™ is étale locally a
trivial fibration with fibers isomorphic to the affine Grassmannian, and
under such a trivialization ICI‘}k becomes ICy along the fibers. Therefore
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%*Aa ® ICgk is ELA with respect to myr : Hkyr oo — U’. On the
other hand, 7 x h : Hky a3 — U’ x Bun' is ind-proper, therefore
Ty (Aq) = (7 x E})!(%*.Aa ® ICHK) is also ULA with respect to the pro-
jection to U’. Since Ty (Ay) is an external tensor product Fy, K Ag over
U’ x Bung, Fv.o is ULA with respect to the identity map on U’, i.e., each
cohomology sheaf of Fy, is a local system. Therefore, to show that Fy, is
a local system, it suffices to show that the geometric stalk of Fy,, at some
point ' € U’ is concentrated in degree zero.

Fix a geometric point ' € U’ and let Hk,/ o3 be the corresponding
fiber. Let °Hk, be the open subset of Hk,s ,_.g which is the preimage of O}
under ?; let Hk?, be the preimage of Og under E); let °Hk}, = °Hk,» NHkS,.
Consider the diagram with a Cartesian square on the left

Ko, I, HEe,

77%

O*C—> Bun™

Let OE} : °Hky, — O;; be the restriction of E} to °Hk;,. To alleviate nota-

tion, let I1C, 1y denote the restriction of ICI‘Ek to any open substack of the
fiber Hky 3. Let iy : {2’} < U’ be the inclusion. By the definition of the
geometric Hecke operators and proper base change, we have

WG ® Ls = (iw X j1) TvalAa) = BT (RO Lo ©1C,y)
0—0 0¢—o0

= 7?J'Hk,!(o W Lo ® ICyv)= h,( h "L ® ICyrv).

On the other hand, we have another sequence of isomorphisms

: -\ ~ 770/ 0% -

(AT ® Ly = (iw X ];3) Tal(Aa) = R(R> JapLa ® ICy v)

~ To. 04—0,% 0—0 0¢—o0,*

=~ h *]Hk,*( h Lo® IC$/7V) = h *( h Lo® ch/,v).
Iiere we have used two facts: one is that ﬁo is ind-proper; the ot&er is that
h° : Hk], — Bun™ is étale locally a trivial fibration, therefore h °* jot* ~
N <—O *
JHk« b 7",

We define GR,/ g and its open substack °GR,/ g by the following Carte-

sian squares

°GRy s> GRy g — HKS,

AN

Of<*, Bun} {5+}
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Since ﬁo : Hk;, — Og is Mg-equivariant and O; is a single Mg-orbit,
(4.16) and (4.17) can be combined and rewritten as
(4.18)

04—* 0¢—*
.7:‘V7Q,Z/®Wg = Hz (OGsz’g, h GR[:Oé X ICID/,\/) = H*(OGRxlﬁ, h GREQ & 10117\/).

The complex H := OZZREQ ® ICy v is perverse (on °GR, 3). By Lemma
4.4.7 below, °GR,/ g is ind-affine. The support of H is a closed subscheme
of °GR, s of finite type, and is therefore affine. By [1, Théoreme 4.1.1],
H(°GR, g, H) lies in non-negative degrees and H*(°GR, g, H) lies in non-
positive degrees. By (4.18), these two cohomology groups are isomorphic to
each other, hence they are both concentrated in degree zero, and therefore
FV.aq is concentrated in degree zero for any 2’ € U’.

Finally we need to argue that Fy, is a semisimple local system. Using
the usual spreading-out argument we may reduce to the case where k is a fi-
nite field, and we may use the theory of weights for complexes of sheaves. We
may normalize the local system L, to be pure of weight zero, and normalize
ICy to be also pure of weight zero. Then A, = jotlﬁa = j;;*ﬁa is pure

of weight zero, and %*.Aa ® ICEk is pure of weight zero on Hky o (us-
ing the fact that Hkg is locally a product of Bun™ X U’ and the affine
Grassmannian). Applying the ind-proper map © X h we conclude that
Ty (Aa) = Fya W Ag is a pure complex, hence Fy, is also a pure com-
plex on U’. By the decomposition theorem [1, Corollaire 5.4.6], Fy, is a
direct sum of shifted simple perverse sheaves. Since Fy, is a local system,
it is a semisimple local system. ([

4.4.7. LEMMA. For any geometric point ¥’ € U’, the open sub-indscheme
OGRx/,@ C GRxlﬂ 1s ind-affine.

Proor. We give a reinterpretation of °GR,s g. Consider the functor
J2 a—p classifying pairs (m,¢) where m € Mg and ¢ : m - 5J|X—{x} =
5§|X_{m} (x is the image of 2’ in U). Then J, o3 is represented by
an indscheme over k. The finite group A, acts on J,/ o3 on the right:
a € Aq = Mg+ sends (m, 1) to (ma,c 0 a). It is easy to show that the
map Jp 0—p/Aa — °GRy 5 sending (m, ¢) to (m-EF, 1) is an isomorphism.
Therefore it suffices to show that J,/ o3 is affine.

The fibers of the natural morphism J,/ o3 — Mg ((m,t) — m), if

nonempty, are torsors under the automorphism group of 5;] X—{z},» Which

is ind-affine. Therefore the fibers of J, o3 — Mg — BunhZ(KZS) are

ind-affine. Consider the integral model D of D (the maximal torus quo-
tient of G) as in §2.2.4. Since Z — G — D is an isogeny, the kernel of
p BunhZ(KZS) — Bunz — Bunp has affine coarse moduli space. On
the other hand, the image of J,/ o3 — BunhZ(KZS) 2, Bunp lies in the
image of °GRy/ o—p C L,G/LtG — L,D/LID — Bunp, and the lat-
ter has discrete reduced scheme structure. We conclusion that the image
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of Jpamp — BunhZ(KZS) lies in a disjoint union of translations of its
affine part, hence finite by Assumption (1) in §4.4.1. Since the fibers of
Jotamp — BunhZ(KZS) are ind-affine, J,/ o is a finite disjoint union of
ind-affine schemes, hence ind-affine. O

4.5. Description of the eigen local system and examples in GLs.
We are in the situation of §4.4.1. We make an extra assumption:

(4.19)  The coarse moduli space of the stack BunuZ(Kz,s) is a point.

In other words, Bunuz (Kz,s) is the classifying space of Az g. This is satisfied
if, for example, X = P!, Z = ZG ®;, F and Kz, = LIZG for all z € S.
When (4.19) is satisfied, we have BunuZ(KJZrﬁ) =Lzs/Azs, hence Mg =
Ls/Azs. The character sheaf g descends to a character sheaf Kg o on Mg
because of the compatibility isomorphism ts : Q|k, ¢ = Ks|k, 5

Let V € Rep(G;v), and let o € X*(Z@)IF,B =a+7vV € X*(Z@)]F.
We will give an explicit description of the Hecke-eigen local systems Fy.
defined in (4.15).

Because Bunhz (Kz,s) has one geometric point and the assumption (2) of
64.4.1, &, and &g are the only relevant points on Bun, and Bung. Let Aut,
and Autg be the automorphism groups of £, and £g, then we have an exact
sequence 1 — Az g — Aut, — A, — 1 and likewise for Autg.

Let & .3 be the ind-scheme over U’ whose fiber at 2’ € U’ classifies
isomorphism & |x_ (a2} = &, X—{z} of G-torsors preserving Kg-level struc-
tures (here z is the image of 2’ in U). Let Jyr o3 = Gy q—3/Az s where
Az g is acting as automorphisms of &,. The group A, x Ag acts on Iy 43
by (aa,ag) - g = aggay’.

Let £ and Eg in Bun™ be liftings &, and £z. Under such choices,
the Lg-reduction of the Kg-level structures of &, and &g are trivialized.
Evaluating at S gives a morphism

erﬂg : jU/@_,/g — MS

Evaluating an isomorphism &g |x/_{} S X'—{z/y at the formal disk
around z’ € U’ gives

L+*G\LG /L*G]

evy : Iy aopg —
ohems [ Autyy)

in the same way ev in (4.4) was defined. Let IC3, := ev3ICy .
4.5.1. Central extension. By the discussion in §A.2, the rank one char-
acter sheaf Kgn on Mg can be obtained from a central extension
1—-C— MS L Mg — 1

by taking Kg o = (U!@g)Xc. Here MS is connected and C' is a finite discrete

necessarily abelian) group scheme over k, and :C — @X is a character.
( y group , and x¢ 0
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Let
A’Za = A XMg Ms; Avﬁ = Aﬁ XMg MS; ;jU’ ,a—B = jU’ ,a—8 XMg Ms.

Here all the maps to Mg are evaluation maps. Then Aa is an extension of
A by C; similar remark applies to Ag Again A, ¥ Ag acts on JU/ a—g3, and
the action of the diagonal copy of C' is trivial.

Recall that a class &, € H2(Ao[,@gX ) is given by the restriction of Kg g
to Aa, and we may form the category of twisted representations Repy,, (An)-

We may identify Repg (Aa) with the subcategory of Rep(ga) consisting of
representations whose restriction to C' is x¢. The unique irreducible object
Wa € Repe, (Aa) (see Assumption (4) in §4.4.1) is viewed as an irreducible
representation W of A, in this way. ~

We denote the pullback of ICV to Jura—p by IC?,. Finally, let II :
Jur.a—p — U’ be the projection.

4.5.2. PROPOSITION. We are under the assumptions in §4.4.1 and the

extra assumption (4.19). For V € Rep(G;v), the Hecke-eigen local system
Fv,a constructed in Theorem 4.4.2 can be written as

(4.20) Fva =Homy 7 WY K WB,H.ICV)

Here the action of j X jﬁ on jU/ a—g induces an action on the complex
I:LIC € DY(U"), and the right side is the multzplzczty of the irreducible
representation Wv X Wg OfA X Aﬁ mn H;ICV, which is still a complex on
U/

PROOF. To compute Fy, we need to restrict Ty (Aq) to U’ x {SE}
Taking the fiber of ﬁ_l(fg) we get the Beilinson-Drinfeld Grassmannian
GRyr g whose fiber over 2’ € U’ is GR, g defined in the proof of Lemma
4.4.6. We also have the open subscheme °GRy 3 which the preimage of O}

—
under h g : GRyr g — Bunl. Restricting ICEk to °GRy g we get a complex
IC$R. We have the maps “n °GRy g — OF and °7gr : °GRyr o — U'.
Then
~ O o GR
(4.21) Fva@Wg = WGR,!( h Lo @ICyH).

We claim that there is a canonical isomorphism °GRyr o =
Jvr.a—p/Aa = I’ a—p/Aa. We have introduced the indscheme J, .5 in
the proof of Lemma 4.4.7. Since O,, is a single point, O is a single Lg-orbit,
any point £T € O is obtained from I by changing its K-level structure
by an element in Lg modulo the automorphisms Aut,. Therefore J,/ .3 is
the fiber of Jy .3 over 2’ € U’. We have argued in the proof of Lemma 4.4.7
that J, 0—3/Aa = °GRy o—p. That argument works for 2’ varying over
U’ and gives the isomorphism °GRy o—p3 = Jp7a—p/Aa = Jura—p/Aa
Let 7 : jU’,a—»ﬁ/Ava — BA, be the canonical projection. Then under
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the isomorphism °GRyr g = ﬂjU’,aH,B /Za, OZ*EQ ® IC‘C/;R corresponds to
T Wa® ICY,, viewing W, € Rep(Ay) as a sheaf on BA,. Therefore we have

“rary( R Lo ®ICHR) = (T W, ® IC}) = Hom;_ (WY, TLICY,).

On the other hand, by (4.21), the above complex is also /Tﬁ—equivariantly
isomorphic to Fy o ® Wg. Combing these facts we get (4.20). O

In the special case where the A, and Ag are trivial, we have a simpler
description using the maps

(4.22) JUra—p
N
Mg U’
4.5.3. PROPOSITION. LetV € Rep(@; V), a € X*(Z(A?)IF and B = a+7.
Under the assumptions in §4.4.1, (4.19) and the extra assumption that A,

and Ag are trivial. Then the Hecke eigen local system Fy,, constructed in
Theorem 4.4.2 can be written as

Fva = H!(eV;SICS,Q & IC{J/).
The proof is similar to that of Proposition 4.5.2 and we omit it.

4.6. Examples for GL2. We shall apply Proposition 4.5.3 to the ex-
amples considered in §2.8, and check that the Hecke eigen local systems we
get do coincide with the classification of cohomologically rigid rank two local
systems in Proposition 3.3.2.

4.6.1. The example from §2.8.1. The unique Kg-relevant point x¢ on
Bung(IS) is the trivial bundle V := Oe; ® Oes with lines £y = (ey), {1 =
(e1 + e2) and Lo = (e2). Let us lift this point to Bun)(I{), i.e., we choose a
basis u, for £, which is the spanning vector of ¢, as written above, and let
vy € V. /€, be given by the image of e, e and e; at 0,1 and oo respectively.
The unique relevant point x; on Buni(Ig) is the bundle V' := O(1)e} © O¢),
with lines £ = (e5), ¢ = (e} + €5) and ¢, = (e}). We similarly lift x; to
Bun{(If) by choosing u/, to be the spanning vector of ¢, as written and
vl € V! /UL given by the image of €], €}, and €] at 0,1 and oo respectively.

Let V be the standard representation of G = GLs. The support &y,
of the sheaf ICy on the group scheme &79_.1 can be described as follows:
&y classifies embeddings of coherent sheaves ¢ : V — V' that send /,
to ¢/, at each x € S, and is an isomorphism at each z € S. We use the
affine coordinate ¢ on P! and as such, {1,¢} can be viewed as a basis for
(P, O(1)). A map ¥V — V' can be written under the bases e;, ¢} as a
ag + a1t by + byt

c d
that ¢ should send ¢, to ¢, imply that ap = 0,b; = 0 and a1 + by = ¢ + d.

matrix ¢ = ) for ag, a1, bg, b1, c,d € k. The conditions
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Let us write a := a1 and b := bg. The point where ¢ has a zero is y = %.
Since y ¢ S, we must have a,b,c,d # 0 and ad # bc. Therefore By is an
open subset of A3. The morphism 7 : &y — &y — U =P —{0,1, 00}
sends (a,b,c,d) — 3. Evaluating ¢ at x € S, we get nonzero constants

a5 (ip) and af? () such that p,(u,) = af) (), and @, (vs) = af (90
This gives a map a : & — G2, for each € S. These maps are given in

coordinates by
ap(a,b,c,d) = (¢,b); ai(a,b,e,d) = (a+b,d—0); «ola,b,c,d)=(d,a).

Since Az s = Gy, in this case, the scheme Jy C Ty g1 (the support of
ICY,) is the quotient By /G, where G, acts on (a,b,c,d) by simultaneous
scaling. The tensor product characters sheaf M cg ¢ {1,2}(15;)’*@@6) descends
to a character sheaf Kggn on Mg = G /A(Gy,) thanks to the condition
(2.19). We may identify Jy with a subscheme of &y by setting a + b =
c+d=1. Then

Jv = {(a,d) € (G, — {1})?|a +d # 1}.
The maps «, restricted to Jy become
ap(a,d)=(1—-d,1—a); ai(a,d)=(l,a+d—1); ax(a,d)=(d,a).
The map Jy — U’ = P! —{0,1,00} is given by (a,d) — (1 —a)(1 —d)/(ad).
Let us consider the special case where x§2) is trivial. In this case, applying

the Lefschetz trace formula to the local system F := Fy as described in
Proposition 4.5.3, we get the trace of Frob, on F at x € k* — {1}

fre@ == > xP0-dx? (1 - o @xD ().
(1—a)(1—d)=adz
Changing variables a = 1/(1 —v) and d = 1/(1 — u) for u,v € k* — {1}, we
rewrite the above sum as

(4.23)
frn(@) = (- 1) 3 @) XD (- 1) (0) (0 %) (0-1).

UV=T

On the other hand, Katz’s hypergeometric sheaf H := H(!,v; X(()l), X(()2)§

XE,O), XS,O)) is defined as an iterated multiplicative convolution [23, §8.2]. Its

trace function is
@) = > e —y)xd” @)X Qv — y)x$ (@2)x P (y2).
T1T2=Y1Y2

Making a change of variables 1 = uy; and o = vys we may rewrite the
sum as
(4.24)

me @) Y w1y 0§ X WD) Y (-1 (X D) (12).

uv=zw y1E€EX y2€LX
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The two inner sums are equal to (Yél)yg})))(u = 1)G(1/1,X(()1)Xg>)) and
(X(g)xgo))( G (w,xo XEE)), where G(1, x) stands for the Gauss sum.

Comparing (4.23) and (4.24) we get

Fral@) = xR DR (DG X X)W, X)) T ().
This being true for all finite extenbions E'/k and x € k' — {1}, we conclude

that F = Fyg and H = H(!, ¢ X(()l), Xo )7 X<(>o);X<(>o)) are isomorphic over Uz.
The case where ng) is nontrivial can be reduced to this case by twisting
Fv,o by a suitable Kummer sheaf.
4.6.2. The example from §2.8.3. The unique Kg-relevant point xg €
Bund(Kg) is the trivial bundle V = Oe; @ Oey with the line £y = (e;) at 0,

the vectors v( ) — = eg and vg) = e viewed as a basis of Vo, / (vé?) The unique

Ks-relevant point «; € Bund(Kg) is the vector bundle V' = O(1)e} ® O¢),
/(1) "(2)

with the line £, = (€}) at 0, the vectors vos’ = € and v’ = €] viewed as
a basis of V._/(v é(ol)>

Let V be the standard representation of G = GLsy. The support &y
of the sheaf ICy, on the group scheme &;o_1 can be described as follows:
&y classifies embeddings of coherent sheaves ¢ : V — V' that send £y to
¢ and is an isomorphism at 0, is unipotent upper triangular with respect
to the basis {voo ,vgo)} of V5 and the basis {voo ,vé(g)} of V... Again we
ap + a1t by + bit > for

represent such a map V — V' as a matrix ¢ = < . d

ag,a1,bg,b1,c,d € k. The conditions on ¢ imply that ¢ = ( i ll) ) for

b,c € Gy,. In other words, &, = G2,. The point where ¢ has a zero is
y = be. Evaluating ¢ at 0, we get the map evgo: &y — Lo = G2, given by
(b,c) — (¢, b). Evaluating ¢ at co, we see that (p(vg)) = ot + ot 10? and
go(vg))) = i + vl Therefore the map eve o : By — Log = G2 is given
by (b, c) — (b, c).

Notice that in this case A z g is trivial, so Jy0—1 = Gpo—1. The diagram
(4.22) now takes the form

G2
G,,Qn X Gg Gm

where o is the transposition of the factors of G2, and i is the natural embed-
ding G2, — G2; m : G2, — G,, is the multiplication map. By Proposition
4.5.3 we get that the eigen local system for the geometric automorphic da-
tum in §2.8.3 is (notice that ICy = Q,[1])

.7:\/,0 = m!(O'*lCXO ® Z*AS¢)[1]
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Here xo = (X(() ), Xé )) was part of the geometric automorphic datum at 0

and ¢ : kK X k — k was the linear function defining part of the geometric
automorphic datum at oo. The Frobenius trace function at x € k* is given
by

Froon(@ == 3 (@b, 0)x" ().

b,c€kX be=z

In the special case xo = 1 and ¢(b, ¢) = b+, this is the classical Kloosterman
sum up to a sign. For generalizations, see §5.

4.6.3. The example from §2.8.5. The unique Kg-relevant xg € Bung(KS)
is the trivial bundle V = Oe; @ Oey with the line ¢y = (e1) at 0, the
lines () = (e1 + e2) and Q) = (e2) at co. The unique Kg-relevant point
x1 € Bun}(Kg) is the vector bundle V' = O(1)ej@O¢), with the line £ = (e)
at 0, the vector £.0) = (€] + €b) and 2 = (€h).

Let V be the standard representation of G = GLs. The support &y
of the sheaf ICy on the group scheme &79_,1 can be described as follows:
&y classifies embeddings of coherent sheaves ¢ : 1V — V' that send the lines
£y, f(oo) and 5(2) to £, Zo(o) and Eo(o) respectively, and that ¢ is an isomorphism
at 0 and oo. Agaln we represent such a map V — V' as a matrix ¢ =
( @0 —Zalt bo —;blt > for ag, a1, bg, b1, c,d € k. The conditions on ¢ imply

that ¢ = < (ctd)t 2 > for b,c,d € G,,, and ¢ + d # 0. The evaluation
map eveo : By — Lo & G2, is given by (b,c,d) — (c,b). The evaluation
map evg oo : 8y — Log & G2, x G2 is given by (b,c,d) — (c+ d,d,b,—b).
The projection Ilg : &y — U = G, is given by (b, ¢, d) — (C+d)d

The scheme Jy = &y /G, where G, acts as simultaneous scaling on b, ¢
and d. We may identify Jy as the subscheme of &y with ¢+ d = 1. Then
Jv ={(b,d) € G, x (G, — {1})}. The map evy s : Jy — Mg = Lg/G,, =
(G2, x G2, x G2)/G,, is given by (b,d) — [1—d,b,1,d,b, —b]. The projection
IT: 3y — U is given by (b,d) — b(1 — d)/d. Therefore the Frobenius trace
function of F = Fy ¢ is given by

fra@) == 3 X1 - dx@@)x ©)w(eD ) — 62 1))

b(1—d)=dz
Making a change variables b = —u and d = 1/(1 — v), we may rewrite the
above sum as
(4.25)
2 2
fra(@) = =X (- D Y xR @~ D () ().

UV=x

where 9/ (y) = ¥(¢® (y) — ¢ (y)) is another nontrivial character of k.
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On the other hand, Katz’s hypergeometric sheaf H := H(!, ¢/, X(()l), X(()Q);
@)

Xoo ) has Frobenius trace function

Frp(@) =D ¥'(@1—y)x P @) x@ ) (z2) xS (22)

T1T2=Y1T

Making a change of variables z1 = vy, To = u, we get

e = S @ [ Y (- Dy )X @) | @ (w)

UV=r y1€EX
= G xIx®) Zx” U@ (0 — D () (w).

Comparing (4.25) and (4.26) we get

Fra@) = =x6" COXR (DA X)) ().
This implies that F and H are isomorphic over Uz.

4.6.4. REMARK. In all three examples, Conjecture 4.1.2 is easily verified,
using the knowledge of Artin conductors worked out in §3.3.

4.7. Variants and questions. We are in the situation of (4.4.1).
4.7.1. A situation where Hecke eigensheaf is guaranteed. Suppose for
some x € S we are given a pro-algebraic subgroup Ki C L, G such that
° Ki contains K, as a normal subgroup.
e The character sheaf I, extends to ICEE eCS 1(K§E);
e The quotient C, := Ki/Kz is a discrete group over k, and the
local Kottwitz map L,G — X*(ZG) I induces an isomorphism
Cp 5 X*(Z2Q) ;.

4.7.2. EXAMPLE. Let X = P!, F = k(t) and the quasi-split group G
becomes split over k(t'/¢) for some e prime to char(k). Then the integral
model G is reductive away from {0, c0}. Suppose 0 € S. Let (2, Kg, Kg,ts)
be a geometric automorphic datum such that Ky is a parahoric subgroup
and that Nz ¢ (Ko)/Ko maps isomorphically to X*(ZG)[F = X*(ZG)IO For
example we may take Ky to be an Iwahori subgroup. Suppose also that the
character sheaf Ky extends to Nr,c(Ko). Then the group Kg = Nr,c(Ko)
satisfies the conditions in §4.7.1.

4.7.3. THEOREM. Assuming we are in the situation of Theorem 4.4.2 and
the extra assumption in §4.7.1 is satisfied. Then the object A € Dg o(Kg, Kg)
can be extended to a Hecke eigensheaf (A, F, @) in which Fy is a semisimple

local system for all V € Rep(G).

Lo
SKETCH OF PROOF. Let L = K?,;/K;cF and Mﬁs — Mg x L% The stack
Bung(K{) admits an action of Mﬁs Since the character sheaf K, extends
to Ki«, the character sheaf Kgn on Mg also extends to a character sheaf



144 Z. YUN

ICgQ on Mg We may then consider the category D := DP (Bun™).

(ME.K5 o)
Since Mg permutes the open and closed substacks Bun} of Bun™ tran-
sitively with Mg the stabilizer of each Bunl (a € X*(ZCAJ) Ip), restrict-
ing to a particular component Bunar gives an equivalence of categories

Dt 5 D?MS ,CSQ)(BunE{) = Dy. Therefore, by Assumptions in 4.4.1, there

is (up to isomorphism) a unique irreducible perverse sheaf A € D¥, whose
restriction to Bun! has to be isomorphic to A, for all a € X*(Z@)[F.
The analog of Lemma 4.4.4 then says that for any Y, the analogous cate-
gory DY) (with Bun™ replaced by ¥ x Bun™) is equivalent to D5(Y) via
the functor (—) X A. Therefore we may define Fyy € D%U’) by requiring
Ty (A) = Fy X A. By construction Fy is canonically identified with Fy,
for all & € X*(Z@);,.. The (G, X*(ZG)1, )-weak local system {Fv,a}, under

such a canonical identification, becomes an actual G-local system Fy. U

Next we discuss several questions that naturally arise from Theorem
4.4.2.

4.7.4. Rationality issues. So far in this section we have have been as-
suming that k is algebraically closed. At various stages of the argument one
can in fact work over a more general field k£, and work with a smaller co-
efficient field than Q,. In our applications (especially to the inverse Galois
problem) it is important that the Hecke eigen local systems F are defined
over a field that is as small as possible.

Suppose we are in the situation of §4.4.1 with the extra assumption
(4.19). The description of Fy, given in Proposition 4.5.2 (which works over
k as stated) allows us to descend it to a smaller base field and a smaller
coefficient field as follows. We use the notation from §4.5. We make the
following assumptions:

e For each o € X*(ZCA})IF, the unique (€2, Kg)-relevant point &, €
Bun,, is defined over k. Therefore A, and its central extension Aa
are finite group schemes over k.

e The representation W, of A (k) can be extended to A, (k) xGal(k/k).
We choose such an extension for each o and denote it by Wg . By
the uniqueness of Wa, it always extends to a projective represen-
tation of Ay (k) x Gal(k/k). Therefore this assumption means the
vanishing of certain class in H%k,@; ).

e The representations WO? are defined over some field L where Q; C
L cQ,.

We rewrite the right side of (4.20) as

(4.27) Fra = Homy g 5 (WS @ Wi ILICY,).
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We understand that both Wg v ® Wﬁ@ and ﬁgIC?/ have L-coefficients and

view ﬁgIC?/ as a complex over Ué. The above assumptions give a descent
datum of the right side of (4.27) to U’ over k. Therefore Fy , is defined over
U’ over k, and has L-coefficients.

4.7.5. Rationality of the geometric Satake equivalence. First of all, to
define the Satake category, we only need to work with Q-sheaves, not Q-
sheaves. In the version of the geometric Satake equivalence we reviewed in
§4.2.1, we have normalized all ICy to be pure of weight zero. This involves
choosing a square root of the f-adic cyclotomic character y, : Gal(k/k) —
Z,, and there is no natural choice of such. Assume Fk is either a finite field
or a number field. Following a suggestion of Deligne, one can modify the
Satake category to avoid choosing a square root of x,. One defines a sub-
category Sat™® C Sat (the superscript stands for Tate), whose objects are
finite direct sums of ICy(n) (n € Z), where (n) denotes tensoring with the
one-dimensional representation x% of Gal(k/k). The category Sat™! is also a
tensor category with h = H*(Gr, —) as a fiber functor. The Tannakian dual
of Sat™t is the reductive group GTt which is related to G by

G™ = (G x CWY) /s

Here G is a one-dimensional torus and ps is generated by ((—1)%°,—1) €
G x GV, where 2p € X*(T) = X*(f) is the sum of positive roots of G, viewed
as a cocharacter of T'. For each irreducible representation V € Rep(@Tt), if
the central torus GWW* acts on V via the w'™ power, then the corresponding
object ICy in Sat™ is pure of weight w. The one-dimensional representations
of GT* on which G acts trivially and GVt acts via the 2n'h power corresponds
to the sheaf Q,(—n) supported at the point stratum Gry. For details of the
construction, see [43, §2.1]. For a quick algebraic account, see [10, §2].

R 4.7.6. EXAMPLE. Let n > 2 be an integef and G = PGL,,. We have
G = SL,,. In this case, (—1)%’ = (—1)""I,, € G. We have

ATt o SLy, x (GWV'/ ) if n is odd;
(SL,, x GWY /A(us)  if n is even.
We define a “standard representation” of dimension n and weight n — 1:
St . Gt GL,,
(9,t) — t" g € GL,(where g € SL,,,t € GIV").
__ With GTt replacing @, a Hecke eigen local system F should be a twisted
GTtlocal system over U together with extra compatibility datum with
Tate twists. More precisely, F is a tensor functor Rep(GT*) — Loc(U’) ,

V — Fy (with f-twisted descent datum), together with an isomorphism
Fou1) = Qe(1). Here the Qg(1) in the subscript means the one-dimensional

representation of GTt on which G acts trivially and th acts through the
(—2)*™ power, and the other Qy(1) is the Tate-twisted constant sheaf on U’.
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Next we discuss local and global monodromy of Hecke eigen local sys-
tems. We are back to the situation where k is algebraically closed.

4.7.7. Local monodromy of F. In certain cases we can describe the local
monodromy of the Hecke eigensheaf F at some point x € S. Suppose K is
a parahoric subgroup of L,G with reductive quotient L, and that K, is a
character sheaf on K, that descends to L. In this case the local system F
is tame at x. For simplicity suppose G is split over F), then the restriction
of Kz to a split maximal torus T C L, gives a character sheaf on T, which is
a homomorphism 74 (Gy,) ® X, (T) — Q,, or pl, : 7 (Gm) — T(Qy). On the
other hand, we may canonically identify 7% (G,,) with the tame inertia group

I, because both of them are canonically isomorphic to liin(n’char (k))=1 pin (k).

Therefore pl, induces p/ : I, — T(Q;) — G(Q,), which can be shown
to be the semisimple part of the local monodromy of F at x. When G is
not necessarily split over Fj, the restriction of K, to a maximal split torus
gives a section p, : I, — f(@g) x I, up to T—conjugacy, which is again the
semisimple part of the monodromy of F at x.

In [44, §4.9] we give a recipe for the unipotent part of the monodromy
using Lusztig’s theory of two-sided cells in affine Weyl groups. In some cases
this can be proved using the techniques in [44, §4.10-4.16].

A special case where we know the local monodromy is when K, is an
Iwahori subgroup and IC;, is trivial. This is the case where the extra condition
in §4.7.1 is often satisfied, for example when X*(Z@)Ix = X*(ZC:’)[F. In this
case the local monodromy of the Hecke eigen local system F at x is a regular
unipotent element in G.

4.7.8. Global monodromy of F. When we work over a finite field k, the
proof of Lemma 4.4.6 shows that the local systems Fy,, are pure. Deligne’s
theorem 3.1.4 guarantees that the neutral component of @%fom (the global
monodromy of F) is a connected semisimple subgroup of G. When we know a
local monodromy of F is a regular unipotent element and G is almost simple,
then either @%fom’o = (A?, or @%;eom,o = G for some pinned automorphism o
of @, or GBeome g the image of a principal homomorphism SLo — G (see
[10, §13]). One can often determine @%fom in this case by using information
from local monodromy at other points. This method enables us to determine
the global monodromy of the examples in the next sections §5 and §6.

5. Kloosterman sheaves as rigid objects over P! — {0, 00}

In this section we review the work [19], in which we used rigid automor-
phic representations ramified at two places to construct generalizations of
Kloosterman sheaves.

5.1. Kloosterman automorphic data. In this section, the curve X =
P! with function field F' = k(t), where k is a finite field. We assume that G is
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almost simple. Let e be a positive integer prime to char(k) such that & con-
tains e'? roots of unity. Let F' = k(t'/¢) and 6 : Gal(F*/F) — Gal(F'/F) =
tte(k) — Autf(G) be a homomorphism. As in §2.2.2, these data determine
a quasi-split form G of G over F' . We have an integral model G over X
defined in §2.2.4.

Let S = {0,00}. We shall define a geometric automorphic datum for G
with respect to S, to be called the Kloosterman automorphic datum.

Let Ko = Ip be an Iwahori subgroup of LoG and K, = It the pro-
unipotent radical of an Iwahori I, C LooG.

The reductive quotient of I is identified with the torus S = T/F°. A
character x : S(k) — @ZX corresponds to a rank one character sheaves Ky =
Ky on S, which can also be viewed as a character sheaf on Ky = Iy.

Let I, be the pro-unipotent radical of I.. It is generated by the root
groups (LooG)(a) of all positive affine roots of the loop group L.G. Note
that Io/I% = S. Let IT;" C IZ be the next step in the Moy-Prasad filtration
of I,. There is an S-equivariant isomorphism

T
(5.1) I /T 2 [[(LaeG) ()
i=0

where the product runs over simple affine roots. Each (L. G)(«;) is isomor-
phic to G, over k. A linear function ¢ : (IL/ILF)(k) — k is said to be
generic if it does not vanish on any of the factors (LoG)(ev). Fix such a
generic linear function ¢ and fix a nontrivial additive character 1 of k. The
composition ¢ o ¢ gives a character of I (k), and hence a rank one character
sheaf Koo = Ky on IT.

Finally, Bunz(Kz g) is a point in this case, and Lemma 2.6.5 implies that
there is a unique choice of (€2, tg) (up to isomorphism) making (Q, Kg, g, ts)
a geometric automorphic datum for G with respect to S = {0, 00}. We call
it the Kloosterman automorphic datum. The situation considered in §2.8.3,
when GLs is replaced with SLy or PGLo, is a special case of the situation
considered here.

5.1.1. REMARK. The automorphic datum (IZ ;1) o ¢) at oo picks out
those representations of G(F ) that contain nonzero eigenvectors of K., on
which K, acts through the character iy o ¢. These representations are first
discovered by Gross and Reeder [13, §9.3], and they call them simple super-
cuspidal representations. Such representations appear as direct summands

of the compact induction c—IndIGJr(}(FZ‘;)(@Z) o).

5.1.2. THEOREM (Gross [14], alternative proof by Heinloth-Ngo6-Yun
[19]).

(1) Let ¢ be a generic linear functional on (I, /I7")(k) as above. Then
the Kloosterman automorphic datum (2,Kg,Kg,ts) is strongly
rigid.
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(2) Let (wf, Kg, xs) be the restricted automorphic datum attached to
(Q,Kg,Kg,ts), and let 7(x, ¢) be a (w, Kg, xs)-typical automor-
phic representation of G(Ag), which is unique up to an unramified
twist. When x = 1, the local component at 0 of 7(1, ¢) is, up to an
unramified twist, the Steinberg representation of G(Fp).

The argument for Part (1) is a generalization of the argument of Proposi-
tion 2.8.4. In particular, we show that each component of Bung(Kyg) contains
a unique Kg-relevant point (with trivial automorphism group in this case).

5.2. Kloosterman sheaves. Theorem 4.7.3 is applicable to the Kloost-
erman automorphic datum. Therefore we have a Hecke eigen local system
for the geometric automorphic datum (2, Kg, Kg, ts), which we denote by

~

Klz(x; ¢) and call it the Kloosterman sheaf attached to (G, ) and the char-

acters x and ¢. This is a f-twisted G-local system over @;, the " Kummer
covering of G,,, = ]P’,l€ —{0, 00}. To explain the namesake, we first recall some
facts about the classical Kloosterman sheaf defined by Deligne.

5.2.1. The classical Kloosterman sheaf. Recall the definition of Kloost-
erman sums. Let p be a prime number. Fix a nontrivial additive character

v Fp — @Z . Let n > 2 be an integer. Then the n-variable Kloosterman
sum over [, is a function on IF; whose value at a € IE‘; is

Kln(p;a’) = Z 1/1(951++96n)
z1,,2n€F) T1T2 Tn=0

These exponential sums arise naturally in the study of automorphic forms
for GL,,.

Deligne [5] gave a geometric interpretation of the Kloosterman sum. He
considered the following diagram of schemes over F),

Gm
Gm Al

Here 7 is the morphism of taking the product and ¢ is the morphism of
taking the sum.

5.2.2. DEFINITION (Deligne [5]). The Kloosterman sheaf is
Kl, := R”flma*ASw,

over G, = ]P’]}p —{0,00}. Here ASy, is the Artin-Schreier sheaf as in Example
A .3.6.

The relationship between the local system Kl,, and the Kloosterman sum
Kl,(p;a) is explained by the following identity

Kl,(p;a) = (—1)" " Tr(Frobg, (Kl,),).
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Here Frob,, is the geometric Frobenius operator acting on the geometric stalk
(Klp)q of Kl, at a € G (Fp) =F.
In [5, Théoréeme 7.4, 7.8], Deligne proved:
(1) Kl, is a local system of rank n, pure of weight n — 1. This implies
the Weil-type bound |Kl,(p; a)| < np™~1/2,
(2) Kl, is tamely ramified at 0, and the monodromy is unipotent with
a single Jordan block.
(3) Kl, is totally wild at oo (i.e., the wild inertia at co has no nonzero
fixed vector on the stalk of Kl,,), and the Swan conductor Sw (Kl,,) =
1.

5.2.3. REMARK. For G = SL, (resp. Sps,), the Kloosterman sheaf
Klz(1,¢), evaluated at the standard representation of @, is the same as
Kl, (resp. Kly,) of Deligne up to a Tate twist. When G = SO9p41 or Go,
Klz(x, ¢) was constructed by Katz in [23] by different methods (as special
cases of hypergeometric sheaves). Our construction of Kl(x, #) using geo-
metric automorphic data treats all G uniformly, and gives the first examples

of motivic local systems with geometric monodromy group Fjy, 7 and Fg
(see Theorem 5.2.4(3) below).

In [19] we prove several results on the local and global monodromy of
the Kloosterman sheaves Klz(x, ¢).

5.2.4. THEOREM (Heinloth-Ngo-Yun [19]). Assume G is split, then Klz(x, ¢)
enjoys the following properties.

(1) Klg(x, ¢) is tame at 0. A generator of the tame inertia I maps
to an element in G with semisimple part given by x, viewed as an
element in T. When X = 1, a generator of 1§ maps to a regular
unipotent element in G.

(2) The local monodromy of Klz(x, ¢) at oo is a simple wild parameter
in the sense of Gross and Reeder [13, §5]. In particular,
Swoo (Ad(Klz(x, ¢))) = 7 (the rank of CA}) For more details see
§5.2.5.

(3) If x = 1, then the global geometric monodromy group of Klz(1, ¢)
is a connected almost simple subgroup of G of types given by the
following table

G G%Oén(ll’ o) | condition on char(k)
A2n A2n p> 2
A2n—17 Cn Cn p> 2
By, Dys1 (n>4) | By, p>2
Er Er p>2
Eg FEg p>2
FEg, Fy Fy p>2
B37 D47 G2 G2 p> 3
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5.2.5. Local monodromy at oo. Let us explain in more detail what a
simple wild parameter looks like when G is split, following Gross and Reeder
[13, Proposition 5.6]. Assume p = char(k) does not divide #W (W =W is
the Weyl group of @) Let poo @ Ino — @(@Z) be the local monodromy of
Klz(x, ¢) at oo. Then we have a commutative diagram

1 j5 I It 1

e |

The image of I', in W is the cyclic group generated by a Coxeter element
Cox e W, Whose order is the Coxeter number h of G. The image poo(l ) is
a [F-vector space equipped with the action of Cox. In fact poo(12) = Fp[Chl,
the extension of I, by adjoining hth roots of unity, and the Coxeter element
acts by multiplication by a primitive A" root of unity.

When p | #W, a simple wild parameter can be more complicated. For
example, when G = PGLy and p = 2, the image of ps is isomorphic to the
alternating group A, embedded in PGL2(Q) = SO3(Q,) as the symmetry
of a regular tetrahedron.

5.3. Generalizations. In [44] we give further generalizations of Kloost-
erman sheaves. We work with the same class of quasisplit G as in §5.1. We
will replace Iy and I, by more general parahoric subgroups.

5.3.1. Admissible parahoric subgroups and epipelagic representations. In
their construction of supercuspidal representations, Reeder and Yu [35]
singled out a class of parahoric subgroups Po C LooG as follows. Let
Pl Cc PL C Po be the first three steps of the Moy-Prasad filtration
on Po.. Then the vector group Vp := PL /PL" is a representation of the
reductive group Lp := P /PX. A geometric point in the dual space Vj is
called stable if its Lp-orbit is closed and its stabilizer under Lp is finite. Let
V;’St be the open subset of stable points. A parahoric subgroup Py, C LooG
is called admissible if V;St # @. When char(k) is large, conjugacy classes
of admissible parahorics are in bijection with regular elliptic numbers of the
pair (W, ). To each stable point ¢ € V(k), Reeder and Yu construct a
class of irreducible supercuspidal representations from the compact induc-

tion c- IndPJr ) (w ¢) (¢ is a fixed nontrivial additive character of k), and

they call them epipelagic representations.

5.3.2. Generalized Kloosterman automorphic datum. Let Po C LooG
be an admissible parahoric subgroup. Let Py C LoG be a parahoric of the
same type as P,.. Fix a stable point ¢ € V5 St(k). The character v o ¢ of
Vp(k) corresponds to a rank one character sheaf £, on Vp (and hence on

P1). Fix another character y : Lp(k) — @Z , which corresponds to a rank
one character sheaf Iy on Lp (and hence on Pg). We consider the geometric
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automorphic datum with respect to S = {0, 00} consisting of
Ks = (Po,PL); Ks=(Ky,Kp)

and the unique compatible choice of (£2,tg5) as in the case of Kloosterman
automorphic datum. One can show an analog of Theorem 5.1.2 which says
that (Q,Kg, Kg,tg) is strongly rigid.

5.3.3. Generalized Kloosterman sheaves. Theorem 4.7.3 applies to ob-
tain Hecke eigen local systems for the geometric automorphic datum (2, Kg,
Ks,ts). We denote the resulting Hecke eigen local system by Kl@,P(X’ ?),

which is a -twisted G-local system over Gyn. One new feature of this gen-
eralization is that when ¢ varies in V5™, the corresponding local systems
Kl@,P
also have an analog of Theorem 5.2.4(1): when G is split, the monodromy
of Klz p(1,9) at 0 is tame and unipotent, and the corresponding unipotent

(x,®) “glue” together to give a G-local system over V;,’St x G We

class up in G can be described purely in terms of P. For details we refer to
[44].

6. Rigid objects over ]P’([l;P —{0,1,00} and applications

In this section, we review the work [42], in which we use rigid automor-
phic representations to construct local systems on }P’}@ —{0,1, 00}. These local
systems are the key objects that lead to the answer to Serre’s question and
the solution of the inverse Galois problem for certain finite simple groups of
exceptional Lie type.

6.1. The geometric automorphic data. Let k be a field with char(k) #
2. Let X =P} and S = {0,1,00}. Assume G is almost simple and simply-
connected in this section.

When the longest element wg in the Weyl group W of G acts by —1 on
X, (T), we take G to the split group G @, F. Otherwise, let F' = k(t'/?)
and let § : Tp — Gal(F'/F) — Aut'(G) map the nontrivial element in
Gal(F'/F) to the unique pinned involution o that acts by —wg on X, (T).
We define G to be the quasi-split form of G over F' using 6 as in §2.2.2.

Recall that a Chevalley involution of G is an involution 7 such that
dim G has the minimal possible dimension, namely #®* (the number of
positive roots of G). All Chevalley involutions are conjugate to each other
under G*!(k). The Chevalley involution for G is inner if and only if wq acts
by —1 on X, (T).

6.1.1. A parahoric subgroup. Up to conjugacy, there is a unique para-
horic subgroup Py C LoG such that its reductive quotient Lg is isomorphic
to the fixed point subgroup G7 of a Chevalley involution 7. For example, we
can take Py to be the parahoric subgroup corresponding to the facet con-
taining the element p¥ /2 in the S-apartment of the building of LyG, where
p" is half the sum of positive coroots of G and S is the maximal split torus
of G with X, (8) = X, (T)GaIF/F),
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The Dynkin diagram of the reductive quotient Ly = G” of Py is obtained
by removing one or two nodes from the extended Dynkin diagram of G. We
tabulate the type of Lp and the node(s) in the affine Dynkin diagram of
LyG to be removed in each case. When we say a node is long or short, we
mean its corresponding affine simple root is long or short. In the following

table n > 1 (and we think of A; as C1).

G G split? | Lo = G | nodes to be removed

Agp, no B, longest node
Agpt1 no Dy longest node

Bs, yes B, x D, |the (n+ 1)th counting from the short node
Boni1 yes By, X Dy | the (n+ 1)th counting from the short node

Ch, yes A,_1 X Gy, | the two ends

Do, yes D, x D, | the middle node
Dop i1 no B, x B,, | the middle node

FEs no Cy the long node on one end

E; yes Az the end of the leg of length 1

Eg yes Dg the end of the leg of length 2

Fy yes Ay x C3 | second from the long node end

Go yes A1 x A1 | middle node

Examining all the cases we get

6.1.2. LEMMA. If G is not of type C, then Ly" — Lg is a double cover
(i.e., the algebraic fundamental group of Lo has order two).

Even if G is of type Cy, Lo = GLy, still admits a unique nontrivial double
cover. In all cases, there is a canonical nontrivial double cover v : Ly — L.
In particular,

Ko := (U!@E)Sgn

is a rank one character sheaf on Lg (here sgn denotes the nontrivial character
of ker(v) = {£1}). When £k is a finite field, we have an exact sequence

1 — {+1} — Lo(k) — Lo(k) — H'(k, u2) = {£1}.

The character yg corresponding to g is given by the last arrow above.
6.1.3. The automorphic datum. Let Py C LoG be a parahoric subgroup

of the type defined in §6.1.1. Let Po, C LoG be a parahoric subgroup of
the same type as Py (since LoG and LoG are isomorphic). Let Iy C L1G be
an Iwahori subgroup. We consider the geometric automorphic datum given
by

(Ko, Ko) = (Po,Ko);
(K1, K1) = (L,Qp);
(KooJCoo) = (Poov@é)
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Since Bunz(Kz g) = B(ZG[2]), by Lemma 2.6.5, the choices of (£2,:g)
to complete (Kg, Kg) into a geometric automorphic datum are in bijection
With the choices of a descent Ky of Ko to Lo/ZG[2]. For this we require that

ZG[2] = v 1(ZG[2]) C Lo be discrete and we need to choose a character
c: ZG[Q]( ) — Q, extending the sign character on py = ker(v). Therefore,

when ZG[2] contains a factor fi4, we need to assume that v/—1 € k.
The main technical result of [42] is the following.

6.1.4. THEOREM ([42]). Assume G is simply-connected, split and is ei-
ther simply-laced or of type Go. Assume that k contains \/—1 when G is of
type A1, Dynto or E7. Then the geometric automorphic datum (2, Kg, Kg, ts)
satisfies all the assumptions in §4.4.1 (note that X*(Z@) is trivial in this
case). Therefore Theorem 4.4.2 applies to give a Hecke eigen G-local SYs-

tem F on U =P} —{0,1,00} attached to the geometric automorphic datum
(2, Kg,Ks,ts).

Note that the conditions put on G in the above theorem limits G to be
simply-connected of type Ay, Dan, F7, Eg and Gs.

For the unique (£2,Kg)-relevant point &€ € Bung(Kg), we have
Autg ko (€) = T[2] and Ag = T[2]/ZG[2]. Here we are identifying T with
a maximal torus of Lg. Let Ae = v=1(T[2]) C Lo, then we have an exact
sequence

—_~—

1—>ZG[2]—>115—>A5—>1.

The character sheaf Ko € CS1(Lo/ZG[2]) restricts to a cocycle £ € H2(Ag,Q,)
and gives the category Repg(Ag). It turns out that Repe(As) = Rep(Ag;c),
the latter being the category of representations of Ag (a discrete group)

—_~—

on which ZG[2] acts through the character ¢. The commutator pairing
Ag x Ag — pa = ker(v) is non-degenerate, and ¢|ye(y) i3 nontrivial. These
facts imply that Rep(gg; ¢) contains a unique irreducible object up to iso-
morphism. This is also a situation where Proposition 4.5.2 applies.

The followingA theorem summarizes the local and global monodromy of
the Hecke eigen G-local system F.

6.1.5. THEOREM ([42],[44, §9]). Let G and F be as in Theorem 6.1.4.

(1) The local system F is tame.
2) A topological generator of It maps to a reqular unipotent element
potog g 1 D g 4
in G.

(3) A topological generator of It, maps to a umpotent element whose
centralizer in G has dimension equal to #P1(G ) (unique up to
conjugacy).

opological generator o maps to a Chevalley involution in G.

4) A topological g t I maps to a Chevalley involution in G

(5) The local system F is cohomologically rigid.
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(6) When G is of type A1, E7, Eg and Ga, the global geometric mon-
odromy of F is Zariski dense in G. When G is of type Da,, the
Zariski closure of the global geometric monodromy of F contains
SOy4pn—1 C PSOy, = G of n > 3, and contains Go C PSOg = G if
n=2.

6.2. Applications. By a descent argument (using rigidity), we have
the following strengthening of Theorem 6.1.4.

6.2.1. THEOREM ([42]). Let k be a prime field with char(k) # 2 (i.e., F,
for p an odd prime or Q). Then the eigen local system F in Theorem 6.1.4
can be defined over k. Moreover, the monodromy of F can be conjugated to

G(Qy) inside G(Q,).

6.2.2. Application to the construction of motives. Assume G is of type
A1, E7, Eg or Gs. Applying the above theorem to k = Q, we get a G-local
systems p : m(Ug) — G(Qy) whose geometric monodromy is Zariski dense.
For each Q-point a € U(Q) = Q — {0, 1}, restricting p to the point a =
Spec Q gives a continuous Galois representation

(6.1) pa : Gal(@/Q) — G(Q).

By Proposition 4.5.2, one sees that for each V € Rep(@,(@g), pv is
obtained as part of the middle dimensional cohomology of some family of
varieties over U. Using this fact, it can be shown that each p, is obtained
from motives over Q (if G is type Eg or G2) or Q(i) (if G is of type A; or
Er).

6.2.3. THEOREM ([42]). Assume G is of type Ay, E7, Eg or Gy. There
are infinitely many a € Q — {0,1} such that the py’s are mutually non-
isomorphic and all have Zariski dense image in G. Consequently, there are
infinitely many motives over Q (if G is type Eg or Gs) or Q(i) (if G is of
type Ay or E7) whose (-adic motivic Galois group is isomorphic to G for
any prime £.

This result then gives an affirmative answer to the ¢-adic analog of Serre
question (see §1.2.2) for motivic Galois groups of type E7, Es and Go. The
case of G was settled earlier by Dettweiler and Reiter [8], using Katz’s
algorithmic construction of rigid local systems. Our local system F in the
case G = (G5 is the same as Dettweiler and Reiter’s.

6.2.4. Application to the inverse Galois problem. Let £ be a prime num-
ber. To emphasize on the dependence on ¢, we denote the Galois represen-
tation p, in (6.1) by pge. To solve the inverse Galois problem for the groups

~

G(Fy), we would like to choose a € Q — {0,1} such that p,, has image in

(AJ(Zg) (which is always true up to conjugation), and its reduction modulo
{ is surjective. This latter condition is hard to satisfy even if we know that

the image of p, ¢ is Zariski dense in @(Qg)
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To proceed, let us consider the Betti version of Theorem 6.1.4 and Theo-
rem 6.2.1. Namely we consider the base field £ = C and talk about sheaves in
@Q-vector spaces on the various complex algebraic moduli stacks. The same
argument gives a topological local system

PP 7P (Ug) — G(Q)

whose image is Zariski dense. It makes sense to reduce p'°P for large enough
primes ¢

p® ™ (Ue) — G(Fy).
A deep theorem of Matthews, Vaserstein and Weisfeiler [31, Theorem in the
Introduction| (see also Nori [34, Theorem 5.1]) says that ﬁ}fOp is surjective

-~

for sufficiently large ¢, when G is simply-connected. This is the case when G
is of type Eg and G5. Using the comparison between Betti cohomology and
l-adic cohomology, we conclude that for general a € Q—{0, 1} (general in the
sense of Hilbert irreducibility), the reduction p, , of ps ¢ is also onto @(Fg).
This solves the inverse Galois problem for Eg(F;) and G2(F,) for sufficiently
large primes ¢ (without an effective bound). The local monodromy of p also
suggests a triple in Fg(Fy) that might be rigid, see [42, Conjecture 5.16].
Recent work of Guralnick and Malle [17] establishes the rigidity of this triple,
hence solves the inverse Galois problem for Eg(F,) for all primes ¢ > 7.

When G is of type Ay or E7, G is the adjoint form. In this case, the result
in [31] says that for sufficiently large prime ¢, the image of ﬁz()p contains the
image of @SC(Fg) — (A?(IF@). We deduce that the same is true for p,, for
general a € Q — {0,1}.

Appendix A. Rank one character sheaves

In this appendix, we study rank one local systems on algebraic groups
that behave like characters. Most of the results here are well-known to ex-
perts, and our proofs are sketchy.

A.1. Definitions and basic properties. In this subsection k is a
perfect field. Let L be an algebraic group over k£ with the multiplication
map m : L x L — L and the identity element e : Spec k — L.

A.1.1. DEFINITION. A rank one character sheaf K on L is a local system
of rank one on L equipped with two isomorphisms

pr:mK S KXREK,
u: Q= ek
These isomorphisms should be compatible in the sense that
(A1) ,u,\LX{e}:id;c®u:IC:lC®@é@gl>lC®e*IC,
(A.2) feyxr = u®@idg : K = Q, ®@2K:>€*]C®K:.
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Furthermore, u should make the following diagram commutative
(A.3)

(m x idg)*m*K

(idp, x m)*m*KC

(mxidp)*p uXid

(m xid)*(KKK) —=m'KRK L RRERK

— KXKLXK

(idp xm)*u idc®p

(id, x m)*(KBK) — K Rm

There is an obvious notion of an isomorphism between two rank one
character sheaves: it is an isomorphism between local systems intertwining
the p’s and u’s. Let CS1(L) be the category (groupoid) whose objects are
rank one character sheaves (I, u, u) on L, and whose morphisms are isomor-
phisms between them. Then CS1(L) carries a symmetric monoidal structure
given by the tensor product of character sheaves with the constant sheaf Q,
(equipped with the tautological ;1 and ) as the unit object. Let CSq(L) be
set of isomorphism classes of objects in CS1(L), which is an abelian group.

A.1.2. REMARK. (1) Let ¢ : L — L be the inversion g — g~!. Then
any K € CS1(L) is equipped with a canonical isomorphism (*/C &
JC~! obtained by restricting u to the anti-diagonally embedded L.

(2) When L is connected, the condition (A.3) is automatically satisfied.
In this case, the two relations (A.1) and (A.2) also guarantee that
4 is commutative, i.e., u = s o u where s* is the pullback map
induced by swapping two factors s : L x L — L x L. In this case,
a local system K of rank one being a character sheaf is a property
rather than extra structure on K: K is a character sheaf if and only
if e*IC is isomorphic to the constant sheaf on Spec k& and that for
any point g € L(k), the isomorphism type of K| L is invariant under
left and right translation by g. On such a local system K there is a
unique pair (u, u) up to isomorphism making (K, u, u) into a rank
one character sheaf.

(3) The automorphism group of a triple (K, u,u) € CS1(L) is

Aut(IC, p,u) = Hom(WO<LE)Ga1(E/k)7@EX)~

When L is connected, CS1(L) is a groupoid with trivial automor-
phisms, hence is equivalent to the set CS;(L).

(4) Let CS1(L/k) be the category of rank one character sheaves over Lz.
We may identify CS1(L) as the category of Gal(k/k)-equivariant
objects of CS1(L/k) (which may not induce an injection on the
isomorphism classes of objects). When L is connected, the base
change map CS;(L) — CS1(L/k) is injective, and identifies CS (L)
with the Gal(k/k)-invariants of CS;(L/k).

We record a few functorial properties of rank one character sheaves.

A.1.3. LEMMA. Let k'/k be a finite extension. Let L be an algebraic group
over k', and let ResgL be the Weil restriction of L to k. Then there is a
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canonical equivalence of symmetric monoidal categories
CS1(L) = CS1(Resf L).

PROOF. Let Homy(k', k) be the set of k-linear embeddings k' — k.
Homy, (k' k)
_ k

the action of Gal(k/k) on it permutes the factors according to its action on
Homy, (K, k). An object K € €Sy (Resk'L) is a gal(E/k)—equivariant object in
CSq( gom’“(k,’k)). An;iobject in CSi(Lgomk(k/’k)) takes the form &,y 1) K
where K, € CS1(L/k). The Gal(k/k)-equivariant structure gives isomor-
phisms -1, = v* K, for all v € Gal(k/k). Fix an embedding o € Homy (K, k),
then the Gal(k/k)-equivariant structure on ™, ¢ Homy, (k) Ce 15 the same as

The base change of ResZ,L to k is the Cartesian power L , and

a Gal(k/u(k'))-equivariant structure on K,,, which then gives an object
K., € CS1(L). One can check that this assignment gives the desired equiva-
lence, and is independent of the choice of k and . O

A.1.4. LEMMA. Consider an exact sequence of algebraic groups over k:
1L 5Ly 5 Ly — 1.

Let CS1(La; L1) be the category of pairs (IC,7) where K € CSi(La) and
7K =2 Qy is an isomorphism in CS1(L1) (here Q, stands for the con-
stant sheaf on Ly with the tautological character sheaf structure). Then
7 : CS1(L3) — CS1(L2; L) is an equivalence of symmetric monoidal cate-
gories.

PRrROOF. First assume that L; is reduced hence smooth over k. Let
(K,7) € CS1(L2; Ly1). The character sheaf structure on K combined with
T gives a descent datum of K along the smooth morphism 7. By smooth
descent of local systems, (K,7) gives rise to a local system K on Lg. It is
easy to check that the character sheaf structure of K induces one on K.
Hence we get a functor CS1(Lo; L) — CS1(L3) sending (K, 7) to K, and it
is straightforward to check that it is inverse to *.

When L; is not necessarily reduced, let Ly = Lo/ Lﬁed. We first descend
(K,7) € CS1(La; L1) to K € CS1(L3) by the above argument, then since

L3 — L3 is a homeomorphism for the étale topology, K further descends to
K € CS1(L3), which gives an inverse functor to 7*. O

A.2. Relation with Serre’s 7. Let L be a connected algebraic group
over k. Suppose K € CS1(L) has finite order n, then it corresponds to a
pn(Qy)-torsor L' — L with L' connected. We shall call L’ the associated
cover of (L, K).

A.2.1. LEMMA. The scheme L' carries a canonical algebraic group struc-
ture such that the projection w : L' — L is a group homomorphism such that
ker(m) is central in L.
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PROOF. The associated cover of (Lx L, KKK)ismxm: L'x L' — LxL.
By the functoriality of the construction of associated covers, the isomorphism
wem*K =2 KKK gives a commutative diagram

Ix L™ o

lWXW lﬂ
LxL-2 T

We use m' to define the multiplication on L’. The associativity of u shows
that m/ is associative. The inversion on L’ comes from the isomorphism
KK =2 K71 in Remark A.1.2(1). The fiber of L' at e € L is the discrete
scheme 1,(Q,) (over k) under the trivialization u : Q, = e*kK. We define
the identity element of L’ to be the point over e € L corresponding to
1 € 1,(Qp). This completes the construction of the algebraic group struc-
ture on L’. From the construction of m’, left and right multiplication of
ker(m) = u,(Q,) are both the same as the p,,(Qy)-action on L' coming from
the p,(Qg)-torsor structure. Therefore ker(r) is central in L'. O

Let Cov(L) be the category consisting of central isogenies 7 : L' — L of
connected k-algebraic groups with ker(7) discrete as a k-scheme. The formal
(inverse) limit of all objects in Cov(L) gives the universal central isogeny
WiV . gV 7 The kernel ker(7"V) is a pro-finite abelian group, and
we denote it by 77¢"*¢(L). When L is commutative, this is the same as the
71 defined by Serre in [36, §6.1, Definition 1; §6.2, Proposition 3]. Since
each object in Cov(L) is also a finite étale cover of L, we have a surjection
71 (L)* — 7Pe™¢(L). To emphasize the dependence on the base field we
write Cov(L/k) and my¢"¢(L/k).

When k — k' is a field extension, we have the base change functor
Cov(L/k) — Cov(L/K') which is fully faithful. We have Cov(L/k) =
lim 7 Cov(L/k') and hence

—kCk'C
nfer (LR 2 lim AL/,
kCk'Ck
A.2.2. THEOREM. Let k be any base field and let L be a connected alge-
braic group over k. Then there is a canonical isomorphism

CS1(L) = Homeont (75 (L), Q)

SKETCH OF PROOF. For those £ € CSi(L) of finite order, we have
defined an object (rm : L' — L) € Cov(L) together with an embedding
ker(m) — @Z . This gives a homomorphism 79"¢(L) — ker(m) — @Z .
This construction clearly passes to the limit and defines a homomorphism

€ : CS1(L) — Homeon (7597¢(L),Q, ). Conversely, suppose we are given a

character x : 7°"¢(L) — @Z of finite order. The kernel of x corresponds

to a central isogeny 7 : L' — L such that ker() = Im(x). We then define
Ky = (mQy)y, the x-isotypical component of mQ,. Since 7*IC, = Qy is a
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character sheaf, so is K,. This construction x — K, also passes to the limit

to give a homomorphism Homeoy (757¢(L),Q, ) — CS1(L). It is not hard
to check that it is inverse to the homomorphism &. O

A.3. Connected groups over a finite field. In this subsection we
assume k is a finite field.

A.3.1. Lang torsor. For each K € CS1(L), the sheaf-to-function corre-
spondence gives a function fi : L(k) — @Z . The isomorphisms p : m*KC =
KXK and u : Q, = e*K imply that fx is a group homomorphism. This way
we obtain a homomorphism

fr : CS1(L) — Hom(L(k),Q,).
One the other hand, we have the Lang torsor
(A4) ¢or: L — L
g — Froby(g)g™"

where Froby,, : L — L over k (Frobj , raises functions on L to the HEh
power). The morphism ¢y, is a right L(k)-torsor onto its image: g € L(k)
acts on the source by right multiplication. When L is connected, ¢, is sur-
jective and is a right L(k)-torsor. When L is not connected, ¢, may not be
surjective. The push-forward sheaf ¢r,,Q, carries an action of L(k). For each
character x : L(k) — @, let Ky = (¢1£,Q(),~1 be the x~!-isotypical direct
summand of ¢,Q, (we can take the projector in Q,[L(k)] corresponding to
x~ L, and apply it to (JSLJ@K and take the image). When L is connected, we
get a homomorphism

(A.5) Az : Hom(L(k),Q,) — Locy (L)

where Loci(L) is the group of isomorphism classes of rank one Q-local
systems on L, with the group structure given by the tensor product.

A.3.2. LEMMA. Let L be a connected algebraic group over a finite field k.
Let f} denote the sheaf-to-function correspondence Loci(L) — Fun(L(k)).

Then the composition fyAr, : Hom(L(k),Q,) — Loci(L) — Fun(L(k)) is
the natural inclusion of Hom(L(k),Q, ) into Fun(L(k)).

PROOF. Let y : L(k) — @, be a character. We shall calculate the trace
of the geometric Frobenius Frob, acting on the stalk of Ky = (¢1,1Qy), 1
at g € L(k). Let z € L(k) be such that Froby, . (x)z~ = g. The preimage
¢7'(g) consists of points xa where a € L(k). Since Froby /() = gz is also
in ¢Zl(g), we have gz = xag for some ag € L(k). The arithmetic Frobenius
action on ¢ '(g) is given by za — Froby /i(za) = gra = waga. We may iden-
tify the stalk of ¢, 1Q, at g with Fun(¢;*(g)). Then the stalk of (61,Qp)y 1
at ¢ is spanned by the function e, : za — x(a). The geometric Frobenius
Frob, on Fun(¢;'(g)) sends e, to the function za + eg(Froby /i (za)) =
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x(aga) = x(ao)eg(xa). Hence Tr(Froby, Ky) = x(ag). It remains to show
that x(ao) = x(g). Note that ag and g are conjugate in L(k) via x; we will
show that ag and g are actually conjugate in L(k), and hence have the same
value under y. As usual, ag determines a class [ao] € H!(k, Z1(g)) which
sends the Frobenius element to Frob(z)z~! = g. Since g lies in the neutral
component Z1,(g)° of the centralizer Z1(g), the class [ag] in fact comes from
a class in H'(k, Z1(g)°), which is trivial by Lang’s theorem. Therefore aq

and g are conjugate in L(k) and x(ap) = x(g). O
Next we consider the case where L is commutative and connected.

A.3.3. THEOREM. Let L be a connected commutative algebraic group over
k. Then fr, is an isomorphism of abelian groups

CS1(L) = Hom(L(k),Q, ).

PrROOF. When L is commutative, the map Az in (A.5) has image in
CSi(L). This follows from the fact the Lang isogeny ¢y, is a group homo-
morphism when L is commutative. Thus we have a pair of homomorphisms

fr : CS1(L) — Hom(L(k),Q,) and Az, : Hom(L(k),Q, ) — CS1(L).

By Lemma A.3.2, we have frAr = id. Therefore it suffices to show that
fr is injective to conclude that f; and A; are inverse to each other. Let
K € CSi1(L). Let g € L be a closed point with residue field £’. Define the
norm h = Nm(g) = [],cqaiw k) o(9) € L(k). We claim that

(A.6) Tr(FrObg,/Cg) = Tr(Froby, Kp)

Once this is proved, the Frobenius trace of X at any closed point is deter-
mined by the function fr,(K), and hence K is also determined by fr,(K) by
the Chebotarev density theorem. Now we prove (A.6). Let d = [k’ : k], then
g determines a k-point go € Sym?(L)(k). Since L is commutative, the d-fold
multiplication map factors as

L4 2 Symd (L) 24 L.

By the definition of character sheaves we have s}m}jK = K¥4. By adjunc-
tion this gives a nonzero map a : miK — (s4.K%9)% =: K@) Tt is easy
to see that K@ is also a rank one local system, therefore a has to be an
isomorphism. We then compute the stalk of m}K and K@ at go. On one
hand, (m3K)4 = Kiny(g0) = Kn hence Tr(Frobg,, (m3K),,) = Tr(Frobp, KCy).
On the other hand, the stalk of K(4 at gg is ®?:_011CF\robi (9)" The Frobenius

. . . . . L L L
equivariance structure of K gives isomorphisms Ky — Kpgopg) — -+ —

ICFrobd—l( 9) = Kg4, and the iteration 1? of these isomorphisms give the auto-

morphism Frob, on K,. Let v € K, be a basis, then v ® ¢(v) --- ® 1971(v)
(d)

is a basis of Kg,’. The action of Froby, cyclically permuting the tensor
factors, and sends v ® t(v) -+ ® (¥ (v) to (V) @ L(v) ® -+ ® L4 (v) =
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Froby(v) ® t(v) ® - - - ® 1471 (v). Therefore Tr(Froby,, IC%)) = Tr(Frobgy, Kg).

Combining these calculations we get (A.6). The theorem is proved. (]
A.3.4. COROLLARY. We have isomorphisms
(A.T) Ty (L/k) = L(k),
(A.8) mP(L/k) =2 lim  L(K')
kCK' Ck

where the projective system is over finite extensions k' /k and the transition
maps are the norm maps Nmy 0 © L(k") — L(K').

PROOF. (A.7) follows directly from Theorem A.3.3 and Theorem A.2.2.
When passing to the limit, we need to compute the transition maps vy /3
7P (L/K") — wPre(L/K') for k' C k” in terms of L(k') and L(k"). By
definition, vy is the one induced from the pullback map CSy(L/k") —
CS1(L/K"). During the proof of Theorem A.3.3, the formula (A.6) can be
reformulated as a commutative diagram

CSL (LK) — L Hom(L(K), T))

leZ///k/
fL,k”

CS1(L/k") —=>Hom(L(k), Q)

\L pullback

This implies that v/ is given by Nmywp : L(E") — L(K'). This proves
completes the proof. O

A.3.5. EXAMPLE. (Kummer sheaves) Let L = G,,, be the one-dimensional

torus over k. For each character x : L(k) — @Z we get an object K\ €
CS1(Gyy,). We claim that the canonical surjection h : 71 (G, /k) — 777 (L /k)
induces an isomorphism

(A.9) T (Gm/k) = 717G /K)

where 7 (—) denotes the tame fundamental group. On one hand, 79¢(L /k) =
liﬂlk/cﬁ k> is an inverse limit of finite groups of order prime to p. There-
fore m1(Gy/k) — m7e"¢(L/k) factors through the tame quotient. One the
other hand, 7¢(G,,/k) 2 Z/'(1) := liin(m,p)zl tm (k). Therefore h induces a

homomorphism

(A.10) lim i () — lim K%
(m,p)=1 kK Ck

What is this homomorphism? This is almost the tautological one: we may

replace the limit on the left side by lim jign_1(k) (where ¢ = #k) because

every integer prime to p is divisible by some ¢" — 1. Clearly pign_1(k) = Fyn,
mn _1 .

_ K=y

pgmn—1(k) — pgn—1(k). Therefore the two sides of (A.10) are canonically

and the norm map ]F;mn — IFan is the same as the power map [
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isomorphic, and one can check that (A.10) is this canonical isomorphism.
This proves (A.9).

The above discussion can easily be generalized to any torus T' over k.
We define the (prime-to-p-part of the) Tate module of T' by

T(T) := lim T[n|(k)
(n,p)=1

as a Gal(k/k)-module. Note that when T' = Gy, T'(G,,) = Z/(1). In general
we have T'(T) = X,(T) ®z Z'(1) with Gal(k/k) diagonally acting on both
factors. Then (A.9) implies a canonical isomorphisms of Gal(k/k)-modules

(A11) #L(T/F) = T(T) 2 lim T(K) = 7§ (T/F).

k'Ck
In conclusion, any tame local system of rank one on T is a character sheaf.
We call these sheaves Kummer sheaves.

A.3.6. EXAMPLE. (Artin-Schreier sheaves) When L = G, is the additive

group over k, for each additive character ¢ : k — @KX we have a rank one
character sheaf which we denote by AS,;, the Artin-Schreier sheaf. More gen-
erally, if V' is a vector space over k, viewed as a commutative group scheme,
then for every linear function ¢ € V'V, viewed as a group homomorphism
¢ : V — Gy, the pullback ¢*AS,, gives an object in CS1(V). Fixing 1, every
object in CS1(V) arises this way from a unique ¢ € VV.

A.3.7. EXAMPLE. (A non-commutative pathology) When L is not nec-
essarily commutative, the image of the map Ay, may not lie in CS;(L). For
example, take k = Fy and L = SLy. Then SLo(F2) & S5 has a unique char-
acter x of order two. Let G, C SLo denote the upper triangular unipotent
matrices. The order two local system Ky |g, is the Artin-Schreier sheaf AS,;,
for the unique nontrivial character ¢ of Fs. However, when we make t =
diag(t,t™1) € SLa(k) act on G,/k by conjugation, the pullback Ad(t)*Ky|c,
(over G,/k) becomes [t?]*AS,, (where [t?] : G, — G, is multiplication by t?),
which is not isomorphic to AS,, (by looking at the functions they define).
But if m*K, = K X K,, the isomorphism type of K, would be unchanged
under the left and right translation of SLo on itself, and in particular in-
variant under the adjoint action of SLy. Therefore, m*KC, is not isomorphic
to Ky X K, in this case. In what follows we will see how to remedy this
pathology.

Now let L be a connected reductive group over a finite field k. Let L*°
be the simply-connected cover of the derived group L. We have a natural
homomorphism L*(k) — L(k) whose image is a normal subgroup of L(k).
We may therefore form the quotient L(k)/L*(k) (really quotienting by the
image), which is abelian.

A.3.8. THEOREM. Let L be a connected reductive group over k.
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(1) We have a natural isomorphism of abelian groups
(A.12) CS1(L) = Hom(L(k)/L*(k),Q,).

(2) Let T be a maximal torus in L and T C L5 be its preimage in
L3¢, Then we have isomorphisms

(A.13) (LK) 2= T(k) /T (k) = L(k)/L*(k),
(A.14) aSerre ([ /gy = T/(T) /T (T%).

PRrOOF. First suppose L = L*°. In this case, any central isogeny to L is
trivial. Hence 7§°"¢(L/k") and CS;(L/k') are trivial for any base field &'.

Next consider the general case. Suppose K € CS1(L). Then its pullback
to L°¢ has to be the trivial local system by the above discussion. Therefore
f1, has image in Hom(L(k)/L*(k),Q, ).

The inverse map Hom(L(k)/L*(k),Q, ) — CSi(L) is again given by (the
restriction of) Az. We need to show that if x : L(k) — Q, is trivial on L5(k),
then the corresponding local system K, is a character sheaf. Consider the
intermediate L(k)/L*(k)-torsor ¢, : L' — L where L' = L/Im(L*(k) —
L(k)). For x € Hom(L(k)/L*(k),Q, ), the local system Ky is the corre-
sponding direct summand of (ﬁ/L’*@e. The natural homomorphism L% — L
admits a lift L% — L', therefore K, is trivial when pulled back to L. Also
it is easy to see that K, is a Kummer sheaf when restricted to the neutral
component of the center Z°, using Theorem A.3.3. Consider the isogeny
Z° x L*¢ — L. In general, whenever we have an isogeny 7 : L — L, if 7*F is
a character sheaf, so is F (using Remark A.1.2(2)). Therefore IC, € CS1(L).

Checking that the two maps between CS;(L) and Hom(L(k)/L%(k),Q,)
are inverse to each other is left to reader.

The isomorphism (A.12) together with Theorem A.2.2 implies that
7P (L) = L(k)/L*(k). The central isogeny Z° x L% — L restricts to
an isogeny of tori ¢ : Z° x T — T. Let A = ker(y), which is a finite group
scheme over k of multiplicative type (but may not be discrete). We get a
commutative diagram

1 7.ﬁerre (Zo % TSC) 7.[.1Serre (T) A(k}) 1
1 7.ﬁerre(zo % LSC) 7.[?emre(L) A(k}) 1

Note that 77°7¢(Z° x L5¢) = 7f™¢(Z°) since L*° does not admit nontrivial
central isogenies. Also 7P9¢(Z° x T5¢) = 7J°7¢(Z°) x 7P¢(T*) by the
discussion in Example A.3.5. Therefore from the above diagram we conclude
that

W%erre(L) ~ W?erre(T)/ﬂ_§erre(Ts0).
(A.13) then follows. Using T'(T") = liink'cﬁ T(k') and passing to the limit
we get (A.14). O
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A.3.9. THEOREM. Let L be a connected algebraic group over a finite field
k.
(1) The homomorphism f, : CS1(L) — Hom(L(k),Q, ) is injective.
(2) There are surjective homomorphisms

7T1(L)ab—»L(k)ab—»ﬂ%erre(L).

PROOF. (1) Suppose 1 — L' — L — L” — 1 is an exact sequence of
connected algebraic groups over k, and that f;, and fr~» are known to be
injective, we shall show that fr is also injective. Let L € CS;(L) be such
that fr(K) = 1. Then K| € CSi(L’) also lies in the kernel of fr/, hence
K| is the constant sheaf by assumption. By Lemma A.1.4, K descends to
K" € CS1(L"). The fact that f(K) = 1 implies that fr»(K”) =1, hence K"
is the constant sheaf by assumption. This shows that K is also the constant
sheaf.

In Theorem A.3.3 we have shown that fr, is an isomorphism when L is
connected and commutative; in Theorem A.3.8 we have shown that fr, is in-
jective if L is connected reductive. Since every connected algebraic group L
admits a filtration by normal subgroups with associated graded either con-
nected commutative or connected reductive, we conclude that f, is injective
for all connected L.

(2) The surjection 7(L) — L(k) is given by the Lang torsor; the
surjection L(k)* — 79°7¢(L) comes from the injection f : CSy(L) =
Homcont<7r§erre(l’)7@z<) — HOHl(L(k),@Z) g

A.4. Case of a finite group scheme. Let k be any perfect field, and
A be a finite group scheme over k.

A.4.1. LEMMA. (1) There is a canonical isomorphism
CS1(A/F) = HA(A(R), Q) ).
(2) There is an exact sequence
(A15) 1 — H'(k,Hom(A(k),Q;)) — CS1(A) — H2(A(k),Q; )Calk/b),

PROOF. (1) We temporarily assume k = k. We may assume A is reduced
(passing to A™? does not change the category of rank one character sheaves),
and hence identify A with the discrete group A(k). A rank one character
sheaf on A is a collection of 1-dimensional Q,-vector spaces K,, one for each
a € A. The datum of p is a collection of linear isomorphism fi,p @ Kep =

Ko ® Ky, one for each pair (a,b) € A2, that satisfy the cocycle relation

(A16) Hab,c © (Ma,b ® idlCc) = Ha,bc © (idlCa ® ,Ub,c)a Va7 b7 ce A

The datum of u gives a basis e; € K; such that p,;1 = idi, ® e; and
f1,q = €1 ®idg, for all a € A. If we choose a basis e, € IC, for every a (keep
the same choice for e; given by u), then pgp(eqp) = &apea ® €y for some

€ab € Q,. The cocycle relation (A.16) implies that {&ap} is a 2-cocycle of
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A with values in @Z satisfying &1 o = &,,1 = 1. Changing the choices of {e,}
changes &, by a coboundary of a mapn: A — @Z with n; = 1. Therefore
we have a well-defined homomorphism « : CS;(A/k) — H2(A,Q,).

Conversely, from a cocycle £ € Z 1(14,@4X ), we may first multiply it by a
coboundary to make ;1 = &1, = 1 for all a € A. We then define K to be the

constant sheaf on A, and define the map fi4p : @ZX =K — Ke @ Kp = @Z
as multiplication by &, ;. We also define w : Qy = K; as the identity map.
The fact that £ is a cocycle guarantees that (K, u, u) thus defined is a rank
one character sheaf on A. Changing £ by the coboundary of n : A — @Z
with 777 = 1 does not change the isomorphism type of (C, u, u). This way
we have defined a homomorphism £ : H*(4,Q, ) — CS1(A/k). It is easy to
check that a and 3 are inverse to each other. B
(2) We have an equivalence of categories CS1(A) = CSy(A/k)G21k/k),
the latter being the category of objects in CSy(A/k)G2*/k) together with
a Gal(k/k)-equivariant structure. Since CS1(A/k) is a Picard category with

the group of isomorphism classes of objects CS;(A/k) = H2(A(k),Q,) by
(1), and automorphism group Hom(A(k), @Z ) by Remark A.1.2(3), the exact
sequence (A.15) follows. O

A.4.2. Equivariant sheaves. Let L be an algebraic group acting on a
scheme X of finite type. Let K € CS1(L). Let a : L x X — X be the action
map. Then an (L, K)-equivariant perverse sheaf F on X is a pair (F,«a)
where F is a perverse sheaf on X and « is an isomorphism on L x X

a:af FEKXF

that restricts to u K idp on {e} x X and such that the composition

1

a0 x idx ) a* F

mCRF = (mxidx)" (KK F)

(idp xa)*«

= (idp x a)*a*F (idp x a)" (KX F)
idXa

=KXa"'F — KXKXF

is equal to pu Xidr.

In the main body of the paper we need a generalization of the notion
of (L, K)-equivariant perverse sheaves. One can define, using the theory of
(-adic sheaves on Artin stacks as developed by Laszlo and Olsson [27] or
Liu and Zheng [28], a derived category DE’L’,C) (X) of (L, K)-equivariant Q,-
complexes on X. This construction works also when X is an Artin stack of
finite type.

A.4.3. Twisted representations. To describe equivariant sheaves on a ho-
mogeneous variety, we need the notion of twisted representations of a group
which we now recall. Let I' be a group and £ € ZQ(F,@Z) be a cocycle
such that &1 = 1. A {-twisted representation of I' is a finite-dimensional
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Qg-vector space V' with automorphisms 7%, : V. — V, one for each v € I,
such that T7 = idy and

(A17) T’Y& = 57,5T’7T67v’7a bel.

A &-twisted representation of T' on V gives a projective representation T :
I'' ' — PGL(V) whose image under the connecting homomorphism
H'([,PGL(V)) — H3*(I',Q,) (associated with 1 — Q, — GL(V) —
PGL(V) — 1) is the class of £.

Let Repg(I') be the category of finite-dimensional {-twisted represen-
tations of I'. It is an Q-linear abelian category. If ¢’ is another such co-
cycle in the same cohomology class as &, then & = £ - dn for some map
n:T — Q, with g, = 1, and 7 induces an equivalence Repg(T') = Repg(I)
sending (V, {7, },er) to (V,{n,T,}yer). Therefore the category Repg(T") up
to equivalence only depends on the cohomology class [¢] € HQ(I‘,@EX ).

We consider the situation where X is a homogeneous L-scheme.

A.4.4. LEMMA. Let k = k. Let X be a scheme over k with a transitive
action of an algebraic group L, and let K € CS1(L). Fiz a point x € X (k)
and let Ly be its stabilizer with neutral component Lj.

(1) If K|Le is not isomorphic to the constant sheaf, then Loc(r xy(X)
consists only of the zero object.
(2) IfK|Le is isomorphic to the constant sheaf, then K|r, defines a class

e HQ(WO(Lx),@EX), such that there is an equivalence of categories
Loc(z, k) (X) = Repg(mo(Lx))-

PrOOF. (1) Restricting an object F € Loc( x)(X) to x we get an
(Lg, K|L,)-equivariant local system F, over the point x. The action map
of L, on x becomes the structure map L, — Spec k. The equivariance con-
dition gives an isomorphism between the constant sheaf F, ® Q, on L, and
Fr ® Kl|r,. In particular, if F, # 0, K|z, must be the constant sheaf, and
therefore K|zo is also isomorphic to the constant sheaf.

(2) Since K|ro is trivial, K|z, descends to a rank one character sheaf K

on (L), hence giving a class ¢ € H?(mo(L,),Q, ) by Lemma A.4.1. Re-
stricting a local system to x gives an equivalence of categories Locz i) (X) =
Loc . (1.,).5) (Pt). Therefore it suffices to show that Locr k) (pt) = Repe (L)

for any finite group I' (viewed as a discrete group scheme over k = k) and

any rank one character sheaf K € CS;(T') giving the class ¢ € H*(I',Q,).
Given F € Loc(r k) (pt), its stalk is a vector space V equipped with isomor-
phisms ¢, : K, ® V' — V, one for each v € I, satisfying the associativity
condition and ¢; = id. Choosing a trivialization of K, the cocycle ¢ is
defined by the recipe given in Lemma A.4.1(1), and ¢, is identified with
an automorphism 7', of V. The associativity of {¢.} becomes the property
(A.17) for {T4}; ie., the {T,} give a &-twisted representation of I' on V.
Therefore Locr k) (pt) = Repg(I). O
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