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Abstract. We prove a conjecture in [L11] stating that certain poly-
nomials P‘j‘, » (@) introduced in [LV11] for twisted involutions in an affine
Weyl group give (—¢g)-analogues of weight multiplicities of the Lang-
lands dual group G. We also prove that the signature of a naturally defined
hermitian form on each irreducible representation of G can be expressed
in terms of these polynomials Py‘,” (@)
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1. Statement of the main theorems

1.1 The P?-polynomials

Let W be a Coxeter group with simple reflections S. Let £ : W — N
be the length function defined by the simple reflections S. In [KL79], for
any two elements y, w € W, a polynomial P, ,(q) € Zlq] is attached.
Consider the Hecke algebra H over A = Z[q,q~ '] (¢ is an indetermi-
nate) with basis {T,,},ew and multiplication given by T,,T,y = T, if
l(ww") = {(w) + ¢(w’) and (Ty + 1)(Ty — q) = 0 for all s € S. Then
{Zyew;ygw Py w(q)Ty}wew is (up to a factor) the “new basis” of H intro-
duced in [KL79].

In [LV11] (for W a Weyl group) and [L11] (in general), the authors work
in the situation of a triple (W, S, x) where (W, S) is as before and * is
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an involution of (W, S). Let I, = {w € W|w* = w™'} be the *-twisted
involutions in W. From the data (W, S, %), a refined version P (¢) € Z[q]
of Py ,,(q) is defined for y, w € I,. They also introduced a free .A-module M
with basis {a,,}yer,, which carries a natural module structure over the Hecke
algebra H’ with ¢ replaced by g2. Then {2 y<w.yer, Pyw(@aylwer, is (up
to a factor) the “new basis” of M introduced in [LV11, Theorem 0.3] and
[L11, Theorem 0.4]. The algebraic definitions of P}‘,’, »(q) will be reviewed in
Section 2.1.

1.2 Affine Weyl group

For the rest of the note we consider the setting of [LL11, Section 6]: (W, S)
is the Coxeter group associated to an untwisted connected affine Dynkin
diagram. Let A C W be the subgroup of translations, i.e., those elements
which have finite conjugacy classes. This is a free abelian normal subgroup of
W of finite index. Let W = W/A. We shall use additive notation for the group
law in A. The conjugation action of w € W on A is denoted by A > “ 1.

Fix a hyperspecial vertex sp € S (i.e., a vertex in S with Dynkin label equal
to 1). Then the finite Weyl group W; generated by J = § — {so} is a section
of the natural projection W — W, and we henceforth identify W, with W.
Let w; be the longest element of W .

An element A € A is dominant if {(Awy) = £(A) + €(wy). Let AT denote
the set of dominant translations. The set of double cosets W;\W /W, is in
bijection with A*: each W -double coset in W contains a unique A € A™. For
J € AT, letd; = Jwy be the longest element in the double coset W; AW, .

Let * be the automorphism of W defined by

w* = wywwy, forw e Wy; (1.1
A= =" ) for 1 € A.

This * is an involution which stabilizes S and fixes sg. In fact, if w; acts by
—1 on A, then * is the identity; otherwise * has order two. As shown in [L11,
Proposition 8.2], every element d; belongs to I.. Therefore we may consider
the polynomials PZ,, 4, (@)

The following theorem is the main result of this note, which was conjec-
tured by the first author in [L.11, Conjecture 6.4].

Theorem 1.3. Notation as above. Then for any 1, u € AT, we have

Pgﬂ,dg (q) = Pdﬂ,dl (_Q)

The proof of the theorem will be given in Section 4, after some preparation
regarding the geometric Satake equivalence in Section 3. In Section 7, we give
a generalization of the above theorem to other involutions ¢ of (W, §) which
are closely related to .
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In [L11, Proposition 8.6], the first author proves special cases of this result
by pure algebra.

It is proved in [L83, 6.1] that Py, 4,(q) is a g-analogue of the u-weight
multiplicity in the irreducible representation V; of an algebraic group G (see
the discussion in Section 3.3). Therefore, we may interpret the above theorem
as saying that Pé’ﬂ, 4 (g) is a (—g)-analogue of weight multiplicities, hence
the title of this note.

1.4 The Z° -functions

The polynomial Py ,(g) is the Poincaré polynomial of the local intersection
cohomology of an affine Schubert variety indexed by w; the Poincaré poly-
nomial of the global intersection cohomology of the same affine Schubert
variety is given by

Zo@) = D Pyu(@)q"? € Ziql. (12)
yeW;y<w

In Section 2.2, we will define certain rational functions ZJ (¢) which are
analogues of Z,,(¢q) in the o-twisted setting. We also set

Z4,(@) = Za,( @) Zuw, @' € Q). Z§,(@) = 2, (@027, ()" € Qg).

(1.3)
The function Zy, (¢) is in fact the Poincaré polynomial of the global intersec-
tion cohomology of an affine Schubert variety in the affine Grassmannian (see
(5.11)), hence it belongs to Z[g]. Our second main result is

Theorem 1.5. Forany A € A* we have Zg} (@) = Za4,(—q).

We will present two proofs of the theorem, one geometric in Section 5
which is based on a cohomological interpretation of Z7 (¢), and one algebraic
in Section 6. Both proofs rely on Theorem 1.3.

1.6 Signatures

It is also observed in [L83] that Zd; (g) is a g-analogue of the dimension of
the irreducible representation V; of the group G. We will show in Section 6.6
that ZZIIA (g) is a g-analogue of the signature of V, under a naturally defined
hermitian form introduced in [L97].

1.7 Gelfand’s trick

It is interesting to notice the relation between the involution * and “Gelfand’s
trick” in proving that the spherical Hecke algebra is commutative. In fact,
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for a split simply-connected almost simple group G over a local field F
with Weyl group W;, the double coset G(Op)\G(F)/G(OF) is in bijection
with W;\W/W;. The spherical Hecke algebra P! consists of compactly
supported bi-G (OFp)-invariant functions on G (F') with the algebra structure
given by convolution. There is an involution g > g* of G which stabilizes a
split maximal torus T and acts by —w; on X, (T) = A. The induced action
on the affine Weyl group W is the same as the one given in Section 1.2. The
anti-involution 7 : g — (g*)~! induces an anti-involution on H*P" while
fixing each double coset W;\W/ W, hence acting by identity on HP". This
implies the commutativity of 7{*P". Roughly speaking, the main theorem is a
categorification of Gelfand’s trick: it explains what 7 does to the Satake cate-
gory (categorification of 7*P") beyond the level of isomorphism classes of
objects (on which it acts by identity).

1.8 Notation and conventions

By a tensor category, we mean a monoidal category with a commutativity
constraint compatible with the associativity constraint.

For an algebraic torus T, let X, (T) (resp. X*(T)) denote the group of
cocharacters (resp. characters) of 7. For a cocharacter 4 : G,;, — T, we use
x* to mean the image of x € Gy, under A; for a character o : T — Gy, we
use z% to denote the image of z € T under a. Note that (x*)* = x(*4) € G,,,.

By an involution in a group, we mean an element of order at most two.

All algebraic varieties in this note are over C; all complexes of sheaves are
with Q-coefficients.

For an algebraic variety X of dimension n, let IH*(X) denote its inter-
section cohomology groups with Q-coefficients. We normalize it so that
IHi(X) =Qunless 0 <i <2n.

2. Algebraic definition of P? and Z° : recollections from
[LV11] and [L.11]

2.1 The P?-polynomials

We work with a general Coxeter group (W, S) with an involution * as in
the second paragraph of Section 1.1. Let M be the free A = Z[q,q ']
module with basis {a,}wer,. Let H' be the Hecke algebra of (W, S) with ¢
replaced by ¢>. Then [L11, Theorem 0.1] states that there is a unique -
module structure on M characterized by how T acts on a,, for each s € §
and w € I.. Moreover, [L11, Theorem 0.2(a)] states that there is a unique
involution m +— m on M compatible with the bar involution on ' given by
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g=qg 'and T, = Tu;ll. Concretely, the bar involution on M is given by
[L11, Theorem 0.2(b)]

aw=(=D""7T " a,..

Next we extend scalars from A to A = Z[ql/z, q’l/z]. We denote M =
A® aM. Then [L11, Theorem 0.4] states that there is a new A-basis {Ay }wel,
of M characterized by the property that A,, = A,, and that

Ap=q"""7 > P (q)ay.

y=w,y€l

Here the polynomials Py, (q) € Z[q] are required to satisfy P ,(q) = 1
and deg Py, < %(f(w) —£(y) — 1) for y < w. The uniqueness of A,, with
these properties gives the definition of the polynomials P}‘,’, (@)

2.2 The Z° -functions

We want to define certain rational functions Z¢ (¢) which are analogues of
Z,,(q) in the o-twisted setting.

In the untwisted setting, consider the .4-algebra homomorphism
¥ H — Agivenby y(Ty,) = ¢‘™ forall w € W. Then Z,(q) is the value
of the new basis zy <w Py,w(g)Ty under the homomorphism y.

To define Z7 (¢), we replace y : H — A by the following .A-linear map
introduced in [L11, 5.7]

¢:M— Qq) 2.1)

qg—1 ¢ (w)
a, > qf(w) —_— forall w € I,
qg+1

Here ¢ : I, — Nis defined in [L11, 4.5]. Concretely, for w € I, with image
W e W, p(w) = e(wx) — e(x), where e(x) (resp. e(w=)) is the dimension of
the (—1)-eigenspace of the involution ¢ +— * (resp. t — w(t*)) on Ag =
A ®z Q.

For w € I, we let Z (g) be the image of the new basis of M under ¢:

Zo@=c| D, Pl,@a

yel,y<w

- po (ot (471 -
> Plu@a o € Q(9) (2.2)

yelyy<w
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3. Geometric definition of the P? -polynomials

3.1 Affine flag variety

In this section we give a geometric definition of the polynomials PY(q).
In fact, in the case of finite Weyl groups with * = id, such a geometric defi-
nition is given in [LV11, Section 3] using the geometry of flag varieties. It is
remarked in [LV11, Section 7.1-7.2] that such a geometric definition works
for affine Weyl groups and general *, with the flag varieties replaced by affine
flag varieties. This section is an elaboration of this remark.

Let G be the simply-connected almost simple group over C whose extended
Dynkin diagram is the one we started with in Section 1.2, so that the usual
Dynkin diagram of G is given by removing the vertex so. Fix a pinning for
G; in particular, fix a maximal torus T C G, and a Borel B containing 7.
We may identify (W;, S — {so}) with the Weyl group Ng(T')/T together with
the simple reflections determined by B. We may also identify A with the
cocharacter lattice X, (7'), which is also the coroot lattice of G.

Let G((¢)) be the loop group associated to G: it is the ind-scheme repre-
senting the functor R — G(R((7))) for any C-algebra R. Let G[[t]] C G((1))
be the subscheme representing the functor R — G (R[[t]]). The affine Weyl
group W may be identified with the C-points of Ng () (T ((¢)))/T[[¢]]. For
each w € W, we choose a lifting w of it in Ng((1))(T ((¢))). For example, if
J € A, we may choose 4 to be the point t* € T'((1)).

An Iwahori subgroup of G((¢)) is one which is conjugate to I = 7 =1 (B) C
G[[t]] where = : G[[t]] — G is the mod ¢ reduction morphism. Let Fl1 =
G ((¢))/1 be the affine flag variety of G classifying Iwahori subgroups of the
loop group G((¢)). This is a (locally finite) infinite union of projective vari-
eties over C of increasing dimensions. The group scheme I acts on Fl from the
left with orbits Fl,, = Iwl/I indexed by w € W. Each orbit Fl,, is isomorphic
to an affine space of dimension £(w) (with respect to the simple reflections S).
Let Fl<,, be the closure of Fl,,, which is the union of Fl, for y < w.

Consider the derived category Dy(Fl) = H_r)nwew Dy (Fl<y,) of I-equivariant
Q-complexes which are supported on the Fl<,, for some w € W. Note that
for fixed w, the I-action on Fl<,, factors through a quotient group scheme I,,
of finite type such that ker(I — I,,)) is pro-unipotent. We therefore understand
Di1(Fl<,,) as the category of I,,-equivariant derived category of QQ-complexes
on the projective variety Fl<,, in the sense of [BL94].

3.2 Geometric interpretation of the P?-polynomials

Let * denote the pinned automorphism of G such that 1 — (7 1)* acts by —1
on A. This involution induces an involution on the affine Weyl group (W, §)
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which coincides with the * defined in (1.1). The involution * also induces an
involution on G ((¢)) preserving the Iwahori I, so that it induces an involution
on Fl which we still denote by .

Consider the anti-involution 7 of G((¢)) defined as

r(g) = (g7
We would like to define a functor:
t* : Dy(Fl) — Dy(Fl)

given by pull-back along the map 7. We may identify each object of Dy(Fl) as
a complex on G((t)) equivariant under the left and right translation by I. Since
each I-double coset Il C G((r)) is sent to another double coset I(i*)~'I,
pull-back by  preserves bi-I-equivariance, and defines the functor 7*.

For each object K € Dy(Fl) and y € W, the restriction of K to Fl, is a
constant complex by I-equivariance. We therefore have a vector space ’H; K,
which is canonically isomorphic to the i-th cohomology of the stalk of S, at
any point of Fl,.

For each w € W, one has the (shifted) intersection cohomology complex
Sw € Di(Fl) of Fl<,,, which we normalize so that S;,|p, = Q. If w € I,
(i.e., (w*)~! = w), we have a canonical isomorphism

@, :7*Sy, — Sy (3.1)

whose restriction to Fl,, is the identity map for the constant sheaf Q. For each
y € I, y < w, the restriction of ®@,, induces an involution:

HL Dy« HSy = o*H,, (tSw) — H}Su
where the first equality comes from the definition of 7*. Then
P, (q) = D tr(H @y, HiSw)q' 2. (32)
ieZ

It is known that ’H;Sw = 0 for odd i (see [KL80, Theorem 4.2] for the case
W finite, [KL80, Theorem 5.5] for the case W affine; see also [GO1, A.7] for
the affine case), therefore P}‘,’, » € Zlq].

3.3 Affine Grassmannian and the geometric Satake equivalence

Let Gr = G((¢))/G[[t]] be the affine Grassmannian of G, which is also a
locally finite union of projective varieties of increasing dimensions. The left
translation by G[[¢]] on Gr has orbits indexed by W;-orbits on A. For each
dominant coweight A € AT, there is a unique G|[[¢]]-orbit Gr; containing t
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(which also contains ¥ for any A’ in the same W;-orbit of A). The dimension
of Gr; is (2p, A), where 2p is the sum of positive roots of G.

Let S = Pgj:1)(Gr) be the category of G[[t]]-equivariant perverse sheaves
on Gr which are supported on finitely many G[[t]]-orbits. This abelian cate-
gory carries a convolution product © : S x § — S (see [L83, Corollary 8.7],
see [G95, Proposition 2.2.1]), which is equipped with an obvious associativity
constraint and a less obvious commutativity constraint (due to Drinfeld, see
an exposition in [MV07, Section 5]) making (S, ®) a tensor category (the
convolution product is usually denoted by * in literature, and we change it
to © to avoid confusion with the involution *). Let Vec® be the category of
finite dimensional graded QQ-vector spaces (the commutativity constraint is
not adjusted by the Koszul sign convention, so Vec® = Rep(G,,) as tensor
categories). Consider the functor

H®: S — Vec®

K — (HH (Gr, K).
i€Z

This functor carries a tensor structure (see [G95, Proposition 3.4.1] and
[MVO07, Proposition 6.3], note that the commutativity constraint of S is
adjusted by a sign in [MV07, Paragraph after Remark 6.2] in order to make
H°* a tensor functor).

Composing H® with the forgetful functor Vec® — Vec (the category
of finite dimensional vector spaces), we get a fiber functor H of the ten-
sor category S, hence an algebraic group G = Aut®(H) over Q. In [G95,
Theorem 3.8.1] (with the corrected commutativity constraint by Drinfeld and
based on results of [L.83]), it is proved that G is a connected split reductive
group over QQ whose root datum is dual to G. The proof in [MV07, Theorem
7.3] in fact equips G with a maximal torus 7" with a canonical identification
X (T) = A = X, (7). In fact, letting Vec™ be the category of finite dimen-
sional A-graded vector spaces, the functor H® factors as

S DenF; A (2p,—)

H* : Vec Vec®"

Here the first arrow is the sum of weight functors introduced in [MV07,
Theorem 3.6]; the second functor turns a A-graded vector space @, V* into a

Z-graded one V' := @<2p,,1>=iV’1. Under the identification S — Rep(é), the
functor H® then factors as

Rep(G) — Rep(T) — Rep(G)

induced by the homomorphisms 2p : G,,;, — T < G.
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3.4 Geometric interpretation of Pé’ﬂ 4 (@)

For each 1 € AT, let C, be the shifted intersection cohomology complex of
the closure Gr<, of Gr,, such that C;|g;, = Q. The involution 7 of G((t))
again induces a functor

: 8 = S. (3.3)

One can similarly define the stalk HL C, for u < A € A, which again vani-

shes for odd i. Each double coset G[[¢]]¢*G[[¢]] is sent to G[[¢]]t~* GI[t]].
By the definition of %, we have —A* = /], hence G[[t]]t_l*G[[t]] =
G[[11#* G[[t]), i.e., each G[[¢]]-double coset in G ((1)) is stable under 7 (this
is equivalent to saying that the longest element in each W;-double coset
belongs to the set I, of *-twisted involutions). This means one can fix an
isomorphism

v, :1*C; > C (3.4)

which is the identity when restricted to Gr;. This isomorphism similarly
induces an involution:

MW, HL,Ch =M, (t*C;) - H,,Cy.

We have a projection map 7 : Fl — Gr. For each 1 € A, the pre-
image n_l(Grg) = Fl<g, (recall d; € W;AWj is the longest element).
Since Fl<4; — Gr<; is smooth, we have an isomorphism ¢, : 7*C; = Sg,,
which can be made canonical by requiring its restriction to Fly, to be the
identity map on the constant sheaf. Moreover, the isomorphism ¢, clearly
intertwines ¥, and @, . Using ¢;, we get a commutative diagram

Hfz @

Ha, Sa,
'Hfl (O3]

; Hidi jl

HiC, — 1) s,

in which the horizontal arrows are isomorphisms. Therefore, from (3.2) we
get

Pf 4,(@) = D w(H W, H} Cr)g’. (3.5)
JEZL

3.5 Loop group of a compact form

At certain points in the proof of the main theorem, it is convenient to take an
alternative point of view of the affine Grassmannian Gr, namely the space of
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polynomial loops on the compact form of G. We remark that the switch of
viewpoint is not necessary for the proof, but it makes the idea of the proof
more transparent.

Let K C G(C) be a compact real form which is stable under * (for
example, we may define K using the Cartan involution w j*, for any lifting of
wy of wy to Ng(T)). Let Q = Qpo1 K be the space of polynomial loops on K
based at the identity element 1 € K (see [PS86, §3.5]). By [PS86, Theorem
8.6.3], there is a homeomorphism

1 Q< GC()) B Gr(T).

The stratification of Gr by {Gr,},ca+ gives a Whitney stratification of Q.
We denote the strata by ; with closure Q<;. Let Db Q) = h_r)n ; Db (Q<;).
Let Sg be the full subcategory of D?(Q) consisting of perverse sheaves which
are locally constant along each strata Q;.

Let mg : Q x Q — Q be the multiplication map. This is stratified in the
sense that mg (Q<; x Q<) = Q<4 for 4, u € AT. Define

Ok : DY(Q) x DY (Q) - DP(Q)
(K1, Kp) = mg 1 (K; KKy).

Let
H® : Sk — Vec®

be the functor of taking total cohomology.
The involution 7 : k — (k”‘)’1 on K induces an involution 7g on Q, which
gives the pullback functor

i : D(Q) — Db(Q).

Lemma 3.6.

(1) The functor Ok has image in Sk, and there is a natural associativity
constraint making (Sg, Ok ) a monoidal category; H* : Sg — Vec® is
naturally a monoidal functor.

(2) The pull-back functor 1* gives a monoidal equivalence 1* : (S,0) —
(Sk, Ok).

(3) There is a natural isomorphism of monoidal functors H* o1* = H® : § —
Vec®'.

(4) The functor ty sends Sk to Sk; t* and t are naturally intertwined
under 1*.

Proof. (1)(2) The functor 1* identifies Sk with the category of per-
verse sheaves on Gr locally constant along the strata Gr;. By [MVO07,
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Proposition A.1] the latter category is canonically equivalent to S. To prove
(1) and (2), it suffices to give i* a monoidal structure. Recall that the convo-
lution product ©® on S is defined as

K; 0Ky = m (K LK)

Gl[t]]
Here m : G((t)) x Gr — Gr is the multiplication map, K; [J Kj is the

Gllrll
perverse sheaf on G((#)) X Gr characterized by
p"Ki; DK, = p*K; X K; on G((t)) x Gr, (3.6)
Gllz]]
where p : G((¢r)) — Gr, p’ : G((t)) x Gr — G((tr)) x Gr are the projec-
tions. To give i* a tensor structure, we need to give a canonical isomorphism
m (K X *Kp) = "m (K LK)

for any K, K, € S. Note that we have a commutative diagram

2 Gllz]]
Q x Q G(([)) x  Or (37)
mg m
Q ’ Gr

where 1; is given by the composition

7 ! Gllt]]
QOxQ5 G(() xGr L G((t) x Gr.

It is easy to see that 15 is also a homeomorphism, so (3.7) is a Cartesian
diagram. Therefore, by proper base change, we have a canonical isomorphism

l*m!(K1 [l Kz) = mK!l;(K] [l Kz)

= mii@ x ) p"* (Ki DKa) X mg @ x )* (p"K) B Ky)
=mg @ p K M 1'Ky) = mg ("K; K 1"Kp)

It is easy to check these isomorphisms are compatible with the associativity
constraints.

(3) is obvious.

(4) For each K € &, we need to give a functorial isomorphism

oK S K.
Recall ; factors as Q — G((¢)) L Granditg = 17, where 7 : g (g%~
is the anti-automorphism of G ((¢)). Therefore
FOK =T p* 'K =Tt p*K = 157" p*K = t51"K.

This gives the desired isomorphism. o
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Using part (2) of Lemma 3.6, one can transfer the commutativity con-
straint of (S, ®) to (Sk, ®k) making the latter a tensor category. Part (3)
of Lemma 3.6 then gives the functor H® a tensor (in addition to monoidal)
structure.

4. Proof of theorem 1.3

For a monoidal category (C,®), we let (C, ®°) be the same category
equipped with a new functor ®° : C x C — C givenby X ®° ¥ :=Y ® X.
It is easy to check that (C, ®7) also carries a monoidal structure.

Lemma 4.1. The functor t* : & — S carries a natural structure of a
monoidal functor

*:(S,0) = (S,0%).

Proof. Using Lemma 3.6(2) and (4), it suffices to construct the monoidal
structure of 7. Let o : Q x Q — Qx Q be the involution which interchanges
two factors. Since 7k is an anti-involution, we have a Cartesian diagram

Ox QX% o0 4.1)
lm;(oa lm;(
K

Q

Q

Therefore by proper base change, for any K, K, € Sk, we have a canonical
isomorphism

temi1(Ki X Kp) = (mg 00)i1 (7K1 K1 Ko) = mi1 (15 Ko K 72 Kp).
By the definition of Ok, we get a canonical isomorphism
15 (K 0k Ko) = 1Ko O 15K

It is easy to check that these isomorphisms are compatible with the associa-
tivity constraint and the unit objects of (Sk, Ok ) and (Sg, ©%). This finishes
the proof of the lemma. O

Let H*? : (S,0%) — (Vec®, ®) be the same functor as H®, except
that we change its monoidal structure to the one of H®* composed with
the commutativity constraint of ® for Vec®, so that H*? is also a tensor
functor.

Lemma 4.2. There is a natural isomorphism y : H*° o t* = H®, which
preserves the monoidal structures of both functors.
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Proof. Using Lemma 3.6, it suffices to give a natural isomorphism yg :
H®ozg = H* between functors Sx — Vec®, which preserves the monoidal
structures. Since 7k is an automorphism of €, we have a canonical isomor-
phism H*(Q, 7gK) = H*(Q, K), which gives the desired yg. It remains to
check that y preserves the monoidal structures. But this is also obvious from
the natural monoidal structure of H® : Sx — Vec®'. O

Suppose we have two Tannakian categories (C, ®) and (D, ®) equipped
with fiber functors w¢ and wp into Vecy respectively (k is a field). Let
F : (C,®) — (D, ®) be a monoidal functor equipped with a monoidal iso-
morphism ¢ : wp o F > wc. Then ¢ induces a homomorphism of algebraic
groups over k:

(F, )" : Aut®(wp) — Aut®(we)

(C()'Dga)'p)l—) (a)cqs—l)a)poFM)a)poFgwc).
Since the notion of tensor morphisms between tensor functors only use their
structures as monoidal functors, the above definition makes sense even if F' is
only a monoidal functor. More generally, if w¢ and wp take values in another
Tannakian category ) equipped with a fiber functor @ : V — Vec, then F
induces a homomorphism of algebraic groups (F, ¢)* : Aut®(w o wp) —
Aut® (w o w¢) making the following diagram commutative

Aut® (o)
#

Op @c

(F.¢)*

Aut®(w o wp) Aut®(w o wc)

We apply the above remarks to the situation

(S, 0) - (S, %)
H* é H*°
Vece!

and get a commutative diagram of algebraic groups over Q:

Gm
Y X
¥ v
G

v (*.y
In other words, (z*, y)* is an automorphism of G fixing the elements in the
torus 2p (G,,) pointwise. Since 7* does not change the isomorphism classes of
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irreducible objects in S, this automorphlsm must be inner. Therefore (z*, y )*
determines an element g € T (note that G is of adjoint form).

Using the commutative constraint of (S, ®), the identity functor gives a
monoidal equivalence

id% : (S, 0) > (S, 07),

There is a unique natural isomorphism of monoidal functors ® : 7* = id%

making
idgerc 0® =y : H*? o 7" — H*? 0id% = H".

In fact, identifying S with Rep(G), the functor z* sends V € Rep(G) (with

the action a : G — Aut(V)) to the same vector space V with the new action

v d v
G — AdG) G5 Aut(V). Then the eftect of the natural isomorphism ® on V

is givenby a(g™H) : V — V.
Lemma 4.3.

(1) The element g € T(Q) is (—1)”, the image of —1 under the cocharacter
p: Gy — T (note that G is of adjoint type, so p is a cocharacter of T)

(2) The effect of the natural isomorphism ® on the intersection complex
C,[(2p, )] € Sis (—1)PAy,.

(3) The action of the involution ty on IH?/ (Q<;) is by (—1).

Proof. Let 4 € A™. The action of g~ on H*(Q, C)[(2p, )] = TH*(Q<,)
[(2p, 2)] = V; € Rep(G) is given by the composition

IH*(Q<;) 5 H*(Q<;) = H'(Q, 75C))

@0 go@, C;) = IH (Q-)).
where the first arrow is the pull-back along the anti-involution zx of Q<; and
0, : 15 C; — C; is induced from the effect of ® on C;[(2p, 4)] € S. Since
the only automorphisms of C, are scalars, the isomorphisms ®; and ¥, must
be related by @, = ¢;¥; for some constant ¢; € Q*: the restriction of ®;
on €, is given by multiplication by c,; on the constant sheaf.

The stratum Q; homotopy retracts to the K -orbit of #*, which is a partial
flag variety G/P;, = K/P; N K (see [MV07, Top of page 100]). The action
of 7x on Ad(K)t* = K/P; N K is given by

kt/lkfl — (k*tﬂ*k*,fl)fl — k*tfl*k*,fl — k*lb]tilbo—lk*,fl‘

Therefore the induced action of 7§ on K/P; N K is given by k mod P; N
K +— k*wj; mod P; N K (any lifting w; € Nrng(K) normalizes P; N K,
hence the right translation makes sense).
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Let j; : Q; < Q<; be the inclusion. We have a commutative diagram

IH (Q<;) AR (Q;,) —=H (K/P; N K) (4.2)

lcllgl l/f;g le*
j*

IH (Q<;) ——HI(Q;) —>H/(K/P; N K)

When i < 2, the horizontal restriction maps are isomorphisms. In fact, from
the stratification Q<, by the open Q; and the closed complement z : Q; —
Q-;, we get an exact sequence

H (Q.;,7'C)) —» IH (Q<)) — H(Q,) — H(Q<,,7'C)) (4.3)

Since dimQ_.; < (2p,4) — 2 and z!C,z[(Zp,/l)] lies in perverse degree
> 1, 7'C; lies in the usual cohomological degree > 3. This implies
H (Q.,,z'C ;) = 0 fori < 2 hence the isomorphism follows from the exact
sequence (4.3).

We claim that the action 7 : k + k*w, on the partial flag variety
K/P; N K induces —1 on H>(K/P; N K). In fact, H*(K/P; N K, Q) —
H*(K/T,Q) = X*(T)qg by pull-back along the projection K/T N K —
K /P;NK, and this map is equivariant under the (W x Out(G)) ;-actions (sub-
script 4 means stabilizer of 4 under the W x Out(G)-action on A = X, (T)).
Since *wy; = wy*x € W x Out(G) acts on A by —1 by definition, the claim
follows.

Since 7§ induces the identity action on HY(K/P; N K), cl{l g~ ! acts by
identity on IH(Q<;) by diagram (4.2). Since T acts by -1 on H?*(K/P; N K)
by the above claim, cl{l g~ ! acts on IHZ(QS ;) by multiplication by —1 by
diagram (4.2).

Recall that the grading on IH®(Q2<,)[(2p, 4)] = V, comes from the action
of the cocharacter 2p : G,, — T on V,. Let V,(u) be the weight space of
weight ¢ under the T -action, we have

H@Q) = P Viw.
(2p,u)=i
In particular,

H(Q<1) = V(" );
IH Q<) = P Vi 2+ o))
where the sum is over the simple roots a;,” of G. Therefore, the previous para-
graph implies
e =1, 4.4)

— — —aV .
c; 1g “A=e = _1 forall simple roots al-v.
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Comparing these two equations we conclude that g"‘iv = —1 for all simple
roots al.v of G. On the other hand, (—1)” also has this property. Since G is
adjoint, an element in T is determined by its image under simple roots, there-
fore g = (—1)”. This proves (2). Plugging this back into (4.4), we conclude
that ¢; = (—1)?)~""* = (=1)»-=""4 = (=1)¢»-4), This proves (1). Now
(3) follows easily from (1) and (2). O

4.4 Completion of the proof

By (3.5), it suffices to show that ’H,Z/ Y, acts on 7‘(,21] C, by (—1)/.

We extend the partially ordered set { € AT, u < 1} into a totally ordered
one, and denote the total ordering still by <. For any u < A, let Q(, ;) =
Q< — Q. Similarly Q, 3) = Q<3 — Q<. Then we have a long exact
sequence

- = HL(Q(u, 21, €1) = HL(Qpi.21, €1) > HL(Qy, Cila,) — -+

Since Cjlq, is a complex of constant sheaves on €2, with stalks ’Hz C,, the
third term in the above long exact sequence is isomorphic to @,4»—; Hf (Q,)®
'HZ C,. Since Q,, = Gr,, is an affine space bundle over a partial flag variety
G/P,, we have that H?(Q,) = H*(G/P,)[—(2p, u) + dim G/ P, ] which is
concentrated in even degrees. We also know that ’HZ C, vanishes for odd b.
Therefore the third term in the above exact sequence vanishes for odd i.
Using decreasing induction for u (starting with 1), we conclude that each
H(Q(y, 11, C,) is concentrated in even degrees, and the above long exact
sequence becomes a short one for even i. This gives a canonical decreasing
filtration
FzﬂIH°(Q§,1) = H2(Qu,21, Cr)

with associated graded pieces
ngIH°(Q<,1) =H2(Q,) ®H' C,. 4.5)

The action of 7% preserves each F=#, and the induced action on the associated
kP
graded pieces takes the form

gr'}f”f;é = (TK|Q,,)*®H;T/1 : Hz(Q,u)®H;tCl - Hz(Q,u)®H;tCi~ (4.6)

By Lemma 4.3(3), the action of 7z on the top-dimensional cohomology
H3<2p’”>(Qﬂ) = IH2<2/”/‘>(QSﬂ) is via multiplication by (—1)?7#) = 1;
the action of 7} on H 202p.1) Q) ® szCA C grpIHYT222-40(Q ), as a

subquotient of IH21 +2 204 (Q ,1) is via muluphcatlon by (—1)/ +2.2) =

(—1)/. Therefore, by (4.6), Hj 2] W, acts on H 21 C, via multiplication by
(—1)7. This finishes the proof of Theorem 1.3.
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5. Geometric proof of theorem 1.5

The proof of Theorem 1.5 will become transparent once we give a cohomo-
logical interpretation of the Z? -polynomials.

5.1 Affine flag variety via a compact form

We already see that Q = QK S Gr(C) is a homeomorphism. We need an
analogous statement for the affine flag variety. Let 7. = K N T be a maxi-
mal torus in K. Then the inclusion K C G(C) induces a homeomorphism
K/T, S (G/B)(C). The multiplication (g, kT,) +> gkI gives a continuous
map g : Q x K/T, — FI(C) making the following diagram commutative

Qx K/T. 2~ TFI(C) (5.1

lpr" l

Q——=Gr(C)

It is easy to check that 1p is bijective on points, hence a homeomorphism
because it is a continuous map from a compact space to a Hausdorff one.
Moreover, 1y is T.-equivariant, where T, acts on Q x K /T, diagonally by
conjugation and left translation, and it acts on F1(C) by left translation. Thus
1p induces a homeomorphism

T, ~ T -
m:K xFI(C)—> K x(QxK/T,)—> K/T, x Qx K/T,

where the last arrow is (ky, g, koT,) — (leC,klgkl_l,klszc). Let 2 =
K/T. x Q x K/T., on which K acts diagonally via left translation on both
factors K /T, and via conjugation on Q. Then 7 is K-equivariant (with K

—

T.
acting on the first factor on K x Fl). We define Z,, (resp. E<,,) to be the

T, T, - . .~
image of K x Fl,, (resp. K x Fl<,,) under7g. The isomorphism 7r therefore
induces an isomorphism

IH} (Fl<y) = IHY. (Fl<y) = IHY (E<y). (5.2)

Recall from (3.1) that we have an isomorphism ®,, : 7*S,, S S, in the
category Dy(Fl) for w € I, where S,, is the shifted intersection cohomology
sheaf of Fl<,,. This induces an involution on I-equivariant cohomology

o* = Hy (Fl, ®,,) : TH} (Fl<,,) — IH} (Fl<,,). (5.3)

On the other hand, Z also admits an involution 7 : (ki T¢, g, k2T,) +—>
(k3Te, (g7, kiT.), which intertwines the original diagonal K -action and



328 George Lusztig and Zhiwei Yun

that action pre-composed with *. For w € I, 7 induces an involution
T*  HY (E<p) — [HY (E<p). (5.4)

The isomorphism (5.2) intertwines the involutions z* in (5.3) and 7* in (5.4).
We prefer working with IH} (E<,,) to working with IHj (Fl<,,) because the
involution 7 can be seen on the nose for E<,,, without having to appeal to
stacks such as [T\FI].

Lemma 5.2. Let r be the rank of G. Then

S (?*, IH?(ESw)) q' =q"" A - U +q) M Z5 g
JEZL
as elements in Z[[q]]. Here e(x) is the dimension of the (—1)-eigenspace of
*: Ag = Ag.

Proof. Via the isomorphism 7g;, we view S,, as the intersection complex of
E <, which is the constant sheaf on Z,,. The stratification of E by E<,, gives
a spectral sequence with the Ej-page consisting of H} (E,, i ;,Sw) abutting
to IHY (E<,). Here iy, : Ey <> E is the inclusion. Since i}!,Sw is a sum
of constant sheaves on Z, concentrated on even degrees, and H} (E,) =
H7 (pt) is also concentrated in even degrees, the spectral sequence neces-
sarily degenerates at E. Therefore IH% (E<,,) admits an increasing filtration
indexed by {y < w} with gr,IH% (E<,) = Hy (Ey, i;Sw). The involution 7*
on IH} (E<,,) maps gr, to gr(,«)-1, therefore its trace is the sum of traces on
gr, fory € I,,1i.e.,
~ 2j e ; ~s 112 = i
D U@L HY (E<w)g’! = D> D u@ HY (). iSu))g’. (5.5
J y<w,yeli j€Z

Verdier duality gives an isomorphism in Dk (Zy) commuting with the invo-
lutions induced by @,

i8S, = @ HAH W HO%S, [—2k]..
k

Hence
~ 2j fm i
> @, HY (By,1;8,))q (5.6)
JEZL
_ Z tr(Hif(w)fZé’(y)ka(Dw, Hgf(w)fZ{Z(y)kaSw)qk
keZ
X Ztr(?*, H¥(2,))q’
JEZL
_ _ ~ 27 = i
=q" WP (g7 D w@ HY (Ey)q’.
JEZL
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We would like to calculate the 7*-action on H% (Z,). Write y = Ay for
4 € Aandy € W. Note that * = 3! since y € I,. Under the isomorphism

Tc ~ . —
if : K x Fl, — E,, the base point yI € Fl, corresponds to (7, t*,3T,) €
Ey. Consider the K-equivariant map

yy: K/T.—> K-y CE,
kT. — (KT, kt*k=', kyT,).

This map in fact identifies K /7. with the K-orbit K - y C E,. Since Fl,
is an affine space, the inclusion of the base point {y} < Fl, induces an

isomorphism H7, (Fly) S H7. ({3}), therefore we get an isomorphism

*

%(2,) = HY (Fl,) > B, (3) = Hy (K - §) > HY(K/T.).  (5.7)

Direct calculation shows that 7(y,(kT.)) = y,(k*y*T;). Therefore the 7*-
action on H} (Ey) can be identified with the involution on H% (K / T¢) induced
from the automorphism € : kT, — k*y*T, of K/T,. We may write € as the
composition of * : K/T, — K /T, with the right action of y* on K/T,.
Therefore the involution e€*on H% (K /T.) = H7, (pt) is induced from the
involution r — Ad(¥*)~!(t*) = Ad(¥)(t*) of T,. This involution gives a
decomposition t = t; @ t_ of the Lie algebra t = Ac of T into (41) and
(—1)-eigenspaces, with dimensions r — e(y*) and e(y*) respectively (see
remarks following (2.1) for notations). Using (5.7) and the eigenspace decom-
position t = t. @ t_, we have

HY (2,) = Hy (K /T.) = H}, (pt) = Sym(t'[~2])
= Sym(t] [—2]) ® Sym(t'[—2]).

Therefore
~ 27 fr— i . H ; .
> (@, HY (Ey)q’ =D dimSym/ (t])g’ > dim Sym* (t/)(—¢)*
jez >0 k>0

= (1 =)0V (1 +q)~0%.

Plugging this into (5.6) and then into (5.5), we get

> w(@, HY (E<0))g’
J

= > GO PT (N1 = g TIT (1 4 )¢

y=<w,yel,
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PERIANGE
=¢'™0-q" D] Piw(q_l)q_[(y)(iq_1+1)

y=<w,y€l,
q_] 1 e(x)
) 1—a)" — 70 (g1
g (1 —q) (q_1+) w@™)
=" (1 — )@ +q) Mz g ™. O

In the situation of the affine Grassmannian, the isomorphism (3.4) induces
an involution on the global sections 7§ : IH*(Q<;) = [H*(Q<,).

Lemma 5.3. For 1 € AT, we have
> (g, IHY (Qe)q' = Z5,(q). (5.8)
i€z
Proof. Note that E<4, = K/T, x Q<) x K/T.. The map (5.2) induces
an isomorphism on intersection cohomology commuting with the relevant
involutions:

IH} (Fl=q,) = HY (E<q,) = IHy (Q<;) @ns, oo Hy (K /T x K/ T0). (5.9)

where the last equality comes from the degeneration of the Leray spectral
sequence (for the projection E<4, — <) at E; since all the relevant coho-
mology groups are concentrated in even degrees. Note that in (5.9), the invo-
lution on H (K / Te x K / T¢) is induced by (k1 T¢, k2 T¢) +— (k3 T¢, ki T;), and
the involution on H% (pt) is induced by the involution * of K.

Another spectral sequence argument shows that we have an isomorphism

IH¥ (Q<;) = Hy (pt) ® IH*(Q<;)
commuting with the obvious involutions (the one on H% (pt) is again induced
by *, and the ones involving Q< are given by 7). Combining this with (5.9)
we get an isomorphism
IH} (Flg,) = H*(Q<;) @ Hy (K /T x K/ T.)
intertwining the involutions on both sides which we specified before. The
special case A = 0, d; = wy gives IH](Fl<,,,) = H}(K/T. x K/T¢).
Therefore
IHj (Fl<4;) — IH*(Q<;) ® IH} (Fl<y,)
commuting with the relevant involutions. Taking the Poincaré polynomials
with respect to the traces of these involutions, and using Lemma 5.2, we get
"W = )T+ 92 @7

=q"" (1= T A+ T2 (g7 D ek, THY Q<))
JEZL
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In view of the definition of ZZIIA (g) in (1.3), we get
> (e, HY (Q<p))g! = q" D=0 7Z5 (7).
JEZL
Let Q;(q) denote the left side. Substituting ¢! for ¢ in the above, we get

Qi(q™") = g 1IN 77 (g).

Poincaré duality for IH®(2<;) (which has dimension (2p, 1)) implies
0,(q) = q?" Q,(q™"). Therefore

0i(q) = q*" Qi(q™") = g AHwI=EDZE ().

Since £(d;) = €(wy) + (2p, A) (i.e, dimFl<y;, = dim G/B + dim Gr<;), the
above equality implies (5.8). O

5.4 Completion of the proof

By Lemma 4.3(3), the involution ¢ acts on [H?/ (Q<;) via (—1)/. Therefore,
by Lemma 5.3, we have

Z5,(q) = D (=) dimIHY (Q<)g’ = D dimIHY (Q<1)(—¢)’. (5.10)
JEZL JEZL

which is clearly in Z[q].
On the other hand, stratifying Fl<,, into affine space Fl, (y < w) and using
the parity vanishing of the stalks H$S,,, we have > jez dim IH?/ (Fl<)q’ =

Zy <w Py,w(q)qf(y). The argument is the same as the first part of Section 4.4.
Comparing with the definition of Z,,(g) in (1.2), we have

Zu(q) = D dimIH (Fl<y)q’.
JEZL

Using the homeomorphism 7r and the diagram (5.1), we have IH®(Fl<4,) =
IH*(Q<;) ® H*(K/T,) = IH*(Q;) ® IH*(Fl<,,). Therefore Z4, (q) is
the product of Z,,(g) with the Poincaré polynomial of IH®*(Q<;). By the
definition of Zy, (¢) in (1.3), we have

Z4,(q) = Z4,(9) Zu, (@)~ = D dimHY (Q<;)q/ . (5.11)
JEZ

The theorem now follows by comparing (5.10) and (5.11).
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6. Algebraic proof of theorem 1.5

Now we start the algebraic proof of Theorem 1.5. Using [L11, 3.6(f)] and
Theorem 1.3 we see that

Zi@= D, Pl.@¢ > a4z @

ueAtid, <d,; YEW uWy;yel,

= > Pya(-9X > e |zg,@"

ueAtid, <d, YeEW uWyiyely
On the other hand
Zo(—a)= > Poa(-0) D, 9)'VZy,97"
ueNtid, <d, yeEW uW,

Hence to prove Theorem 1.5 it is enough to show that for any double coset
W;uWj; we have

D alz@t= D 'V, 6

yeWuWynli yeW,uWw;

We fix such a double coset W, W, for the rest of this section, where u €
AT N W, uWjy is the unique dominant translation. Letd = d 1« (resp. b) be the
element of maximal (resp. minimal) length in W; uW;.

We shall be interested also in some parabolic analogues of Z,,(q), Z7 (q).
For any H ;Cé S let Wg be the subgroup of W generated by H so that (Wy, H)
is a finite Coxeter group; let wy be the longest element of Wy . We also set
Pu = 2 cwy, q‘@ e Nlq] so that Z,,(q) = Py(q). Recall that J =
S—{so0}, and our previous notation Wy, w is consistent with the new notation.

If in addition we are given an involution 7 : Wy — Wy leaving H stable,
we set (as in [L11, 5.1) Pac = 3 e, c0=x "™ € Nlgl. By [L11, 5.9]
we have Z7, (q) = P;(q>)P;..(q)~" (we use also that Py, (g) = 1 for any
y € Wy, see [L11, 3.6(D)]).

Let H=JNbJb~ ' Lete : Wi+ — Wy~ be the involution y — b~ y*b
(H* is the image of H under ). From [L11, 5.10] we have

S 4] =c@Pi@Phc@)

YEW uW; NI

Similarly,

> ¢ =q""P@HPus(q)".
YEW uW;



A (—q)-analogue of weight multiplicities 333

We see that (6.1) is equivalent to the following statement:

C@)Py(@)Phee(@) " = (=)' PPy (—q)Pp(—=q)".  (6.2)

Lemma 6.1. The involution € on Wyx is the same as Ad(wgy+); i.e.,
b~ 'y*b = wysywy- forall y € Wy

Proof. We shall denote the inverse of u by u~! instead of —u as before.

We have yw; = d = wyjwgbwy. Hence u = wyjwgb. Now W; x Wy
acts transitively on W;uW; by left and right multiplication and the
isotropy group of x is isomorphic to W, := {w € W;;“u = u}. Hence
(WyuWy| = |WJ|2/|W#|. By [L11, 1.1] we have also |[W;uW;| =
|W]|2/|WH| hence |W,| = [Wg|. We show that W, C Wg+. We have
Wy = Wy N bW;b~!; applying * we deduce Wy = Wy N b~ 1W,b.
Hence it is enough to show that W, C b~'W;b. Since U = wjwgb we
have ,u’lWJ,u = b lwgw;Wywyjwgb = b 'Wib. If w € W, then
wu = puw hence pwu~' = w e Wy; thus W, C w'Wyu = b='Wyb.
We have shown that W,, C Wpg~. Since the last two groups have the same
order we see that W, = Wg+. Hence to prove (a) it is enough to show that
for any y € W, we have b~ 'y*h = wy+ywpy+ that is (after applying )
byb™! = wyy*wy. Since b = wywy u, it is enough to show that for y € W,
we have wyuyu'wy; = y*, or, using uy = yu, that wyywy; = y*. This
follows from the definition of * in Section 1.2. This proves the lemma. O

Lemma 6.2. [fL ; S and Ad(wy) is the conjugation by wy on Wy, then

Py Ad(w;)(q) = PL(— 61)( +Z) ,

where ny is the number of odd exponents of Wy.

Proof. Let e;(i € X) be the exponents of W,. We have X = X’ I X” where
X' ={i € X;e;isodd}, X" = {i € X; ¢; is even}. It is well known that

qe,+1 1
Pr@)=]]——
ieX
It follows that
ei+1 ei+1
i i + 1
Pri—q)= [ —— [] " (6.3)
IEX/ q EX// q
We have " "
qe, _ 1 qe, + 1
P Adwr)(@) = H H P (6.4)

ieX’ ieX”
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Here, the left hand side evaluated at a prime power ¢ calculates #B¢(IF,),
where G’ is a semisimple algebraic group defined over I, with absolute Weyl
group Wr, and B is the variety of Borel subgroups of G’. More precisely,
take any semisimple split group G” over F > with Weyl group Wy, and let G’
be a form of G” over F,; obtained by requiring that Gal(F 2 /F,) acts on G”
via the opposition involution. This number #B¢(IF;) can be computed from
the known formula for the number of rational points of such a G’ given in
[S67, §11]. Now the lemma follows from (6.3) and (6.4). O

6.3. Using Lemma 6.1 and 6.2 (applied to L = H*) and the definition of
we see that the desired equality (6.2) is equivalent to

b Cnys
g'® (q__1)¢( : (H'_q)nj " = (—q)®
qg+1 1—gq ’

that is, to the equality
¢(b) =ny —ng=. (6.5)

Here we use that ¢ (w) = {(w) mod 2 for any w € I, see [L11, 4.5].

Now let R’ be the reflection representation of Wy=. For any linear map
A : R’ — R’ we denote by e'(A) the dimension of the (—1)-eigenspace of A.
For 7 € Wy satisfying €(z) = z~\, define

?'(2) = €' (ze) — €' (e). (6.6)

Lemma 6.4. For any z € Wy~ such that €(z) = z~', we have ¢(bz) =

¢'(2) + ¢ (D).

Proof. We argue by induction on £(z). If z = 1 the result is clear. Now assume
that z = 1. We can find s € H™ such that £(sz) < €(z). Assume first that
sz # z€(s). Then £(sze(s)) = €(z) — 2 hence by the induction hypothesis
we have ¢ (bsze(s)) = ¢ (sze(s)) + ¢ (b). By definition, ¢’ (sze(s)) = ¢'(2).
We have bsze(s) = bsb~'bze(s) = e(s)*bze(s) and hence, by definition,
P (bsze(s)) = P(e(s)*bze(s)) = ¢(bz). Thus ¢(bz) = ¢'(z) + ¢ (b). Next
we assume that sz = ze(s). Then £(sze(s)) = €(z) — 1 hence by the induc-
tion hypothesis we have ¢ (bsze(s)) = ¢'(sze(s)) + ¢(b). By definition,
¢’ (sze(s)) = ¢'(z) — 1 and ¢ (bsze(s)) = ¢ (e(s)*bze(s)) = ¢ (bz) — 1. Thus
¢ (bz) = ¢'(z) + ¢(b). This completes the proof of the lemma. O

6.5 Completion of the proof

From Lemma 6.4 we deduce

pbwp+) = ¢'(wh=) + (). (6.7)
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We have d = chwp+c*1 where ¢ = wywpy (see [L11, §1.2]). From the
definition of ¢ we see that ¢ (d) = ¢ (bwg~) hence, using (6.7), we have

¢(d) = ¢'(wp+) + ¢ ().

Hence (6.5) is equivalent to
) — ¢ (wy+) =ny —np-. (6.8)

For any linear map A : Ag — Agq (where Ag = A @z Q), recall e(A) is
the dimension of the (—1)-eigenspace of A. We claim that

d(d) =e(wy). (6.9)

In fact, if w € I, with image w € W, we have ¢ (w) = (%) —e (). Since the

action of * is given by x — —wy(x)), we have ¢ (w) = e(—wwy) —e(—wy).

If w = d then d = twy (¢ is the dominant translation) hence w0 = wy; € W =

Wy and ¢ (d) = e(—id) —e(—wy), which is equal to e(w ). This proves (6.9).
We also claim that

¢ (wp) = €' (wy+). (6.10)

In fact, from the definition (6.6) we have ¢’ (wg*) = e’ (wg+€) — €'(€). Note
that both wg+ and € act naturally on R’; the action of € is given by x +>
—wpy+x by Lemma 6.1. Thus we have ¢'(wg+) = €'(—id) — €/ (—wgy+) =
¢ (wy~). This proves (6.10).

Using (6.9) and (6.10) we see that the desired equality (6.8) is equivalent to

e(wy) — e (wy+) =ny —ng. (6.11)

Now for any finite Weyl group, the dimension of the (—1)-eigenspace of the
longest element acting on the reflection representation is equal to the number
of odd exponents of that Weyl group, as one easily verifies. It follows that
e(wy) =ny, e (wy+) = ny+. Thus (6.11) is proved. This completes the proof
of Theorem 1.5.

6.6 Signature of a hermitian form

Let G be the Langlands dual of G as before, with dual Cartan and Borel
T c B. We identify the Weyl group of G with Wy. Let 4 € AT, viewed as a
dominant weight of G, and let V; be the corresponding irreducible represen-
tation of G with highest weight A. In [L97] a hermitian form %, on V is
constructed in terms of a semisimple element s € T with s2 = 1. Here we
shall take s = (—1)”. The hermitian form # is invariant under a real form
of G which can be shown to be quasi-split (for our choice of s) and admits
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a compact Cartan subgroup. Moreover, by [L97, 2.9], the signature of &, is
given by

Signature(h;) = (= )P H e ((=1)”, Vy). (6.12)

Recall the following results from [L.83]. First, it is shown in [L83, 6.1] that

the multiplicity of the weight 4 in V; is equal to Py, 4, (1). Second, we have
the formula (see [L.83, (8.10)] and its proof)

Za(@)=q"" D Py () D g (6.13)

neAtidy=d, HeWspu

Setting ¢ = 1 we obtain that Zdl(l) = dim V. Setting ¢ = —1 in (6.13), we
obtain N
Z, (1) = (DY u((=1)7, V2). (6.14)

We may also obtain (6.14) from Lemma 4.3(3) and Lemma 5.3. Combining
(6.14) with Theorem 1.5 and (6.12), we obtain

Signature(h;) = ZZZ (D). (6.15)

Thus, while Zdi (g) is a g-analogue of the dimension of V,, Zg} (@) =
Zdi (—q) is a g-analogue of the signature of the hermitian form %, on V.

Remark 6.7. We expect that the hermitian form %, on V) is the complexifi-
cation of the sum of the polarized Hodge structures TH>? (Gr<,) (which only
has (p, p)-classes). By the Riemann-Hodge bilinear relation, this pairing is
positive (resp. negative) definite on TH?? (Gr<;) when p is even (resp. odd).
Therefore the signature on the total intersection cohomology IH®(Gr<;)
(which is also the signature of the Poincaré duality pairing) is also calculated

by Za, (—1) = Zg, (D).

7. Generalization

7.1 More involutions in affine Weyl groups

In Section 1.2, we fixed a hyperspecial vertex so € S in the Dynkin diagram
of (W, S). Let A = Aut(W, S). Then A has a subgroup

Ap = {a € Aut(W, §)| there exists w € Wy
such that a(1) = YA forall 1 € A}.

One may identify A with the affine automorphisms fixing the standard
alcove corresponding to S. It is easy to see that Ap is normal in A. Let
A := A/Aj. The stabilizer of sp under A is A; = Aut(W,, J), which
projects isomorphically to A.
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We recall the extended affine Weyl group is the semi-direct product W =
W X Aj, and it fits into an exact sequence

l>A—>W-o>W-—1

where A is a lattice containing A such that the projection A > W — Ap
induces an isomorphism A/A = Ap.

Lemma 7.2. Recall we have an involution x € Ay defined in (1.1).

(1) Every element in the coset Ax* = xAp C A is an involution.
(2) For any hyperspecial vertex s1 € S, there is a unique a € Apx* which
sends s to s].

Proof.

(1) The group A; acts on Ax by conjugation. This action can be seen expli-
citly as follows: Wj x Ay acts on A by the reflection action stabilizing A.
The action of A; on the quotient Ay, = K/ A 1is then induced from
this reflection action. In particular, the action of * € A; on A is via
A +— —%7 ], which is congruent to —1 modulo A. Therefore * acts on A
by inversion, hence every element a* € A satisfies (a%)? = a(xa*) =
aa”!' =1.

(2) Itis well-known that A permutes the hyperspecial vertices simply tran-
sitively. Then for any a € A, we have (ax)(sg) = a(sp) which exhaust
all hyperspecial vertices exactly once as a runs over Ap. O O

Let s; be another hyperspecial vertex in S. Let ¢ € Aax be the unique
involution taking so to s, hence taking J to J® = § — {s1}. Let I, = {w €
W|w® = w~'} be the o-twisted involutions in W. To avoid complicated sub-
scripts, we denote Wyo by W7 instead.

The following theorem generalizes Theorem 1.3.

Theorem 7.3.

(1) Each double coset Wi\W/ W; in W is stable under the anti-involution
w +— (W)~ In particular, the longest element in each (Wy, W9)-
double coset belongs to I,.

(2) For longest representatives dy and dy of (W, W7)-double cosets in W,
we have

P;l’jlz (Q) = Pdl,dz(_q)'

Here the polynomials Py””,ji(q) (v, w € I,) are the ones defined in [L11]
in terms of (W, S, ©).
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7.4 Sketch of proof

We only indicate how to modify the proof of Theorem 1.3 to give the proof of
this theorem.

The anti-involution w > (w*)~! extends to an anti-involution on W by
the same formula (1.1) (except that 4 now is any element in K). Again each
double coset W J\W / Wy is stable under this anti-involution. Write ¢ = a* for
a € A, then Wi = a(W;). Multiplication by a on the right gives a bijection

WAW/WS < WAW -a/W; C WAW/Wy.

This shows part (1) of Theorem 7.3.

In the situation of Section 3.1, G is a simply-connected group. Let G be
the adjoint form of G, with maximal torus 72! = T/Z(G). Then we have a
natural isomorphism A =X, (T*). The connected components of the affine
Grassmannian Gr for G are indexed by A /A. The G [[]]-orbits on Grd
are indexed by A /Wy, and the natural projection A /W; — A /A indicates
which orbit belongs to which connected component. Identifying A, with
K/ A, we denote the corresponding component of Grd by Grzd (a € A
such that © = ax). We may similarly define the Satake category S for
G* with simple objects C;[(2p, A)], 4 € AT (dominant coweights of G29).
Via the fiber functor H*, S is equivalent to Rep(G*), where G*¢ is the
simply-connected form of G. The same anti-involution 7* defines a functor
(S¥, @) — (8%, %), and there is an isomorphism ¥ : t*C; — C;, nor-
malized to be the identity on Grjd, which induces an involution HL Y, on the
stalks HL C; for u < A € At. Note that in the partial ordering of A, two
elements are comparable only if they are congruent modulo A.

Leta € Nga () (T%((1))) be a lifting of a € Ay < W, then aG[[r]]a "
is a hyperspecial parahoric subgroup of G*((r)) corresponding to the vertex
s1 = ©(so). Let P C G((¢)) be the hyperspecial parahoric subgroup (contain-
ing I) corresponding to s1. Right multiplication by & induces an isomorphism

G((1)/P = GY((1)/aGM[1]1a~! S Grdd (7.1)

which is equivariant under the left actions by GI[[t]]. The double coset
G[[t1I\G((r))/P is in bijection with W;\W/W7. As in (3.5), the coefficients
of the polynomials P;] ,,de (q) are expressible as the traces of an involution
on the stalks of the intersection cohomology complexes on G[[t]]-orbits
of G((t))/P. Under the isomorphism (7.1), we have the following formula
generalizing (3.5):

Py (q) = D (MW, H/Ch)g.
J€EL
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Here p < 1 € AT have image equal to a in K/A, and dj (resp. dy) is the
longest element in the double coset Wy ua='W¢ (resp. Wyia='W$).

So in order to prove Theorem 7.3(2), it suffices to show that Hff Y, acts
on Hff C, via multiplication by (—1)/ for any u < 1 € A™T. The argument
in Section 4 works up to Lemma 4.2. The pair (z*, y) again determines the
element g = (—1)” € T < Aut(G*®). However, a monoidal isomorphism
0: %> idgad is the same as the choice of an element’g € T lifting (—1)”:
the effect of ® on V € Rep(é“) =~ S ig the action of g~ !. Lemma 4.3(2)
should say that the effect of ® (org~!) on C;[(2p, A)]isg "’ 'lr}‘}. In the rest
of the argument, we use (4.6). The piece H%Qﬂ o >(Qﬂ) ® Hij C, appears in
degree 2(2p, 1) +2j — (2p, A) in IH*(Q<,)[(2p, 4)] = V;, hence it appears
as a subquotient of @, V; (v), where v € A has the same image as 4 and 4 in
A/A and

(2p,v) =2Q2p, ) +2j = (2p, 4), or j ={p,v+1i—2u). (7.2)

We write H(%(Zp’”)(Qﬂ)@'HijC,{ = @U(H?ZP’”)(Q#)@H{‘CA)V according to
the weight decomposition. Therefore 3! or §’w”r,”g acts on (HEQP ) (Q)®
H,Z/Cg)v by g7V. Specializing to A = u = v, ’gv_w’”r;} acts on
HE(ZP’”)(Q#) = IH2<2P’/‘>(Q§ﬂ) by g~ #. Therefore, by (4.6), the action of
H{;‘I’i on H{l C, is given by

§—v+w1/1 . (§—/l+wjﬂ)—1 — ’g’—v-‘r#"rwj(l—,u). (73)
Since —v 4+ u € A, we have g7"t# = g Vti = (1)1 Since
)‘ — lu c A’ we also have ’gwj(l*,u) = gw‘,(iiﬂ) = (—1)(/)’11)!(}*7#)) =
(—1){=P-A=1) Taking these two facts together we conclude that the expres-
sion (7.3) is equal to

(— 1)(ﬂ,—v+#> (- 1)(—%/1—#) = (- 1)(ﬂ,—"—/1+2#) ,
which is equal to (—1)/ by (7.2). This finishes the proof of Theorem 7.3.

Remark 7.5. Theorem 1.5 can also be generalized to the setup in Section 7.
Using this generalization, we may extend the discussion in Section 6.6 to the
case where G is simply connected. In this case, irreducible finite dimensional
representations of G still carry natural hermitian forms as in [L97], and their
signatures can be expressed in terms analogous to (6.15). We omit the details.
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