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Let G be a connected reductive group over a non-archimedean local field F. The
Bernstein center Zg is the center of the category of smooth complex representations
of G(F'), which is in some sense the ring of regular functions on the set of irreducible
representations of G(F'). Each element of Zg determines an invariant distribution on
G(F). There is a subtle notion of stability for invariant distributions on G(F'), which
has to do with the fact that two distinct G(F')-conjugacy classes in G(F') can become
conjugate under G(F) (F is an algebraic closure of F). Let Z& be the subspace of Z¢
consisting of those elements which are stable as invariant distributions.

The stable Bernstein center conjecture says that Zgf is a unital subalgebra of Zg,
i.e., as a subspace of invariant distributions, Zét should be closed under convolution.
A refined version of the conjecture says that if we view Zg as functions on the set
of irreducible representations of G(F), Z§& should consist exactly of those functions
that are constant on L-packets. Here, according to the local Langlands conjecture, the
irreducible representations of G(F') are partitioned into finite subsets called L-packets,
which are indexed by Galois representations into the dual group “G.

The paper under review proposes a geometric way of constructing many (conjecturally
all) elements in the depth zero part Z2 of the Bernstein center, when F is a local function
field and G is split. This approach opens up the possibility of using geometric and sheaf-
theoretic machinery to prove the stability of certain elements in Z2, in the same
spirit that geometric methods helped prove the fundamental lemma. As a concrete
implementation of this strategy, it is checked in this paper that the unit element in Zg
is stable, a statement which was not known before.

The proposal has its origin in a new construction of character sheaves on a reductive
group H as the categorical center of the monoidal category of sheaves on U\H/U
(where U C H is a maximal unipotent subgroup) [see D. Ben-Zvi and D. Nadler, “The
character theory of a complex group”, preprint, arXiv:0904.1247; R. Bezrukavnikov, M.
Finkelberg and V. Ostrik, Invent. Math. 188 (2012), no. 3, 589-620; MR2917178]. In
the current paper the authors carry out an analogous construction when H is replaced
with the loop group LG, with (inevitably) a much higher level of technicality. They
consider the monoidal category of constructible sheaves on I™\LG/I", where I is the
pro-unipotent radical of an Iwahori subgroup I of LG. Then take Zy+(LG) to be the
categorical center of the above monoidal category. There is an averaging functor sending
an object B € Z1+ (LG) to an LG-equivariant complex of sheaves Av(B) on LG, which
further carries an action of the affine Weyl group w. Taking the derived invariants of
the W-module Av(B) against the sign representation of W, the resulting object A(B)
on LG is the proposed geometric incarnation of an element in Z2. More precisely, via
the sheaf-to-function correspondence, the Frobenius trace at a regular semisimple point
v € G(F) (viewed as a k-point of LG where k is the residue field of F') is the value of a
well-defined element [B] € Z2 at .

There are several difficulties new to the current situation that the authors had to
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overcome: one is that the sheaves they work with live over infinite-dimensional spaces
such as LG; allgther one, WhiC}/lViS more essential, is that in order to talk about derived
invariants of W-modules, the W-action on Av(B) needs to be defined at an enhanced
categorical level beyond the mere action on the cohomology sheaves of Av(B). To
overcome these difficulties, the authors systematically use the language of stable co-
categories. In fact, the entirety of sections 1 and 2, which occupy more than a third of
the paper, are devoted to setting up categorical foundations for sheaf theory on nice
infinite-dimensional ind-schemes and ind-stacks. This part should be of independent
interest.

In the simplest case when B is the unit object in Z+(LG), the stalk of Av(B) at a
regular semisimple element v € LG is the homology of the affine Springer fiber F1,, on

which the W-action was constructed by G. Lusztig [Transform. Groups 1 (1996), no. 1-
2, 83-97; MR1390751]. In this case, the authors show that the corresponding element
20:=[B] Z?; is the projector to the depth zero part Z% of Zg. In particular, z° should
be in the stable Bernstein center Z¢f. The main numerical result of this paper (Theorem
4.4.9) confirms that this is indeed the case, at least when 2° is restricted to regular
semisimple elements. The proof is achieved in two steps: first, the authors give a formgl/a
for the value of 2 at a regular semisimple element ~ in terms of the Frobenius and W-
actions on the homology of the affine Springer fiber F1, (Theorem 4.4.8). Second, they
use a theorem of the reviewer [Math. Ann. 359 (2014), no. 3-4, 557-594; MR3231007]
on the compatibility of two actions on the homology of Fl, to deduce the stability of 2°.
Note that the proof of the theorem in [Z. Yun, op. cit.] ultimately uses global methods
involving the geometry of Hitchin fibrations.

In section 3.5, there is also an outline of how to get all elements in the depth zero
stable Bernstein center. The idea is to start with objects in Z+(LG) coming from
D. Gaitsgory’s nearby cycles construction [Invent. Math. 144 (2001), no. 2, 253-280;
MR1826370].

Given the technical nature of the subject, the paper is very clearly written. Some of
the proofs in section 3 are postponed to a future publication. Zhiwei Yun

References

1. D. BEN-ZVI & D. NADLER — “The character theory of a complex group”, preprint,
arXiv: 0904.1247.

2. J. N. BERNSTEIN — “Le ‘centre’ de Bernstein”, in Representations of reductive groups
over a local field, Travaux en Cours, Hermann, Paris, 1984, p. 1-32. MRO771671

3. R. BEZRUKAVNIKOV — “On two geometric realizations of an affine Hecke algebra”,
preprint, arXiv: 1209.0403.

4. R. BEZRUKAVNIKOV, M. FINKELBERG & V. OSTRIK — “Character D-modules via
Drinfeld center of Harish-Chandra bimodules”, Invent. Math. 188 (2012), no. 3, p.
589-620. MR2917178

5. R. BEZRUKAVNIKOV, D. KAZHDAN & Y. VARSHAVSKY — “Character sheaves and
center of the categorical Hecke algebra”, in preparation.

6. R. BEZRUKAVNIKOV, D. KAZHDAN & Y. VARSHAVSKY — “On the categorical
Bernstein center”, in preparation.

7. R. BEZRUKAVNIKOV & Y. VARSHAVSKY — “Homology of affine Springer fibers,
characters of Deligne-Lusztig representations, and stability”, preprint.

8. B. BHATT & P. SCHOLZE — “The pro-étale topology for schemes”, in this volume.

9. P. DELIGNE & G. LuszTIiG — “Representations of reductive groups over finite
fields”, Ann. of Math. (2) 103 (1976), no. 1, p. 103-161. MR0393266

10. A. GROTHENDIECK — “Eléments de géométrie algébrique IV. Etude locale des


/mathscinet/pdf/1390751.pdf
/mathscinet/pdf/3231007.pdf
/mathscinet/pdf/1826370.pdf
/mathscinet/search/publications.html?pg1=IID&s1=862829
/mathscinet/pdf/771671.pdf?pg1=MR&amp;s1=0771671&amp;loc=fromreflist
/mathscinet/pdf/2917178.pdf?pg1=MR&amp;s1=2917178&amp;loc=fromreflist
/mathscinet/pdf/393266.pdf?pg1=MR&amp;s1=0393266&amp;loc=fromreflist

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

schémas et des morphismes de schémas”, Publ. Math. Inst. Hautes Etudes Sci. 20,
24, 28, 32 (1964-67). MRO173675

D. GAITSGORY — “Construction of central elements in the affine Hecke algebra via
nearby cycles”, Invent. Math. 144 (2001), no. 2, p. 253-280. MR1826370

T. HAINES — “The stable Bernstein center and test functions for Shimura varieties”,
preprint, arXiv: 1304.6293.

J. E. HUMPHREYS — Reflection groups and Coxeter groups, Cambridge Stud. Adv.
Math., vol. 29, Cambridge Univ. Press, Cambridge, 1990. MR1066460

D. KAzZHDAN & G. LuszTiG — “Fixed point varieties on affine flag manifolds”, Israel
J. Math. 62 (1988), no. 2, p. 129-168. MR0947819

D. KazuDpAN & Y. VARSHAVSKY — “Yoneda lemma for complete Segal spaces”,
Funct. Anal. Appl. 48 (2014), p. 81-106. MR3288174

R. E. KorTwiTz — “Isocrystals with additional structure”, Compositio Math. 56
(1985), no. 2, p. 201-220. MR0809866

G. LAauMON & L. MORET-BAILLY — Champs algébriques, Ergeb. Math. Grenzgeb.
(3), vol. 39, Springer-Verlag, Berlin, 2000. MR1771927

Y. Liu & W. ZHENG — “Enhanced six operations and base change theorem for
sheaves on Artin stacks”, preprint, arXiv: 1211.5948.

Y. Liv & W. ZHENG, “Enhanced adic formalism and perverse t-structures for higher
Artin stacks”, preprint, arXiv: 1404.1128.

G. LuszTtic — “Classification of unipotent representations of simple p-adic groups”,
Internat. Math. Res. Notices (1995), no. 11, p. 517-589. MR1369407

G. LuszTtia, “Affine Weyl groups and conjugacy classes in Weyl groups”, Transform.
Groups 1 (1996), no. 1-2, p. 83-97. MR1390751

G. LuszTia, “Classification of unipotent representations of simple p-adic groups
IT”, Represent. Theory 6 (2002), p. 243-289. MR1927955

G. LuszTia, “Unipotent almost characters of simple p-adic groups”, Int. Math. Res.
Not. (1995), no. 11, p. 517-589. MR 1369407

G. LuszTtia, “Unipotent almost characters of simple p-adic groups 117, Transform.
Groups 19 (2014), no. 2, p. 527-547. MR3200434

J. LURIE — Higher topos theory, Ann. of Math. Stud., vol. 170, Princeton Univ.
Press, Princeton, NJ, 2009. MR2522659

J. LURIE, “Higher algebra”, available at http://www.math.harvard.edu/~lurie/.
A. Moy & G. PRASAD — “Unrefined minimal K-types for p-adic groups”, Invent.
Math. 116 (1994), no. 1-3, p. 393-408. MR1253198

A. Moy & G. PrAsAD, “Jacquet functors and unrefined minimal K-types”, Com-
ment. Math. Helv. 71 (1996), no. 1, p. 98-121. MR1371680

B. C. NcO — “Le lemme fondamental pour les algébres de Lie”, Publ. Math. Inst.
Hautes Etudes Sci. (2010), no. 111, p. 1-169. MR2653248

D. PERRIN — “Approximation des schémas en groupes, quasi compacts sur un
corps”, Bull. Soc. Math. France 104 (1976), no. 3, p. 323-335. MR0432661

C. REZK — “A model for the homotopy theory of homotopy theory”, Trans. Amer.
Math. Soc. 353 (2001), no. 3, p. 973-1007. MR1804411

D. RypH — “Noetherian approximation of algebraic spaces and stacks”, J. Algebra
422 (2015), p. 105-147. MR3272071

P.ScHOLZE & S. W. SHIN — “On the cohomology of compact unitary group Shimura
varieties at ramified split places”, J. Amer. Math. Soc. 26 (2013), no. 1, p. 261-294.
MR2983012

R. W. THOMASON & T. TROBAUGH — “Higher algebraic K-theory of schemes and
of derived categories”, in The Grothendieck Festschrift III, Progr. Math., vol. 88,
Birkhéuser, Boston, MA, 1990, p. 247-435. MR1106918


/mathscinet/pdf/173675.pdf?pg1=MR&amp;s1=0173675&amp;loc=fromreflist
/mathscinet/pdf/1826370.pdf?pg1=MR&amp;s1=1826370&amp;loc=fromreflist
/mathscinet/pdf/1066460.pdf?pg1=MR&amp;s1=1066460&amp;loc=fromreflist
/mathscinet/pdf/947819.pdf?pg1=MR&amp;s1=0947819&amp;loc=fromreflist
/mathscinet/pdf/3288174.pdf?pg1=MR&amp;s1=3288174&amp;loc=fromreflist
/mathscinet/pdf/809866.pdf?pg1=MR&amp;s1=0809866&amp;loc=fromreflist
/mathscinet/pdf/1771927.pdf?pg1=MR&amp;s1=1771927&amp;loc=fromreflist
/mathscinet/pdf/1369407.pdf?pg1=MR&amp;s1=1369407&amp;loc=fromreflist
/mathscinet/pdf/1390751.pdf?pg1=MR&amp;s1=1390751&amp;loc=fromreflist
/mathscinet/pdf/1927955.pdf?pg1=MR&amp;s1=1927955&amp;loc=fromreflist
/mathscinet/pdf/1369407.pdf?pg1=MR&amp;s1=1369407&amp;loc=fromreflist
/mathscinet/pdf/3200434.pdf?pg1=MR&amp;s1=3200434&amp;loc=fromreflist
/mathscinet/pdf/2522659.pdf?pg1=MR&amp;s1=2522659&amp;loc=fromreflist
/mathscinet/pdf/1253198.pdf?pg1=MR&amp;s1=1253198&amp;loc=fromreflist
/mathscinet/pdf/1371680.pdf?pg1=MR&amp;s1=1371680&amp;loc=fromreflist
/mathscinet/pdf/2653248.pdf?pg1=MR&amp;s1=2653248&amp;loc=fromreflist
/mathscinet/pdf/432661.pdf?pg1=MR&amp;s1=0432661&amp;loc=fromreflist
/mathscinet/pdf/1804411.pdf?pg1=MR&amp;s1=1804411&amp;loc=fromreflist
/mathscinet/pdf/3272071.pdf?pg1=MR&amp;s1=3272071&amp;loc=fromreflist
/mathscinet/pdf/2983012.pdf?pg1=MR&amp;s1=2983012&amp;loc=fromreflist
/mathscinet/pdf/1106918.pdf?pg1=MR&amp;s1=1106918&amp;loc=fromreflist

35. D. A. VOGAN, Jr. — “The local Langlands conjecture”, in Representation theory of
groups and algebras, Contemp. Math., vol. 145, Amer. Math. Soc., Providence, RI,
1993, p. 305-379. MR1216197

36. J.-L.. WALDSPURGER — “Le lemme fondamental implique le transfert”, Compositio
Math. 105 (1997), no. 2, p. 153-236. MR1440722

37. Z. YUN — “The spherical part of the local and global Springer actions”, Math. Ann.
359 (2014), no. 3—4, p. 557-594. MR3231007

Note: This list reflects references listed in the original paper as accurately as

possible with no attempt to correct errors.

(© Copyright American Mathematical Society 2016


/mathscinet/pdf/1216197.pdf?pg1=MR&amp;s1=1216197&amp;loc=fromreflist
/mathscinet/pdf/1440722.pdf?pg1=MR&amp;s1=1440722&amp;loc=fromreflist
/mathscinet/pdf/3231007.pdf?pg1=MR&amp;s1=3231007&amp;loc=fromreflist

