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Macdonald formula for curves with planar
singularities

By Davesh Maulik at Columbia and Zhiwei Yun at Stanford

Abstract. We generalize Macdonald’s formula for the cohomology of Hilbert schemes
of points on a curve from smooth curves to curves with planar singularities: we relate the co-
homology of the Hilbert schemes to the cohomology of the compactified Jacobian of the curve.
The new formula is a consequence of a stronger identity between certain perverse sheaves de-
fined by a family of curves satisfying mild conditions. The proof makes essential use of Ng&’s
support theorem for compactified Jacobians and generalizes this theorem to the relative Hilbert
scheme of such families. As a consequence, we give a cohomological interpretation of the
numerator of the Hilbert-zeta function of curves with planar singularities.

1. Introduction

Let C be a smooth projective connected curve over an algebraically closed field k. Let
Sym”(C) be the n-th symmetric product of C. Macdonald’s formula [21] says there is a
canonical isomorphism between graded vector spaces,

(L) H*Sym"(C) =Sym"H*C) = B  AH(C)[-i —2jl(—)).

Here [?] denotes the cohomological shift and (?) denotes the Tate twist. This formula respects
Hodge structures (when £ C C) and Galois actions (when C comes from a non-algebraically
closed field via base change). If we define the cohomological zeta function of C to be the
formal power series in one variable ¢ with coefficients in graded vector spaces,
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(I = Qer)(1 — Q¢[-2](—=1)1)
then we may rewrite (1.1) for all n at once as an identity between formal power series,

B H* (Sym™ (C)1" = Z(1.C).

n>0

The purpose of this note is to generalize Macdonald’s formula to projective integral
curves C with planar singularities. In this case, we will work with the Hilbert schemes
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Hilb" (C) instead of symmetric powers. We can reinterpret /\i (H'(C)) as the i-th cohomol-
ogy of the Jacobian Jac(C) of C. In the case C is singular, Jac(C) will be replaced by the
compactified Jacobian Jac(C) classifying torsion-free, rank one coherent sheaves with a fixed
degree on C.

The main result of this note is the following theorem, which was conjectured by L. Migli-
orini. While writing this note, we learned that L. Migliorini and V. Shende have an independent
proof of the conjecture in the case k = C, see [22].

1.1. Theorem. Let C be an integral projective curve over k of arithmetic genus gq
with planar singularities. Assume either char(k) = 0 or char(k) > max{mult,(C);p € C}
(mult, (C) is the multiplicity of C at p). Then there exists a canonical increasing filtration P<;
on H*(Jac(C)), normalized such that GrlPH* (Jac(C)) = O unless 0 < i < 2gg, such that for
each non-negative integer n, there is an isomorphism between graded vector spaces (gradings
are given by x, and are shifted by [—2j] in the usual way),

(12) H*Hb"(C) = P  Grf (H* Jac(C))[-2/](—)).
i+j<n,i,j>0

The canonical filtration P<; on H*(Jac(C)) is defined by embedding the curve C into
a suitable family of curves, and taking the perverse filtration on the direct image complex of
the compactified Jacobian of the family. For this reason, we call P<; the perverse filtration. It
turns out that this filtration is independent of the choice of such families (see Proposition 2.15
and §3.8).

If we define the cohomological zeta function of C with respect to the perverse filtration
to be

7y Grf H* (Jac(C))1!

(1= Qen)(1 - Qe[-2](—1)1)’
then we can restate the main theorem as an identity between formal power series in graded
vector spaces,

Zp(t,C):=

P H*Hilb" (C))1" = Zp (1. C).
n>0
Qualitatively, this theorem says that the cohomological information of all the Hilbert
schemes is already contained in the cohomology of the compactified Jacobian, equipped with
the perverse filtration P<;. Notice that, in this expression, the grading by number of points on
the left-hand side is partially converted into the perverse filtration.
When the relevant cohomology groups carry weight filtrations (when k& C C) or Galois
actions (when C comes from a non-algebraically closed field via base change), the isomor-
phism (1.2) respects these extra structures. When C is smooth, we recover (1.1) from (1.2).

1.2. Hilbert-zeta function. For a curve C defined over a finite field 4, one may con-
sider its Hilbert-zeta function:

Zuin(t. C/Fyg) = Y #Hilb" (C)(Fy)e".

n>0

If C is an integral projective curve of arithmetic genus g, over [F; with planar singularities, we
have the following facts which generalize part of the Weil conjecture for smooth curves.
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* Zuin(t, C/Fy) has the form % for some polynomial P(t) € Z][t] of degree 2g,.

* Zuin(t, C/Fy) satisfies the functional equation
Zni(t, C/Fy) = (qt*) ™D Zygin (™17, C/T,).

These two facts can be proved in an elementary way using the Riemann—Roch theorem
for C. However, our main theorem gives a cohomological interpretation of the numerator P (¢)
in the Hilbert-zeta function: the i-th coefficient of P(¢) is the trace of the geometric Frobenius
Frob, acting on Gr}D H*(Jac(C)). In §3.9, we will give a functional equation for a two variable
analog of Zyii (¢, C/Fy).

1.3. Local version. We also have a local version of the above results, with C replaced
by the completed local ring O of a planar curve singularity. The local version is weaker than
Theorem 1.1 in the sense that it is an identity between virtual Poincaré polynomials instead of
the cohomology groups themselves. For more details, see §3.10 and Theorem 3.11.

In the local case, there is a conjectural relation between the virtual Poincaré polynomial
of the punctual Hilbert scheme and the Khovanov—Rozansky homology of the associated link
of the singular point, proposed by Oblomkov, Rasmussen and Shende [25, 26]. It would be in-
teresting to see whether this relation can be better understood in terms of the perverse filtration
on the cohomology of the compactified Jacobian.

1.4. Idea of the proof. Theorem 1.1 is proved by embedding C into a suitable family
of curves, satisfying three conditions axiomatized as (A1)—(A3) in §2.1. For any such family
of curves € — B, we prove a global analog of the formula (1.2) in Theorem 2.13, which is an
identity between perverse sheaves on the base of the family coming from the cohomology of
the relative Hilbert schemes and the relative compactified Jacobian. The key step in the proof of
the global formula is Proposition 2.12 saying that any simple perverse constituent of the direct
image complex of Hilb" (€/8B) — B has full support B. We use a cohomological corre-
spondence argument for a descending induction on the number of points, reducing this support
theorem to Ngo’s support theorem for compactified Jacobians (Theorem 2.4). Therefore, our
result is an application of Ng6’s powerful technique to a more classical setting.

1.5. Anexample. Let C be the curve in P2 with affine equation y3 = x*. The only sin-
gularity of C is (0, 0), and the smooth locus of C is isomorphic to the affine line Al. The arith-
metic genus of C is 3. Let Hilb’(0 0) (C) be the Hilbert scheme of i points concentrated at (0, 0).
There is an action of G, on C by 1 € Gy @ (x,y) = (#3x,t*y), which induces an action on
Hilb’(O 0) (C). The Bialynicki-Birula decomposition with respect to this G, -action shows that
Hilbéo,o) (C) is paved by affine spaces whose dimensions are readily corpputable. One (?btains
an affine paving of Hilb” (C) by observing that Hilb"(C) = [ J/'_, Hilb’(O’O)(C ) x A"7'. This
affine paving allows us to compute the two variable Hilbert—Poincaré series for C:

(1.3)

Zuin(s.1,C) ==Y dimH' (Hilb"(C))s't" =

n,i>0

14+ 522 + 5413 + s%% + 5646
(1 —1)(1 —s21)

On the other hand, the compactified Jacobian Jac(C) is the same as the local compactified
Jacobian (or the affine Springer fiber) of the singularity at (0, 0), which is studied by Lusztig—
Smelt [20], Piontkowski [27] and others. It turns out that E(C ) also admits an affine paving
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as AU A2 U A2 UA! U A% see [27, Table on p.212, row (p.gq) = (3,4)] (note that the
Betti numbers in [27] were mistakenly listed in the reverse order). Therefore the Poincaré
polynomial of Jac(C) is
6 . .

Y dimH (Jac(C))s’ =1+ s* + 2s* + 5°.

i=0
Comparing this with the numerator of (1.3), we see that the only difference between the per-
verse filtration on H*(Jac(C)) and the natural degree filtration is that the two-dimensional
H*(Jac(C)) contributes one dimension to Grf and one dimension to Grf .

Acknowledgement. The authors would like to thank A. Oblomkov for bringing this
problem to their attention and V. Shende for helpful discussions. They are also grateful to an
anonymous referee for helpful suggestions. D.M. is supported by the Clay Research Fellow-
ship. Z.Y. is partially supported by the NSF grant DMS-0969470.

2. Macdonald formula for families of curves

2.1. Assumptions on the family of curves. In this section, k is any algebraically
closed field. Let & : € — B be a locally projective flat family of curves over an irreducible
base 8. Let g, be the common arithmetic genus of the fibers of 7. For each integer n > 0, let
fn @ Hy = Hilb" (€/B) — B be the relative Hilbert scheme of n-points on the fibers of 7.
We assume:

(A1) Each geometric fiber €, (b € B) is integral and has only planar singularities.
(A2) Foreach 0 <n <2g, — 1, the total space #, is smooth.

(A3) For every (not necessarily closed) point b € B, we have the §-invariant §(b) of the fiber
€p. Then we have o
codimg({b}) > 8(b).
Here {b} is the Zariski closure of b in 8.

Note that (A2) for n = 0 implies B is smooth. We denote dim B by dg. Also, (A3)
implies that the generic fiber of 7 is smooth, because the locus with §(») > 1 has codimension
at least one in B.

2.2. Compactified Jacobians. In the following discussion, we assume:

(A4) The family 7 admits a section s : 8 — €™ where €5 C € is the open subscheme with
€, being the smooth locus of €, for each b € B.

With this assumption, one may define compactified Picard schemes p, : Pic, — B of
the family 7 : € — B. More precisely, Pic, is the sheafification of the following presheaf:
it sends every commutative k-algebra R to the set Pic, (R), the set of isomorphism classes of
triples (b, ¥, t) where b € B(R), ¥ is a torsion-free, generically rank one coherent sheaf on
€ (a curve over SpecR), flat over R, with

1€y, O¢,,) — x(Cpr, Fpr) = n

for every geometric point " € SpecR, and 7 is an isomorphism of R-modules Fy ) SR
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We can use the section s to identify the various components Pic,,. After this identification,
we denote it by ¢, the relative compactified Jacobian.

2.3. Lemma. Assume (A1)—(A2) and (A4) hold.
(1) The relative compactified Jacobian g is smooth over k.

(2) Each geometric fiber ib of 4 is irreducible of dimension gq.

Proof. By a result of Altman and Kleiman [2, Theorem 8.4 (v)], the morphism
H, — Pic, sending a subscheme of € to its ideal sheaf is a projective space bundle for
n > 2gq — 1. Since #Hg,—1 is smooth by (A2), so is Plnga_l, hence g. This proves part (1).
Part (2) is the main result of [1]. O

Let p : § — B be the projection and set L = RP*QZ € D (8). Since ¢ is smooth
and p is locally projective (see [2]), by the decomposition theorem [7, Théoreme 6.2.5], we
have (non-canonically)

2.1 Lg@pHiL
i

as objects in Dé’ (8B). Each perverse sheaf PH L is semisimple.

2.4. Theorem (B.C. Ngo [23, Théoreme 7.2.1]). Assume (A1)~(A4) hold. For every
i € 7 and every simple constituent M of PH' L, the support of M is the whole of 8.

Proof. 'We will apply the general result of Ngo [23, Théoreme 7.2.1]. To this end, we
need to check that the action of the relative Jacobian Jac(€/B) over B on J satisfies the as-
sumptions in [23, §7.1]. First of all, § — B is locally projective by Altman and Kleiman [2].
The condition [23, 7.1.2] follows from Lemma 2.3 (2). The condition [23, 7.1.3] is checked
similarly as in [23, Corollaire 4.15.2], using the analog of the product formula [23, Proposi-
tion 4.15.1] in the setting of the Jac(C)-action on Jac(C). Details will be explained in §3.13 in
preparation for the proof of the local Macdonald formula. The condition [23, 7.1.4] is checked
in [23, §4.12] using the Weil pairing. The condition [23, 7.1.5] follows from (A3). Therefore
[23, Théoreme 7.2.1] is applicable.

Let Z be the support of M. The conclusion of [23, Théoréme 7.2.1] is that M appears
as a direct summand of R?&« p,Q,, at least when restricted to an étale neighborhood of the
generic point of Z. But by Lemma 2.3 (2), R?82 p)Q, = Qy, which is an irreducible perverse
sheaf up to shift, because 8B is smooth. Hence Z = B. |

2.5. What if there is no section? In this subsection, we discuss why the perverse
sheaves PH! L and Theorem 2.4 still make sense even if we drop the assumption (A4).

Letg: B — B be an étale surjective morphism, and § : B —>CMbea morphism such
that 7 o § = @. Such a pair (3, 5) always exists because €™ — B is smooth and surjective.

Let® = B x 8 €. Then 7 : € — B satisfies the assumptions (A1)-(A4). The above
discussion on the relative compactified Jacobian makes sense for the family 7. In particular,
we have the direct image complex LeD é’ (i)’ ) of the relative compactified Jacobian for 77, and
the perverse sheaves 7H! L satisfy the conclusion of Theorem 2.4. The perverse sheaves PH’ L.
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carry obvious descent data with respect to the étale covering B — B (here we use the fact
that the relative compactified Jacobian, once representable, is independent of the section of the
family). By [7, 2.2.19], perverse sheaves satisfy étale descent, there exist (unique up to a unique
isomorphism) perverse sheaves L’ on B such that ¢*L? =~ PH! L. Clearly, Theorem 2.4 holds
for L' as well. It is also easy to see that L’ is independent of the choice of (i)’ 5).

In the following we will use these perverse sheaves L/ when PH' L is not defined.

2.6. Lemma. Under the assumptions (A1)-(A2), we have:
(1) The relative Hilbert scheme H#, is smooth and irreducible for all n > 0.

(2) The morphism f,, : H, — B is flat, with all geometric fibers irreducible of dimension n.

Proof. The statements in the lemma are local for the étale topology, so we may assume
(A4) also holds, hence the compactified Jacobian J exists. The argument and the statement of
Lemma 2.3 (1) show that #,, is smooth over ? forn > 2g,—1, hence smooth. Forn < 2g,—1,
Hy is smooth by (A1). Hence #,, is smooth for all n.

The rest of the lemma will follow once we show that every geometric fiber Hilb" (€}) of
Jn is irreducible of dimension n for all n, which in turn follows from an argument of Rego in
[28, p. 214, last paragraph]. O

2.7. The Hilbert-Chow map. For each b € B, there is a Zariski open neighborhood
B’ of b over which we can arrange an embedding €|g C P g,, For a generic choice of linear
projection, the induced map €, — P! is finite, and will remain so for € for b’ € 8" where
B” C B’ is another Zariski open neighborhood of b. Therefore we obtain a finite morphism
€|g» — P! x B”. This allows us, whenever the problem we consider is Zariski local for B,
to make the following assumption:

(AS) There is a smooth, connected, projective curve X over k and a finite morphism
v: € — X x B lifting 7.

We now assume (AS) in the following discussion.
Consider the morphism

Vp @ Hy — Sym™ (€/B) — Sym™(X) x B

where the first arrow is the Hilbert—-Chow map relative to the base 8, and the second map is
induced from the finite morphism v : € — X x B, which is proper. We understand Sym®(X)
as Spec k.

We recall from [13, §6.2] the notion of a small map.

2.8. Definition. A proper surjective morphism f : Y — X between irreducible
schemes over k is called small if for any d > 1, we have

codimy {x € X | dim f~'(x) > d} > 2d + 1.
2.9. Lemma. Foreachn € Zx>o, the morphism vy is small.

Proof. By Lemma 2.6 (1), #, is irreducible. The morphism v,, is clearly proper and
surjective.
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Fix an integer d > 1. Let Z; C Sym”(X) x B be the closed locus where the fibers of
v, have dimension at least d. Let { = (D = mx; + --- + m;x,, b) be a generic point of Z
with values in some field F'. Here x; € X(F) are distinct points and m; > 0. Consider the
Hilbert—-Chow map of p,, : Hilb™ (€;) — Sym™ (€,). Let y € €, be any closed point. Since
€y is locally planar, dim ! (my) < m — 1 by a result of larrobino [17, Corollary 2]. On the
other hand, u;,!(my) classifies length m quotients of (A%b,y, hence w;,!(my) is a subscheme

of ﬁ(@gb’y) to be defined in §3.10. Since ﬂ(@@b’y) has dimension §(€p; y) (the local
§-invariant of € at y), we have dim p1,,,' (my) < 8(€p; y). Summarizing,

dim /,L;ll (my) <min{m — 1,5(€p; y)}, forall closed points y € €,, m > 1.
This implies that
,
(2.2) d < dimv,; ' (D,b) < min{m; — 1.8(C: x;)}.

i=1

Here §(€p; x) = Zyev—l(x’b) 8(€p; y) for x € X(F). In particular, d < §(€p). Hence, by
(A3),

(2.3) codimg ({h}) > 8(€p) > d.

Let S C X ® F be the finite subscheme consisting of those x with §(€p; x) > 0. The
inequality (2.2) implies that at least d + 1 of the points in D (counted with multiplicities) are
from S'. This implies that

(2.4) codimgy(x)({D}) = d + 1.
Adding (2.3) and (2.4) together we get
codimgy (xyxs ({C}) > 2d + 1.
This being true for all generic points of Z;, we conclude that
codimgyyn(x)x8(Zq) > 2d + 1.

This verifies the smallness of v;,. O

Let £, = Rv, +Qyq € Dé’ (Sym™(X) x B). In particular, Ey is the constant sheaf on B.
Also E1 = v«Qy is asheaf on X x B, and E1[dg + 1] is a perverse sheaf since v is finite.

Let U, C Sym”(X) be the open subscheme consisting of multiplicity-free divisors. Let
U, c X " be the preimage of U,, which is an S,-torsor over U,. The sheaf F {E”| U, x8
on U, x B admits an obvious Sj,-equivariant structure and hence descends to a sheaf

Efn) on U, x B.

2.10. Corollary. The complex E,[dg + n] is a perverse sheaf on Sym™ (X) x 8B, and
we have a canonical isomorphism

Enldg +n) = jni(EM[dg + n)).

Here j, : Uy, x B — Sym™(X) x B is the open inclusion, and we are implicitly stating that
E{n) [dg + n] is a perverse sheaf on U,, x B.
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Proof. By Lemma 2.9, the morphism v, is small. Since #¢, is smooth for all n by
Lemma 2.6 (1), the complex Rv, «Q¢[dg + n] = E,[dg + n] is perverse, and is the middle
extension of its restriction to any open dense subset (in particular U, x 8) of Sym” (X) x B.
Clearly jyE, = E g”), hence E,[dg + n] is the middle extension of the perverse sheaf

EMdg +n]. o
2.11. The shift operator. Consider the following diagram:

Tn
/ \
t t

Hn x X Hn+1

lvn Xidy lvn_H

Sym"(X)x X x B —— ,Sym"t1(X) x B

2.5

For any k-algebra R, the set 7,(R) classifies the data (b,x,d’ C 4 C Oyg,) where
(b, x) € B(R) x X(R) such that /4 is an invertible R-module whose support is an R-point
y € €p(R) over x € X(R). The morphism ' (resp. _t)) sends (b, x,d" C d) to (4, x) (resp.
4”). The morphism o, sends (D, x,b) to (D + x, b).

The restriction of 7, to the generic point 1 € B can be identified with

(2.6) Sym” (€,) x €,

Sym” (€,) x X Sym"*t1(e,)

where 7 sends (D, y)to D+ y. Let 7,/ be the closure of the generic fiber 75, , in 7. We have
dim7, = dg + n + 1. Consider the fundamental class [T,]] € Hg&@ +nt1)(Tn) of 7 in the
Borel-Moore homology of 7;,.

Since #;,+1 is smooth of dimension d g + n + 1, the fundamental class [#,,+1] identifies
Dy [-2(dg +n+ 1)](—dg —n —1) with ?!QZ’J(”_,’_I , hence we may view [7,/] as an element

in H? (7;1,_[)!@(’ J¢,.1)- By the formalism of cohomological correspondences ([15] or [31,
Appendix A.1]), [7,/] can be viewed as a cohomological correspondence between the constant
sheaves on J, x X and #,, 1 with support on 75,:

a7 . < _)'
[‘]n] . I*Qe,ﬂnXX — 1 QK,J(,’nH-

It induces a map 3
Tn = [T)1s : o0 (En ®Qq x) = Ent

between shifted perverse sheaves on Sym” 1 (X) x B. Let
Kn = Rfy+Qq € DE(B).
Taking the direct image of T, under R Jn+1.%, We get

T, = an+1,*(in) P Ky ®H*(X) =R fu+1,40nx(En IZIQK,X) — Rfp+1,4En+1 = Kn+1.
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2.12. Proposition. Under (A1)-(A3), for each n > 0,i € 7 and every simple con-
stituent M of PH' K,,, the support of M is the whole of B.

Proof. The property of K, to be proved is local for the étale topology of 8, hence we
may assume (A4) and (AS) hold.

Forn > 2g, — 1, h, : #, — Pic, is a projective space bundle, the proposition is an
easy consequence of Theorem 2.4. In fact, the relative ample line bundle @ (1) along the fibers
of h; gives a decomposition

n—g&a
Riy «Kn = @D Qel-2/1(—)).
j=0
Hence g
PH'K, = @ PH' "> L(-)).
Jj=0

In particular, any simple constituent M of H* K}, is also a simple constituent of PH*L. By
Theorem 2.4, the support of M is the whole of 3.

Now we apply backward induction to n. Assuming the statement is true for any simple
constituent of PH* K}, 1, we would like to deduce that the same is true for any simple con-
stituent M of PH* K,,. The idea is to show that M appears as a direct summand of PH* K, 4
via the map T,.

The sheaf E1 = v«Qy ¢ on X X B contains the constant sheaf as a direct summand. Fix
a decomposition

E = QE,X x8®V

where V is a sheaf on X x B. Then we can write
n
E = v
i=0

such that V" |7 g is the sum of direct summands of £ Xrn — (Q¢® V)™ (under the binomial
expansion) consisting of exactly 7 factors of V. Let
W = jn,!*Vin-

1

Then by Corollary 2.10, we have
n
2.7) E, =P w.
i=0

We would like to understand the effect of the map T,, under the “binomial expansion”
(2.7). Base changing the diagram (2.5) to the generic point (x1,...,Xp+1,7) € Uy+1 X B,
using the diagram (2.6), we get

I_l?:ll ' (pi)

LI Tl v g x i} [172 vy m)



10 Maulik and Yun, Macdonald formula for curves with planar singularities

where I"(p;) is the graph of the natural projection

n+1
it [Tv7 = [TvT egom = i
j=1 J#i

This implies that the fiber of Tn at the point (D = x1 +x2 + -+ xp+1,1) € Uy41 X B takes
the form

_ n+1 n+1 n+1
Tn|(D,r/):@p;k'@®E1x] —>®E1x,
i=1 i=1 j#i

The pullback p; is the identity on the factor E1,x, for j # i, and is the inclusion of the factor
Qg into Eq x; at the i-th factor. Using the expansion (2.7), we can rewrite T, at (D, n) as

n n+1 n+1
@(ﬂj @@V” D @Vn—i-l @Vn—i-l
j=li=1 Jj=1

Vfl-f-l

where the map ¢; : @l": 11 V]”D —x; can be understood in the following way. In the

following we omit the superscript of Vi D’because it will be clear from the degree of D. By

definition, we have
Vj,D = @ ® Vx/,
D’CD,deg(D")=j x'€D’

hence
n+1
®n+1—j
Prvivx= DB (B Qw)=v3"
i=1 D/'CD,deg(D")=j i,x;¢D’ x’€eD’

The map ¢; can be identified with
ity S Ly,

Both the source and the target of T,, are middle extension perverse sheaves (up to the shift
[dg + n + 1]) from any open dense subset of Sym”'H (X) x B (the source being so because
0y, is finite). The above calculation on the generic point implies

O'n,*(Van X Q@,X) i~ (an+1)ean+1—j’

and the map T, can be written as

n n+1
@ dGBn—H Jj @(Wn+l)€9n+1 VAN @ Wn+1 C @ Wn+1
Jj=1 Jj=1 Jj=1 j=1

In particular, every direct summand of 0, «(E, X Q) appears as a direct summand of E; 4.
Applying R f,,+1 %, we conclude that all simple constituents of PH* (K, ® H* (X)) (which are
the same as simple constituents of PH* K},) appear in PH* K}, +1. This finishes the induction
step. |
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2.13. Theorem. Let 7w : € — B be a projective flat family of curves satisfying (Al)—
(A3) in §2.1. Let f, : Hn — B be the relative Hilbert scheme of n-points on the fibers
of w. Let L' be the perverse sheaves defined in §2.5 (which are the descent of the perverse
cohomology sheaves of the family of compactified Jacobians). Then for anyn > 0 and i € Z,
there is a canonical isomorphism

2.8) PHITISR f, Q= p  LrE ).

max{i—n,0}</j<i/2

Proof. By Proposition 2.12 and Theorem 2.4, both sides of (2.8) are middle extension
perverse sheaves on B. Therefore, it suffices to establish a canonical isomorphism in the form
of (2.8) on the open dense subset By C B consisting of smooth fibers, or even at the generic
point 1 of B, i.e., a Gal(k(n)/ k(n))-equivariant isomorphism

j i+dg—2j - .
(2.9) H' (Sym” (€5)) = ) L5 i — dg](—))
max{i—n,0}<j<i/2
i+dg
H' (Jac(€5)) = A’ H! ()., (2.9) follows from the classical Macdonald formula (1.1) for €5
(which is Gal(k(n)/ k(n))-equivariant and canonical). This proves the theorem. ]

where 7 is the geometric generic point above 7. Since L [-i — dg] is canonically

2.14. The perverse filtration. Suppose a family of curves € — B is such that 8B is
irreducible, and ¢ = Jac(€/B) is defined and smooth. For each geometric point b € B,
we get a perverse filtration on the total cohomology H* (Jac(€p)) = H*(g,). This is the
increasing filtration defined as

P_iH*($p) == Pt<itazL)pl—dsgl.

Note that #7-; 4 4, L — L is a direct summand by the decomposition (2.1), hence P<;H* (ib)
defined above is indeed a subspace of H* (?b).

The next result shows that the perverse filtration P<; is preserved under base change.
This will be used in the proof of Theorem 1.1 to show that there is a canonical perverse filtra-
tion.

2.15. Proposition. Let €' — B’ be a family of curves satisfying (A1)—(A4), which is
obtained from a family € — B via a base change ¢ : B’ — B. Assume B is irreducible,
g = Jac(€/B) is defined and is smooth. Then for every geometric fiber b’ € B’ with image
b € B, the perverse filtration P<; on H_*(E,,) is the same as the perverse filtration P_,, on
H*(4,) (under the identification 3, = $p/).

Proof. Let L € D(B) and L' € D%(B’) be the direct image complex of ¢ and 3’.
The (non-canonical) decomposition (2.1) applies to both L and L’. By proper base change, we
have

PP L[-i] = *L = L' = HPH L'[-i].
l 1

To prove the proposition, it suffices to argue that ¢*” HitdimB ) ~ pyi+dimBys Applying
Proposition 2.12 to the family €’ — B’, every simple constituent of H’ L’ has support equal
to B’, hence every simple constituent of PH/ (¢*PH! L) also has support B’
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Let i)’(’) (resp. Bo) be the locus where the fiber curves are smooth, and let ¢ : i)’(’) — Bo
be the restriction of ¢. Then PHI TdmB [ | B8, and ? HiHdim B’y | g, are both lisse and

¢6k(pHi+dim£L|£0) ~ pHi+dim£/L/|£(f).

By the support property of ¢*PHit4imB [ stated above, ¢* PH! T4 B [, must also be the mid-
dle extension of its restriction to 8B,,. In particular, we conclude that

g0>|<pHi-i-dim;'[)’L ~ pHi—i-dimi)’/L/.
This implies the proposition. m|

2.16. Perverse filtration vs. Lefschetz filtration. We first recall the definition of the
determinant line bundle on the relative compactified Jacobian g. Let "™ be the universal
object over J x g €. Let pry : d xg € — g be the projection. The determinant line bundle is
the line bundle

Let := det(Rprg, oF univy

over §. The iterated cup product by ¢ (£4e¢) induces a map:
(2.10) Ucr(Lae)®e™ - PHIB Y 5 PHIB+28a—I [ (g, — ).

Let B9 C B be the locus where € is smooth. It is well known that £4.¢ is ample when
restricted to ib for b € Bp. Therefore, by the relative hard Lefschetz theorem [7, Théorémes
5.4.10, 6.2.10], the map c1(£qer)’ is an isomorphism over By, for 0 < i < g,. By Proposi-
tion 2.12, PH’ L is the middle extension of PH L| B8, for any i, hence (2.10) is an isomorphism
over the whole 8.
For each geometric point b € B, we consider the Jacobson—-Morozov filtration induced

by the nilpotent action

Uct (Laer) : H(§5) — H*(4p).
This is the unique increasing filtration M<; H* (ib) such that ¢j (Lget) M<; C M<;—» and that
c1(£L4e)’ induces an isomorphism GrlM = Gr% (see [8, Proposition 1.6.1]). We modify the
filtration M by setting '

F='H"(§p) := M<g,—iH"(3).

Then FZ! is a decreasing filtration on H* @b)’ which we call the Lefschetz filtration.
The fact that (2.10) is an isomorphism suggests a stronger statement, which we formulate
as a conjecture.

2.17. Conjecture. Assume (A1)-(A4) hold for € — B. Then for every geometric point
b € B, the perverse filtration P<; and the Lefschetz filtration F=' on H*(§ ) are opposite to
each other.

3. Applications

3.1. Spectral curves. In this subsection, we give an example of a family 7 : € — B
satisfying the conditions in (A1)—(A3) coming from the Hitchin fibration.
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Fix an integer n > 1. Let X be a smooth, projective and connected curve over k. Let n
be a positive integer and let £ be a line bundle over X . Let 4 be the affine space

n
A =EPH (X, £%)
i=1
viewed as an affine scheme over k.

Let Toty (£) = SpecX (Dixo £®~7y1) be the total space of the line bundle &£ (here y is
a formal variable). We define a closed subscheme ¥ C A x Toty (£) by the equation

VP4 ay" V4o da, =0, (ai.....an) € A.

Let w : ¥ — 4 be the projection. This is the family of spectral curves. It appears in the
study of Hitchin moduli space for the group GL, (see Hitchin’s original paper [16, §5.1]). In
particular, # is the base of the Hitchin fibration.

Let A™ C 4 be the open locus where ¥, is integral (integrality is an open condition by
[14, Théoreéme 12.2.1]). There is a stratification of A™ = | | 50 Aigm by the §-invariants of the
spectral curves ¥,. Recall the following codimension estimate.

3.2. Lemma. The following assertions hold.
(1) (Ngo [24, p.4]) If char(k) = 0, then codimﬁantﬁg‘“ > § forall § > 0.

(2) (Ngd [23, Proposition 5.7.2], which is based on a result of Goresky, Kottwitz and
MacPherson [12]) If char(k) > n, then for each fixed o > 0, there is an integer
N = N(8¢) such that whenever deg(£) > N and 0 < § < 8o, we have

(3.1 codim 4in (A5") > 8.

If char(k) = 0, we take B = A™. If char(k) > n, we fix §o > 0 and deg(£) > N (o),
and let B = | |5, ./’eg“ C A be the open locus where the estimate (3.1) holds. We denote
the restriction of 7 to B by the same symbol.

3.3. Proposition. The family of curves & : ¥ — B satisfies (A1)—(A3) in §2.1. In
particular, Theorem 2.13 applies to .

Proof. First of all, ¥ is closed in Toty (£) x 8. Since we can compactify Toty (£)
into a ruled surface over X (hence projective) by adding a divisor at infinity, 7 is a projective
morphism. We check the conditions one by one.

(A1) Each fiber Y, is integral because 8 C #A™. Since ¥, C Toty (&), it has planar
singularities.

(A2) is proved by the second-named author in [32, Claim 1 in the proof of Proposi-
tion 3.2.6].

(A3) is guaranteed by the choice of 8 and Lemma 3.2. m|

3.4. Versal deformation of curves. Let C be an integral curve with planar singular-
ities. We construct in this subsection a family of curves w : € — B with C = 7~ 1(bg)
satisfying (A1)—(A3) in §2.1.
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It follows from usual deformation-theoretic arguments (see [4, 30] for example) that C
can be included in a family
C——%¢€

|

boc—> B
that is versal at by € B. More concretely, one can choose an embedding of C in PV for which
HY{(C.dz ® Opn (1)) =0

for all finite subschemes Z C C with length(Z) < 2g, — 1 where g, is the arithmetic genus
of C. By standard calculation, the above vanishing implies

(3.2) H'(C.dz ® Ncjpn) =0

for any such Z. Let Hilb? (PV) be the Hilbert scheme of PV with Hilbert polynomial P equal
to that of C. Let 7 : € — Hilb? (P) be the universal curve.

3.5. Proposition. Assume either char(k) = 0 or char(k) > max{mult,(C); p € C}.
Under the above choice of the embedding C < PN, there exists a Zariski neighborhood
B C Hilb? (PN) of by = [C] over which the universal family = : € — B satisfies the
conditions (A1)-(A3) in §2.1.

Proof. (A1) The property of being locally planar is open: consider the relative cotangent
sheaf Q‘C’ JHilb (PN) and let Z C € be the locus where its stalk has dimension at least 3. Clearly
Z is closed, hence 7(Z) C Hilb? (PV) is also closed. Then Hilb? (PV) — 7(Z) is precisely
the locus where €, is locally planar. Also being integral is an open condition [14, Théoreme
12.2.1]. Therefore we can take a Zariski neighborhood of [C] in Hilb? (P¥) over which the
fibers are integral and locally planar.

(A2) When k = C, this is proved by V. Shende in [29, Proposition 13]. In general,
we proceed as follows. By (3.2), H!(C, Ncypn) = 0, hence [C] is in the smooth locus of
Hilb? (PN). Shrinking B if necessary, we may assume B is contained in the smooth locus of
Hilb? (PV).

We first need the following lemma:

3.6. Lemma. Any finite subscheme Z' of length n of a locally planar curve C' C PN
lies in the smooth locus of Hilb" (PV).

Proof. Since Z’ is planar, it lies in the closure of the locus of n distinct points on PV, so
the local dimension at [Z'] is at least n- N, and it suffices to bound the dimension of the tangent
space. For this, we can assume that Z’ is supported at a point and choose local coordinates so
that Z C S = Spec(k[[x, y]]) C P = Spec(k[[x, y,z1,...,zn—2]]). Since Iz, p is generated
by the ideal /7,5 and {zj }, we have a surjection

N_
Izys/1%,s ® OS2 Izip/1%,p =0
which leads to the inclusion

0 — Hom(Iz/p/13,p. Oz) — Hom(Iz;s/1% 5. 0z) & OF 2.
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The first term on the right side above is the tangent space of Hilb” (A?) at Z, which has dimen-
sion 2n; the second has length n - (N — 2). Therefore the length of

TZHilb"(PY) = Hom(Iz/p /13 ,p. Oz)
is bounded above by n - N. |

Now fix 0 < n < 2g, — 1. Let i be the ideal sheaf of the universal curve € C B x PV,
Let Oz be the structure sheaf of the universal subscheme Z C Hilb”(PY) x PV, Let € be
the complex Rpr,RHom(f, Oz) where pr : Hilb" (PY) x 8 x PV — Hilb"(PY) x B is
the projection. Over (Z’ C C’) € Hilb" (€ /8), we have Ext;?\, (d¢7, Oz/) = 0 for dimension
reasons, hence & is concentrated in degree zero in a neighborhood of Hilb" (€ /8B) by semi-
continuity, and is a vector bundle of rank (N — 1)n there. This vector bundle & has a canonical
section s given by e — Opny — Oz. Now Hilb" (€ /B) is cut off by the vanishing of s on
the smooth locus of Hilb” (PV) x B, therefore the local dimension of Hilb” (€ /B) is at least

dim Hilb" (P )*™ + dim 8 — rank€ = n + dim B.
On the other hand, the tangent space of Hilb" (€/8) at (Z C C) is the kernel of the map
Hom(dz/d4%.0z) ® H*(C, N¢pv) = H(Z. Nepn | 2).
By (3.2), this map is surjective. We argue in the proof of Lemma 3.6 that
dimHom(dz/4%,0z) = Nn.

Clearly h%(C, Ncypn) = dim B and hO(Z,NC/Ple) = n -rank(N¢,pn) = n(N — 1),
therefore the dimension of the tangent space at (Z C C) is n + dim B. This together with
the lower bound above gives the smoothness of Hilb" (€ /8) along the fiber Hilb" (C). By
openness of the smooth locus and properness of Hilb” (€ /8) — B, we may shrink B further
to ensure that Hilb” (€ /8) is smooth.

Above we fixed an integer n and found a non-empty Zariski open subset of B(n) C B
over which Hilb” (€ /8) is smooth. Now ﬂii“o_l B(n) guarantees the smoothness condition
(A2).

(A3) For every singularity p € C, the deformation functor Def((ADC, p) has an algebraic
miniversal hull V,, by M. Artin’s theorem [4, Theorem 3.3] and Elkik’s theorem on isolated
singularities [10]. More precisely, V), = SpecR), is of finite type over k equipped with a point
0p € Vy,(k) and an R,-flat family of algebras Or , with an isomorphism

Or, ®r, k(0p) = Oc, .

Let f\’p be the completion of R, at 0,. The canonical morphism v,, : Spflép — Def(@c, p)is
formally smooth and induces a bijection on the tangent spaces.

By the versality of V},, there exists an étale neighborhood B’ of [C] € B and a pointed
morphism

(3.3) B.1C)— [] .00

pGC sing
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Since B is also versal, this morphism is smooth (see, for instance, [11, Section A] or [19,
Appendix A]). Therefore the codimension estimate holds for B around [C] with respect to the
global §-invariant if and only if the codimension estimate holds for each V), around 0, with
respect to the local §-invariant (here we use the fact that the locus V™ C V), parametrizing
smooth deformations is not empty).

In characteristic zero, the codimension estimate for V), is proven by Diaz and Harris
[9, Theorem 4.15]. In arbitrary characteristic, we do not know a reference but it can be deduced
from the family of spectral curves, see Lemma 3.7 below. o

3.7. Lemma. Let O be the completed local ring of a planar curve singularity over k.
Assume char(k) is either O or greater than the multiplicity of the singularity defined by O. Let
V' be an algebraic miniversal deformation of O, with the base point 0 € V(k) corresponding
to O. Then there is a Zariski open neighborhood V' of 0 such that

codimy- (Vé»/) >4

for any §-constant stratum VSI cV.

Proof. By the Weierstrass preparation theorem, we may choose a non-unit 0 # ¢ € O
such that © = k[[]][y]/ (" + aj(@)y™ 1 4+ -+ + aj (1)) for some af(t) € k[[t]] where n is
the multiplicity of O. We may even assume a; (¢) € k[t] without changing the isomorphism
type of O, by a result of Artin and Hironaka [3, Lemma 3.12].

Let Y* = Spec k[t, y]/(f) where f(t,y) = y" +a}(t)y""! +--- +a}(r). This is an
affine plane curve with isolated singularities at { p1, . .., pr}, and we may assume @Y*, = 0.
We have the miniversal deformations (V;, 0;) of the singularities p; as in the proof of Propo-
sition 3.5. Each V; is smooth at 0; because Def(@y*, p;) is formally smooth [19, Théoréme
A.1.2(3)].

Let Ay be the Hitchin base associated with the curve P! and line bundle O(N). We
trivialize O(N) over A} = P! — {co}, and identify -y with an affine space with coordinates
a = (a;j(t))1<i<n Where a;(t) € k[t] with deg(a;) < Ni. Then Ay parametrizes a family of
affine spectral curves ¥ — Ay with

Yo = Spec k[t, y]/ (0" +ar()y" " + az(t)y" > + -+ + an (1))

fora = (a;(t)) € Axn. We choose N large enough so that the original data (a} (¢)) gives a
point a* € sy (k). By the versality of V;, there is an étale neighborhood A’y of a* € Ay
and a pointed morphism

r
pi(Ay.a®) — [T04.00)
i=1

such that the family of affine spectral curves ¥ — Ay is, étale locally around the singularities
of Y* = ¥Y,+, isomorphic to the pull-back of the disjoint union of the miniversal families over
Vi.

We claim that p is smooth at a* for large N. Since both Ay and the V; are smooth
around the base points, we only need to show that the tangent map of p at a™ is surjective. We
have a canonical isomorphism (see [3, Part 1, §4])

D 7o, Vi = klt. Y1/ (f.0y 1.0, 1).

i=1
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Identifying T+ A’ with 4y in the usual way, the tangent map dp : Ty Ay — @; To, Vi
takes the form

(3.4) (@i (O)i<i<n > Y _ai(Oy"™ € klt. y1/(f.9y f.9: /).

i=1

Since f has only isolated singularities, f does not have multiple factors. Since char(k) = 0 or
char(k) > n, f and 0y, f are coprime as elements in k(¢)[y], hence the ideal (£, dy f) C k[¢, y]
contains some nonzero polynomial g(¢) € k[t]. Let S = k[t]/(g(¢)), which is a finite-
dimensional k-algebra. Then _; Ty, V; is a quotient of Z;’;& Sy'. For large N, the map
k[tlaee<n — S is surjective, so is the tangent map (3.4). This proves p is smooth at a* for
large N.

By the remark made after (3.3) in the proof of Proposition 3.5, to prove the codimension
estimate for V1 around O, we only need to show that the same codimension estimate holds
for Ay around a*, for large enough N. To be precise, we would like to stratify 4 by the
d-invariants of the affine curves ¥, (instead of the projective ones as considered in §3.1). We
call these strata + y 5. For fixed 69, we would like to show that once N is large (depending on
8o), we have

codim , (An.5,) = So.

The proof for this is completely analogous to Ngd’s argument in [23, Proposition 5.7.2], which
works for spectral curves over any given curve, not necessarily complete. Our condition
char(k) > n or char(k) = 0 is also needed here because the argument in [23, Proposition 5.7.2]
relies on the codimension calculation of Goresky, Kottwitz and MacPherson in [12], which
was done under the assumption char(k) > n or char(k) = 0. This completes the proof of the
lemma. |

3.8. Proof of Theorem 1.1. Let C be an integral curve over k with planar singularities.
Above we constructed a family 7 : € — B containing C = 7~ !(bg) as a fiber, which
satisfies (A1)—(A3) in §2.1. Making an étale base change of B, we may further assume (A4)
holds. Applying Theorem 2.13 to this family and taking the stalk of the relevant complexes at
bg, we obtain

H*Hib"(C) = P  (PH 8Ly, [—dg —i —2j1(—)).
i+j<n,i,j>0

As discussed earlier in §2.14, the perverse filtration on L induces a filtration P<; on
H*(Jac(C)) = Ly, and

(PH5 Ly, [~ dg) = G (H*(RE(C).

Now Theorem 1.1 is almost proved, except we need to show that the perverse filtration P<; on
H*(Jac(C)) is independent of the choice of the deformation € — B satisfying (A1)—(A4). Let
Cyp — 'V be a versal deformation of C, which satisfies (A1)—(A3) as proved in Proposition 3.5.
Making an étale base change of 'V (which preserves versality), we may assume Cy — V
satisfies (A1)—(A4). By versality, there exists an étale neighborhood B’ of by € B and a
morphism ¢ : B8’ — V such that €’ = €| g’ is obtained from €y via base change by ¢. We
thus have a diagram

BB 5Ly
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Applying Proposition 2.15 to both arrows above, we conclude that P<; on H* (Jac(C)) defined
using the perverse filtration of the family B is the same as the one defined using V. Since
V is fixed, P<; is independent of the choice of B. This shows the canonicity of the perverse
filtration P<;, and finishes the proof of Theorem 1.1.

3.9. Functional equation. Let

Zuin(s.1,C) == Y dim H' (Hilb" (C))s"1".

i,n>0
By Theorem 1.1, Zyii (s, ¢, C) is a rational function of the form

P(s,t)

Zin(s.1,C) = (1 —1)(1—s2t)

where ' o
P(s.1) = Y dimGr/H/ (Jac(C))s’1 € Z[s.1]
i’j
is a polynomial of bidegree (2g,,2g,). Moreover, by the isomorphism (2.10), the cup product
by c¢1(Lget) gives an isomorphism

Uer(Lae)' = Grg, H/ (Tac(C)) = Grg, | H/ T (Tac(C)) (i)

for any 7, j > 0. This implies a symmetry on the polynomial P (s, ), and hence the following
functional equation for Z (s, ¢, C):

Zyin(s, 1, C) = (s1)*2972 Zyy (s, 52t 1, C).

3.10. A local Macdonald formula. Let © be a complete local reduced k-algebra of

dimension 1 with maximal ideal m and residue field k. We say O is planar if furthermore
dimg m/m? < 2, ie., O ~ k[[x, y]l/(f) for some 0 # f € k[[x,y]] without multiple
factors. We would like to understand the cohomology of the Hilbert scheme Hilb" (@) of
length n quotient algebras of 0.

One can define a “compactified Picard scheme” for O as follows. Let K be the ring
of fractions of ), which is a finite product of k((z)). Let Plc((9) be the functor which as-
sociates to every noetherian k-algebra R the set of R®k(9 submodules M C R®kK such
that for some (equlvalently, any) non-zero-divisor ¢ € m, there exists an integer i > 0 so
that R®yt' ‘9 Cc M C R&®pt™ ’(9 and (R&yt~ ’(9)/M (hence M/(R®kt (9)) is a projec-
tive R-module. The functor Plc((9) isa dlS]OlIlt union Plc((D) ez pPic” ((9) accordmg to
the volume of M, defined as tkg M/(R&®y 1 (9) dimy (9/(t (9) for i large. Each PlC ((9)
is represented by an ind-scheme which is not of finite type. The reduced structure Pic" ((9)
is an infinite union of projective varieties, all of dimension § ((9) (the local §-invariant of ).
The above results are consequences of the theory of affine Springer fibers (see [18], and also
[23, §31), because O can be realized as the germ of a spectral curve.

Let Plc((9) = K~* / O, viewed as a group ind-scheme over k. Then Plc((9) acts on
Pic(O): anelement g € K*/O* sends M C R&xK to Mg.
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Let O 4 be the ring of integers of K. Let] ac(@) = (92 /O, which is a connected affine
algebraic group over k. We have an exact sequence of groups over k:

1 — Jac(®) — Pic™4(0) MA S

where A = K* / (91X€ is a free abelian group of rank r (r is the number of analytic branches
of @). Choosing a section of val : Picred(@) — A, we may identify A as a subgroup of
Picred(@), hence A also acts on P_icred(@). It is proved by Kazhdan and Lusztig [18] that

P_wred(@) /A is a projective variety. Two different sections of val can be transformed to each
other by an element of Jac(@), which is a connected group scheme over k acting also on
ﬁ(@), therefore the cohomology H* (ﬁred(@) /) is independent of the choice of the section
of val.

To state the local Macdonald formula, let us recall the notion of the virtual Poincaré
polynomial. Let k be either E or a subfield of C. Let X be a scheme of finite type over
k. In both cases, we have a weight filtration W<;H*(X) on the £-adic cohomology of X:
when k = F,, we may assume X = Xp XF, F, for some Xq over [, then the weight
filtration comes from the absolute values of the Frobg-action on H*(X) (we need to fix an
embedding ¢ : Q; — C); when k C C, this comes from the weight filtration on the singular
cohomology H* (X", Q) (X" is the underlying analytic space of X(C)) and the comparison
theorem between £-adic and singular cohomology. Then we define

PY(X,5) =Y (~1)/ dim Gr}' H/ (X)s'.
i’j
Similarly, when H*(X) carries a filtration P<; which is strictly compatible with the weight
filtration, we can define the virtual Poincaré polynomial P"“(GriP H*(X),s).

3.11. Theorem. Let © bea planar complete local reduced k-algebra of dimension 1,
with r analytic branches. Assume either char(k) = 0 or char(k) is greater than the multiplicity
of the singularity defined by O. Then there is a filtration P<; on H* (P_icrecl((b) /), normalized
such that GrfD = Ounless 0 <i < 25(@), strictly compatible with the weight filtration, such
that we have an identity in Z.[[s, t]],

vt oon i PGP i (0)/A). )1
Xn:P (Hilb™ (O), s)t" = A=y .

Before giving the proof, we record two product formulas.

3.12. Product formula for Hilbert schemes. Let C be an irreducible curve over k and
U = C —{p1,..., pm} be a Zariski open subset. Then we have the following identity in
Vary [[¢]] where Vary is the Grothendieck group of varieties over k:

m

(3.5) (Z[Hilbn(U)]t”) I1 (Z[Hilb” (@C,pi)]z”) = 3 [Hilb" (C))e".

n>0 i=1 n>0 n>0
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3.13. Product formula for the compactified Jacobian. The setup is the same as above.
We have natural morphisms []; Pic(Q,) — Pic(C) and [, Pic(@,,) — Pic(C) given by glu-
ing the local objects with the trivial line bundle on U. Therefore we get a canonical morphism

— red ~ [1; Pic(@p;) _
(3.6) (HPic d((9,[,1)) x " Pic(C) = Pic(C).

The product formula says that this is a homeomorphism. In the case p; are unibranched singu-
larities and C is rational, this is proved by Beauville [6, Proposition 3.7]. In general, the proof
is analogous to Ng6’s product formula [23, §4.15]. From (3.6), we see that the stabilizers of the
Pic(C)-action on Pic(C) are affine, because these stabilizers are subgroups of the affine group
[ Pic(@pi ). This affineness is needed in the proof of Theorem 2.4.

Proof of Theorem 3.11.  Given O, there exists a rational projective curve C over k, to-
gether with a point p € C(k) such that

¢ ( is nonsingular away from p;
° (AQC,I, = @
Letv : P! — C be the normalization and let v=1(p) = {p1,.... pr}s

U=C—{p}=P' —{p1.....ps}.

Applying the product formula to C we get

(Z[Hilb”(U)]t") ( 3 [Hilb” (@)]z") = 3 [Hilb" ()"

n>0 n>0 n>0

Applying the product formula (3.5) to P! we get

_o[Hilb™ (U)]¢" ’ )
Zn_o([l - ,)f L (Z[Hilb”(U)]t”) I (Z[Hﬂb"(@w,pl.)]t”)

n>0 i=1 n>0
_ AN/ I\1,n _ nyn 1
—rg[Hllb (PYH]e _’Z;)UP’ " = T TOE)

where L is the class of A!. Taking the quotient of the two identities, we get

S Hilb" (@) = 1_—1)[;’_1 S Hilb" ()"

n>0 (-1 n>0

Taking the virtual Poincaré polynomials of both sides, and applying Theorem 1.1 to C (which
is applicable by the assumption on char(k)), we get

> PVI"(GrP H* (Jac(C)), s)t!
(I—0)r '

(3.7) > PYI(HIIL" (0). 5)t" =

n>0



Maulik and Yun, Macdonald formula for curves with planar singularities 21

The local and global Picard fit into a commutative diagram of exact sequences:

l—>(91><€/(A9X—>Pic((A9) LN 1
H qum

11— 0% /0> —— Pic(C) L Pic(Pl) —— 1

Since Pic(P!) = Z, the map “sum” just means the sum map A = Z" — Z. Therefore, the
product formula (3.6) gives homeomorphisms (after choosing a section of val)

Pic(C) = Pic*(@)/ ker(sum) and Jac(C) = Pic" (@)/A.

Finally we define the filtration P<; on H* (P_icred((b) /) to be the transport of the perverse
filtration on H* (Jac(C)). It is easy to see that this filtration satisfies the requirements in the
theorem. Therefore we get an isomorphism of bi-filtered graded vector spaces

(H* (Tac(C)), Py, Wi) = (H*(Pic*(O)/A), Ps, Wi).

This, together with (3.7), implies the desired formula. O
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