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Z/m-GRADED LIE ALGEBRAS AND PERVERSE SHEAVES, I1

GEORGE LUSZTIG AND ZHIWEI YUN

ABSTRACT. We consider a fixed block for the equivariant perverse sheaves with
nilpotent support on the 1-graded component of a semisimple cyclically graded
Lie algebra. We give a combinatorial parametrization of the simple objects in
that block.
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INTRODUCTION

As in [LY] we fix G, a semisimple simply connected algebraic group over k (an
algebraically closed field of characteristic p > 0) and a Z/m-grading g = ®icz/mJi
for the Lie algebra g of G; here m is an integer > 0 and p is 0 or a large prime
number. We fix n € Z — {0} and let § be the image of n in Z/m. Let Gy be
the closed connected subgroup of G' with Lie algebra gg; this group acts naturally
on gs and on gg”l = g5 N g™ where g™ is the variety of nilpotent elements in
g. Recall that Z(gs) denotes the set of pairs (O, £) where O is a Gp-orbit on g7
and £ is an irreducible Gp-equivariant local system on O up to isomorphism. Let
B be the set of isomorphism classes of simple Gg-equivariant perverse sheaves on
g7, Then there is a natural bijection Z(gs) — B given by (O, L) — L£*[dim O]
(for the notation £ see [LY] 0.11]). In [LY, Theorem 0.6] we have shown that B
can be naturally decomposed as a disjoint union of blocks B indexed by the Go-
conjugacy classes of admissible systems £ = (M, My, m, m,, C’) such that if B, B/
are in different blocks then the Gy-equivariant Ext-groups of B with B’ are zero.
This generalizes a result of [L4] in the Z-graded case; its analogue in the ungraded
case is the known partition of the set G-equivariant simple perverse sheaves on g™*
into blocks given by the generalized Springer correspondence.

In this paper we give an (essentially) combinatorial way to parametrize the ob-
jects in a fixed block ¢B of B. It is known that in the ungraded case, the objects in
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a fixed block are indexed by the irreducible representations of a certain (relative)
Weyl group attached to the block. In the Z/m-graded case we will associate to
the block B a Q-vector space E with a certain finite collection of hyperplanes.
The complement of the union of these hyperplanes is naturally a union of finitely
many (not necessarily conical) chambers which can be taken to form a basis of a
Q(v)-vector space V' (here v is an indeterminate). The chambers represent various
spiral induction associated to the block. The vector space V' carries a natural,
explicit, sesquilinear form (:) : V/ x V! — Q(v) defined in terms of dimensions of
Ext-groups between the spiral inductions (see [LY] 6.4]) which correspond to the
chambers. We show that the left radical of this form is the same as its right radical.
Taking the quotient of V' by the left or right radical we obtain a Q(v)-vector space
V with an induced sesquilinear form (:). It turns out that V is naturally isomorphic
to the Grothendieck group based on B (tensored with Q(v)) and, in particular,
the number of elements in €8 is equal to dimq(,) V. The vector space V has a
natural bar involution ": V — V and a natural A-lattice V4 in V, both defined
combinatorially. (Here A = Z[v,v™!].) We then define a subset B’ of V as the set
of all b € V 4 such that b= b and (b: b) € 1 +vZ[[v]]. We show that B’ is a signed
basis of V. (Although the definition of B’ is combinatorial, the proof of the fact
that it is a well-defined signed basis is based on geometry; it is not combinatorial.
It would be desirable to find a proof without using geometry.) Let B’/+ be the
set of orbits of the Z/2-action b — —b on B’. We show that B’/+ is in natural
bijection with the given block ¢%8. Thus B’/ could be regarded as a combinatorial
index set for 8. (A similar result in the Z-graded case appears in [L4].)

We now discuss the contents of the various sections. In Section 10 we define the
Q-vector vector E with its hyperplane arrangement associated to a block. We also
define the Q(v)-vector space V' with its sesquilinear form (:), its quotient space V
and the bar operator. In Section 11 we define the A-lattice V 4 in V and the signed
basis B’. In Section 12 we prove some purity properties of the cohomology sheaves
of the simple Gp-equivariant perverse sheaves on gg“, which generalize those in the
Z-graded case given in [L4]. In Section 13 we generalize an argument in [L4] to
express the matrix whose entries are the values of the (:)-pairing at two elements of
B as a product of three matrices. This is used in Section 14 to prove the vanishing
of the odd cohomology sheaves of the intersection cohomology of the closure of any
Go-orbit in g7 with coefficients in an irreducible Gyp-equivariant local system on
that orbit. This generalizes a result in [L4] in the Z-graded case whose proof was
quite different (it was based on geometric arguments which are not available in the

present case).

We will adhere to the notation and assumptions of [LY].

10. THE VECTOR SPACE V AND THE SESQUILINEAR FORM (:)

In this section, we introduce a combinatorial way of calculating the number of
irreducible perverse sheaves in a block Q(gs). This is achieved by introducing a
finite-dimensional vector space V' over Q(v) together with a sesquilinear form on
it coming from the pairing between spiral inductions in the fixed block £. Then the
number of irreducible perverse sheaves in ¢Q(gs) turns out to be the rank of this
sesquilinear form on V' (Proposition 10.19).
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10.1. Wefix§{ € £, and a representative £ = (M, My, m, m,, C’) € %, for £&. We also

fix = (e, h, f) € JM such that e € ‘%nv hemy, fem_,. Weset =14 € Y.
Let
Z=2%.

Since Z is a torus, Yz is naturally a free abelian group (with operation written
as addition) and E := Yz q may be naturally identified with the Q-vector space
Q®Yz. Let Xz = Hom(YZz,Z) and let (:) be the obvious perfect bilinear pairing
Y, x Xz — Z. This extends to a bilinear pairing E x (Q® Xz) — Q denoted again
by (:). For any o € Xz let

g ={x €g;Ad(z)x = a(z)z Vze Z}.
For any (a,i) € Xz x Z/m let
gi =0"Ngi
For any (a,n,i) € Xz X Z X Z/m let
;" =0y N (19:)-
For any i € Z/m, let R; = {(a,n) € Xz xZ;g;"" # 0}, Rf = {(a,n) € Ri;a # 0}.
Note that
(a) dimg"" = dimg_;""" for any o, n,i; hence (a,n) — (—a, —n) is a bijection
Ri = R_i and a bijection R} = R* .
We have
9= Blamiexsxzxz/m(8; ") = Giez/m,(amer, (8 ")-
For any N € Z and any (a,n) € Ry we set
HNanN ={w € E;(w:a) =2N/n—n}.
This is an affine hyperplane in E. We set
E =E - UNeZ7(a7n)E'R*ﬂ~6a,n,N-

10.2. Recall the notation Yy q for a connected algebraic group H with Lie algebra
b from [LY] 0.11]. For u,u’' € Yy g, we say p commutes with p if for some 7,7’ in
Z~q such that ru, 'y’ € Yy, the images of the homomorphisms ru, 'y’ : k* — H
commute with each other. This property is independent of the choice of r,r'. If
i commutes with p/, and r,r’ € Z~q are as above, then letting A = ru, N = 7’1/,
we have the homomorphism v : k* — H given by v(t) = At )N (t"). We then
define p+ ¢/ :==v/(rr’) € Yu,q. Then p + 1’ is independent of the choice of r, 7.
Moreover, for any k € Q, we have

(a) b = @spequst=n(( N { D).
Let w € E. Since w € E = Yz g commutes with ¢ € Y)y,, by the above discussion,
we may define

ul

w = 7(@ + L) € YMO,Q C YGQ,Q~

From the definitions, w may be computed as follows. We choose f € Z~( such that
N = fw € Yz and f/|n| € Z; we define A € Y, by A(t) = ¢(t/)N(t) = N ()(t))
for all t € k*; we then have @w = %)\ €Yg, Q-

We shall set € =17 € {1,—1} (the sign of 7, see 0.12).

Now “pi7, €I~ are well-defined; see [LY], 2.5, 2.6].
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We set

UIZ = Orezfl

<M

We show: ~
(b) We have I = m, if and only if w € E'.
If x € g;"" and t € k*, then

Ad(A®)z = Ad(u(t)) Ad(N () = tF+ N g

and Ad(u(t))x = t"x. Thus, g;"" C 2f+<>«:a>9i and g;"" C L g;. It follows that for
any k € Z we have

a,n)
)

(C) zgl = @(a,n)ERi;anr()\’:a):k(gi

(d) Z;gz = @(a,n)ERi;n:k(g?,n)'

For any N € Z we have ‘I = é\fN/ngﬂ' We see that

(e) TN = Blam)eRumf+ (Vo) =27 N/n (8N ")-

Recall from 1.2(e) that if N € Z,my # 0, then N € nZ. Let N € nZ. From
the arguments in 3.3 (or by [LY] 10.3(a)]) we see that, for some w’ € E, we have
= = m,. (Here @’ is attached to @’ in the same way that @ was attached to w.)
Hence, using (e) with w replaced by w’, we see that there exists a subset Ry of Ry
such that my = ®a,n)ery (N ") If (,n) € Ry, then 0 # gy C my. Hence for
ze gy — {0} and z € Z, t € k*, we have Ad(z)z = a(2)z, Ad(u(t))x = t"z; but
Ad(z)x = x since Z is in the center of M and Ad(c(t))z = t*V/7z since z € my.
Thus «(z) = 1 (so that @« = 0) and n = 2N/n. We see that Ry C {(0,2N/n)}.

Conversely, we show that goﬂ’zN/" Cmy. Ifx e goﬂ’m’/", then Ad(z)z = z for all

z € Z and Ad(u(t))z = t*N/7z for all t € k*. Since £ in 9.1 is admissible, there
exists tg € k*, z € Z, such that m is the fixed point set of Ad(:(t9)z)0 : g — g.
Since m,, is contained in this fixed point set and Ad(z) acts trivially on it, we see
that t3¢"y = y for all y € m,,.

If m, # 0, it follows that ¢2¢”7 = 1. Thus we have Ad(:(t)2)0(x) = t(Q)N/nCNx =
(t2¢MN/ng = x. (Here we use that N € nZ.) Thus 2 is contained in the fixed point
set of Ad(c(to)z)0 : g — g, so that x € my. We see that for any N € nZ we have

(f) my =gx .

Now (f) also holds when m,, = 0. (In that case we must have ¢« = 1 hence m = my,
so that my = 0 for N # 0. Moreover, by [LY], 3.6(d)], m is a Cartan subalgebra of
go and Z = M. We also have gjo\’,QN/" =0 for N # 0. Thus, for N # 0, (f) states
that 0 = 0. If N = 0, (f) states that m is its own centralizer in g, which is clear.)

From (e),(f) we see that my C I for all N € nZ and that

(g) for N € nZ we have my = €I% if and only if the following holds: {(a,n) €
Ry;n+ (w: a) = 2N/n} is equal to {(0,2N/n)} if (0,2N/n) € Ry and is empty
if (0,2N/n) & R;

(¢') for N € Z —nZ we have my = By (or equivalently U = 0) if and only if
{(a,n) € Ry;n+(w : a) = 2N/n} = 0. The condition in (g) can be also expressed
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as follows:

{(a,mn) € Ry;n+ (w: ) =2N/n} =0 for any N € nZ.

The condition in (g') can be also expressed as follows:

{(a,n) e Ry;n+ (w:a) =2N/n} =0 for any N € Z — nZ.

Indeed, it is enough to show that if N € Z—nZ and {(a,n) € Ry;n+(w: a) =
2N/n}, then we have automatically a # 0. (Assume that & = 0. Then n = 2N/n
so that n is an odd integer. Since g° = m and g " 2 () we see that {m # 0. Using
1.2(d) we deduce that n is even, a contradiction.)

We see that (b) holds.
From (c) we deduce that

ep% = @kez;kZQfN/n@gﬂ) = @kez,(a,n)eRMkzsz/n,anr<)«:a>:k(gin)y

hence

(h) PN = Dlam)eRyi(mia) >2N/n—n Gy )-
The nilradical “us= of *pi” is given by

(i) Uy = @(a,n)eni;(m;a»zmn—n(gin)-

We see that for w, @’ in E and N € Z, the following two conditions are equivalent:
(I) “px = Py -
(II) For any (a,n) € Ry we have (w: a) +n > 2N/n & (@' a) +n > 2N/y.
For w,w’ in E' we say that w = @’ if for any N € Z and any (a,n) € RYy we
have -

({(w:a)+n—2N/n)((=":a)+n—2N/n) > 0.

This is clearly an equivalence relation on E’. From the equivalence of (I),(II) above,
we see that

) w=w & Py = Ep%, VN € Z.
For any w € E' we set

I, = elndf’;%(é[— dimm,]) € Q(gs),
(k) I = Ind}y=(C) € Qlgs).

Here we regard C as an object of Q(IF) = Q(m,), see (b). Note that in K(gs) we
have

I‘w = Uh(w)lwv
where
h(w) = dim “ug” 4 dim ‘w7 + dim m,, = dim “ug” + dim “p7.
We show:
) Ifw, o' €eE, w=w, then I, = I/, h(w) = h(w’).

Indeed, in this case we have p3; = “p%; for all N € Z (see (j)) and the result
follows from the definitions.
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10.3. We keep the setup of 10.1, 10.2. As in [LY] 2.9], for any N € Z we set
1§ =b4n/mon i 2N/n € Z, 13, =0if 2N/n ¢ Z.

Hence

(a) Iﬁ/’ = G%oc,n)éRg;n:ZN/nQEn-

We set [? = @Neziﬁ]-
Let

E" = E — Unez,(a,n)ery in#2N/nHan,N-

For w € E we show:

(b) We have [= C [® if and only if w € E".

Using (a) and 10.2(e) we see that we have @N{[% C 19 if and only if for any
N € Z we have

{(a,n) € Ry;n + (w: a) = 2N/n} C {(a,n) € Ry;n = 2N/n},
or equivalently,
{(a,n) € Ry;n+ (w: o) = 2N/m;n # 2N/n}t =0,
or equivalently,
{(a,n) e Ry;(w:a) =2N/n—n#0} =0.

This is the same as the condition that ©o € E”. This proves (b).

10.4. We show:

(a) Let p, be an e-spiral with a splitting m), such that m is a Levi subalgebra of a
parabolic subalgebra of m' = &nm’y compatible with the Z-gradings. Then for some
w € E we have p, = pZ, m, = 1.

We can find p € Yg,.q such that p, = “p% and m), = I, Let M} = e™o.
We choose f € Zq such that Ay := fu € Yg,. We have myy = "}}Vegﬁ for all
N € Z. Let N € nZ. Since my C wy, for any z € my and any ¢ € k* we have
Ad(\(t))z = t/Nex; we have also Ad(u(t))x = 2N/ 1z,

Hence Ad(\ (t2)e(t=71"))z = x for any 2 € my. Since this holds for any N € nZ,
it follows that the image of A2.=fI"l : k* — M{ commutes with M. Since M is a
Levi subgroup of a parabolic subgroup of M’, the image of A2,/ Il is contained in
Zn, hence in 29, = Z. In particular, the images of ¢ and /\%L_ﬂ"‘ commute with
each other, hence the images of A\; and ¢ commute with each other. It therefore
makes sense to write X' := 2X\; — f|n|¢ € Ya; and we actually have X' € Y. Let
w=|n|"1f7IN € Yz,q = E. We have w = ||~ (21— |n|¢) hence @ + ¢ = 2|n| "y,
that is, 4 = @ and (a) is proved.

Let C’ be the collection of e-spirals p, such that m, is a splitting of p,. We show:

(b) C' coincides with the collection of e-spirals of the form p% with w € E’.

Assume first that p, € C’. Using (a) with m, = m, we see that for some w € E
we have p, = pZ, m, = [Z. Using 10.2(b), we see that w € E'.

Conversely, assume that p, = p% for some w € E’. From 10.2(b) we have
m, = “IZ. Thus p, € C'. This proves (b).
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Let C” be the collection of e-spirals p, with the following property: there exists
a splitting m’, of p, such that my C m’y C % for all N. We show:

(c) C" coincides with the collection of e-spirals of the form “ps with w € E”.

Assume first that p, € C” and let m’, be a splitting of p, as in the definition of C".
Now m is a Levi subalgebra of a parabolic subalgebra of m’ = &xm/y compatible
with the Z-gradings of m and m’. (Indeed, from the proof of 3.7(c) we see that
there exists A € Yz such that m = {y € [*; Ad\\(t))y =y V¢t € k*}. Since m’ C [¢
we see that m = {y € m; Ad(A\(¢))y =y Vt € k*}, as required. ) Using (a), we see
that for some @ € E we have p, = “p7,
from 10.3(b) that w € E”.

Conversely, assume that p, = pZ for some w € E’. Let m), = [Z. From
10.3(b) we see that ‘[% C % for all N. We also have my C [% for all N. Thus
p. € C". This proves (c).

Note that:

(d) If p. € C”, then the splitting w', in the definition of C" is in fact unique.

Indeed, assume that m/,m/ are splittings of p, such that my C mfy, my C my
for all N. By [LY] 2.7] we can find u € Uy (U as in [LY], 2.5]) such that Ad(u)m/ =
w),. In particular, we have Ad(u)mj = m(. This implies u = 1 since m(, m; are
both Levi subalgebras of pg containing mg. Hence m/, = w’,.

= “[Z. Since €[— [ for all N, we see

*

10.5. Let p., p}, be two e-spirals such that py C p’y for all N. Let u,,u, be their
nilradicals. Then we have u}y, C uy for all N. In particular, uy C py for all N.
We show:

(a) OypN /Wy is a parabolic subalgebra of I = Oy /uy .

Let Py = ", P} = ePo and let Uy = Up,, U = Up;. We have Py C P}, Uj C Up.
Now p, = pi and p, = p for some po=Nrp =N/ with \,\ € Yg, and
r,r" € Zxo. We have A\(k*) C Py, N'(k*) C Fj. We can find Levi subgroups Lo,
L}, of Py, P} such that Ly C L. By conjugating A (resp. \') by an element of Uy
(resp. Up) we can assume that A € Z; , N € Zpy- Since Zp, C Zp,, we have
AN (@) = XN (#)A(t) for any t,t’ in k*. Hence we have g = @k,k/eQ,z’eZ/m(ﬁ:Z/lgi)a
where ’,j,’:,/g, =hg N ‘k‘,/gi. We have

PN = Ok keqik>Ne(} 1 ON):
PN = Brpeqie=Ne (il 1)
Uy = Ok weqik>Ne (il 98)-

Since wy C py C py we see that

m

),
);

PN = Ok kreQik>Ne k' >Ne

)

o,

bk’ ON
/

Uy = @k,k/eQ;kZNs,k’>Ne(Z;: N

)

hence

/ N
PN /Uy = Ok keqik>Ne k' =Ne (3 ON)-
This is a subspace of

1o oo o
pn/un =y = Spweqibr=ne(} 1 ON)-
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Since p and p _commute with each other, it makes sense to define v = u —
TS YkévQ' Let I' = @nly C g. Then L{ acts on [ by the Ad-action and v
induces a Q-grading I' = @, eqy, I'- From the definitions we see that ©ypy /uy =
Ok, ik, >0(%, ') Thus (a) holds.

A similar argument shows:
(b) If m, is a splitting of p., the obvious map m = Gymy — Gnpy /Wy defines
an isomorphism of m onto a Levi subalgebra of @npn/uy-

10.6. Let w, @’ in E’. For any t € Q such that 0 <t < 1 we set
wyi=tw+ (1 -t)w'.

We assume that there is a unique hyperplane § of the form $ = $q,.n,,n, for some
(ag, Mo, No) with Ny € Z, (ag,n0) € R’&O such that w; € $ for some t = s; this s
is necessarily unique since wy ¢ $). Note, however, that the triple (ag, ng, No) is
not uniquely determined by $). We set w” = w,,

_eewm ) _ e.w e, wm e @
Py = p*_>p*_ p*_vu*_ U U, = U,

" e’ eyw’ T
p*: p*_’[*: [*_a[ :EBNEZ[Na
!’ "

Py =¢€P0, Pj = ePo, Pl = ePo.

We show:

(a) For any N € Z we have py C p’;; hence Py C PY. For any N € Z we have
P C P’ hence Py C Py.

Using 10.2(h), we see that to prove the first sentence in (a) it is enough to
show that for any (a,n) € R} such that (w : ) > 2N/n — n we have also
(@" : @) > 2N/n —n. (Since w € E/, we must have (w : ) > 2N/n — n. Since
fort € Q, s <t <1 we have @, € E/, it follows that for all such ¢ we have
(w; : ) > 2N/n —n. Taking the limit as ¢t — s we obtain (w” : a) > 2N/n —n, as
required). The second sentence in (a) is proved in a similar way.

We show:

(b) Fix N € Z. If ) # Han,n for any (o, n) € Ry, then we have py = piy = p'y-

We first show that py = p/. By the equivalence of (I),(IT) in 10.2, it is enough
to show that for any (o, n) € Ry we have

(w:a)+n—2N/n>0& (@ :a)+n—2N/n>0,

or equivalently, that cics > 0, where ¢; = (w; : @) +n — 2N/n for t € Q such that
0 <t < 1. From our assumptions we see that ¢; # 0 for all ¢. It follows that either
¢y > 0 for all t or ¢; < 0 for all £. In particular, ¢ics > 0, as required. The proof of
the equality ply = p%; is entirely similar.

We show:

(¢) If 9 # Hano for any (a,n) € RE and H # Han,y for any (a,n) € Ry, then
I, =1y, h(w)=h(w).

Indeed, in this case, by (b) we have py = p’y for N € {0,n} and the equality
I, = I follows from the definitions. From py = p;, we deduce that uy = uj. Using
this and p,, = p;, we deduce that h(w) = h(w’). This proves (c).

We show:

(d) If 9 = Hag.no,0 for some (ag,ng) € R§ but $ # Hany for any (a,n) € R},
then Iy = Iy, h(w) = h(w'). -
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By (a) we have py C p, ply C p forall N € Z and by (b) we have p,, = p;) = p;.
We can now apply [LY], 4.5(b)] twice to conclude that
Iw = GBjGJIw” [_204]'}, Iw’ = 69j’GJ’Iw” [_204;'/];

where a; (resp. a;,) are integers such that

pry et Qi = ©esQuil—2a;5], ppy /e Qi = @jrer Qul—24a)].
To show that I, = I/ it is then enough to show that
Djes Qu[—2a;] = ©jrc Qi[—2d]]

or that ppé//pO!Ql = pp[/)//P[/)!Ql. This is clear since PJ'/Py, P}/ P} are partial flag
manifolds of the reductive quotient L{ of P} with respect to two associate parabolic
subgroups. The above argument shows also that dim Up, = dim Up; hence dimug =
dim ug. Moreover, from (b) we have p,, = p; ; we see that h(w) = h(w’). This proves
(d).

For N € Z let qn (resp. q’y) be the image of py (resp. py) under the obvious
projection pY%, — 1%. From 10.5(a),(b), we see that q = ®xqn, 4’ = Syl are
parabolic subalgebras of I’ and m is a Levi subalgebra of both q and q’. We show:

(€) If ) = Hay,2,y for some (a,2) € Ry, then I = I and h(w) = h(w’).

By (a) we have py C pi,ply C pi for all N € Z. Since 94,2, is the unique
hyperplane (as in 10.1) on which @’ lies, we have w” € E”. Hence by 10.3(b)
we have (e [¢ for all N € Z. In particular, the Z-grading of [ is 7-rigid and

e € [", so that m,, C [” Let A € Q([”) be the simple perverse sheaf on [” such

that the support of A is [Z and A|m is equal up to shift to C |m . Applying (tw1ce)
n n

[LY], 1.8(b)] and the transitivity formula 4.2(a) we deduce

“Ind (C) = Indy), (md (0)) = ;¢ Indy), (A)[~2s,][dimm, — dim 7],
“Indp; (C)="° Indy, (indqz (@) = @;° Indy) (A)[~2s;][dimm, — dim /],
where (s;) is a certain finite collection of integers. It follows that
“Ind (C) = ¢ Indy? (0).
This shows that I, I,/ are isomorphic. It remains to show that h(w) = h(w’), for
which it suffices to show the following two equalities:

(f) dimup = dim ug,

(g) dimu,, = dim ;.

Since po and p(, are associate parabolic subalgebras of p{j sharing the same Levi
subalgebra mg, their unipotent radicals ug and uj have the same dimension. This
proves (f).

Now we show (g). By 10.2(i), we have
dimu, — dimw;, = Z dim g§* — Z dim g§*.
a€X gz (w:a)>0,(w a)<0 a€X gz (w:a)<0,(w a)>0

We want to show the above difference is zero. For this, it suffices to show that
dim g§* = dimg;™* for any a € Xz. Note that gi* = [2 N g, which is the
a-weight space of Z on ~[?; By the property of the sly-action on [ given by the
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triple ¢ = (e, h, f), we have that ad(e) induces an isomorphism N[(f,] ~ ~[$ Since Z

commutes with e, this isomorphism restricts to an isomorphism of a-weight spaces
[i)” Neg® = [?; N g%, that is, Qi};Q = g?’Q. Therefore dimgg"2 = djmg‘ig2 —

dim gga’Q, as desired. This proves (g) and finishes the proof of (e).
10.7. Let

E=E- U(a,n)eRg;ngéZfJa,n,n
={weE(w:a)+n—-2#0 ¥Y(a,n) e Rj such that n # 2}.

o [e]
Note that E' C E” C E. For 'w,”w in E we say that ‘v ~ "w if for any (o, n) € R}
such that n # 2 we have

(w:a)+n—-2)({"w:a)+n—-2)>0.

This is an equivalence relation on E. We show:

(a) Assume that 'w,”w in E' satisfy '©o ~ "w. Then Iy = Iy and h('w) =
h("w); hence Irg = Ly,

By a known property of hyperplane arrangements, we can find a sequence wg, wy,
..., @y in E' such that wy = 'w, wy = o and such that for any j € {0,1,...,k—1}
one of the following holds:

Wi = Wj41;

w; =w,w,4+1 = o are as in 10.6(c);

w; = w,w,4+1 = w are as in 10.6(d);

w; =w,w,4+1 = w are as in 10.6(e).

Using 10.2(1) or 10.6(c) or 10.6(d) or 10.6(e) we see that for j € {0,1,...,k—1}
we have I;, = I, ., and h(w;) = h(w;1). This proves (a).

The set of equivalence classes on E for ~ is denoted by E; it is a finite set.

10.8. For @, w’ in E we set

T(w,w@') = Z dim g5,
(a,n)ERs;((w:a)+n—2)((w':a)+n—2) <0

— Z dim gg’".

(a,n)ERG;((wia)+n)({w':a)+n)<0

(a)

Using 10.2(i) we see that when @, @’ are in E’, then

’
w w

’
€, [ €= €=
.U U . fup +u
(b) 7(w,w’) = — dim —2 0 + dim —2 T,
e EZ M e & €, ey, X
g~ M “ug Uy M €Uy

10.9. We define G4, M, as in [LY] 3.6]. We show that:

(a) The obvious map My/Mg — (Go N Gy)/(Go N Gy)® is an isomorphism.

Recall that ¢ = (e, h, f) with e € If(Jln. Let U (resp. U’) be the unipotent radical
of G(e)? (resp. (M N G(e))?). We have G(e) = G4U (semidirect product). Taking
fixed point sets of ¥ we obtain GoyNG(e) = (GoNGy)(GoNU) (semidirect product).
We have M NG(e) = MU’ (semidirect product). Taking fixed point set of +(t) for
all t € k* we obtain MoNG(e) = (MyNMy)(MoNU') = My(MoNU') (semidirect
product). (We have used that My C My.) It follows that we have canonically

(Mo N Gl(e))/ (Mo N G(e)° = My /Mg,
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(GoNG(e)/(GaNG(e) = (GoNGy)/(GoNGy)°.
It remains to use that
(Mo NG(e))/(MoN G(e))” = (GoNG(e))/(GoNGe));
see [LY] 3.8(a)].

Recall from [LY} 3.6] that Z is a maximal torus of (G4 N Gp)®. Let H be the
normalizer of Z in (G4 N Gy)°. Let H' = {g € Go;Ad(g)M = M,Ad(g)my =
my Vk € Z}. Note that My is a normal subgroup of H'. Hence the groups H/Z,
H' /My are defined. We show:

(b) HC H'.

Let g € (Gg N Gyp)® be such that gZg~! = Z. Let

(M, M{,m',m.) = (gMg~", gMog™", Ad(g)m, Ad(g)m.).

Note that 23, = Z{, = Z. Repeating the argument in the last paragraph in the
proof of [LY] 3.6(a)], we see that

(Mlv M(Sa mla m;) = (M’ MOv m, m*)
(The argument is applicable since g € G4 N Gy.) We see that g € H'; this proves

(b).

We show:

(c) HN M, = Z.

From the injectivity of the map in (a) we see that MM (GoNGy)° = M(g. Hence
we have

My N (GoNGy)® C (MoNGy) N (GoNGy)® C My (GoNGy) = M),
so that
My N (Ggm G¢)O C M(g
The opposite inclusion is also true since My C M, and Mg C GoNGy. It follows
that
Mo (GoNGy)’ =My =Z.

The last equality is because e is distinguished in m. Now H N My is the normalizer
of Z in MyN(GyNGy)?, that is, the normalizer of Z in Z. We see that HN My = Z.
This proves (c).

We show:

(d) H' = MyH.

Since H C H', My C H', we have MoH C H'. Now let ¢ € H'. We show that
g € MoH. Let ¢/ = (Ad(g)e, Ad(g)h,Ad(g)f). We have

Ad(g)e € m,, Ad(g)h € mg, Ad(g)f € m_,,.

Since both Ad(g)e, e are in 1‘?17,, we can find g1 € My such that Ad(g;) Ad(g)e = e.
Replacing g by g1g we can assume that we have Ad(g)e = e. Using [L4] 3.3] for
JM  we can find go € My such that

(Ad(g2) Ad(g)e, Ad(g2) Ad(g)h, Ad(g2) Ad(9)f) = (e, R, f).

We have gog € G4. Replacing g by gog we can assume that g € Go N Gy4. Using
the surjectivity of the map in (a) we see that:

GQ M G¢ - M¢(GQ n G¢)O.
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Thus we can write g in the form g3¢’ with g3 € My, ¢’ € (Go N Gy)°. Replacing g
by g5 'g we see that we can assume that g € (Go N Gy)°. Since Ad(g)M = M, we
see that Ad(g)Z = Z. Thus g € H. This proves (d).

From (b),(c),(d) we see that:
(e) The inclusion H C H' induces an isomorphism H/Z = H'/My. In particu-
lar, My is the identity component of H'.

10.10. Let ¢ € H’' (notation of 10.9). Then Ad(g) restricts to an isomorphism
m, ~>m,. Let C' = Ad(g)*C, a simple perverse sheaf in Q(m,,). We show:

(a) C' = C.

Using 10.9(e) we can assume that g € H (notation of 10.9). Since C,C" are
intersection cohomology complexes attached to Mjy-equivariant irreducible local

systems on m,, they correspond to irreducible representations of

(Mo N G(e))/(Mo N Ge))® = My/My.
Hence it is enough to show that Ad(g) induces the identity automorphism of
Mgy /MJ. Using 10.9(a), we see that it is enough to show that Ad(g) induces

the identity automorphism of (Go N Gy)/(Go N G4)P. This is obvious since g €
(GoNGy)°. This proves (a).

10.11. Let @, @’ € E'. Recall that Py = ¢ "o C Gy, Pj = P C Gy are parabolic
subgroups of Gy with a common Levi subgroup My. Let Uy = Up,, Uj = Up;. Let

X be the set of all g € Gy such that Ad(g)ps and p*zl have a common splitting (as
in 6.3). Note that X is a union of (P§, Py)-double cosets in Gy. We show:

(a) We have H' C X (notation of 10.9). Let j : H' /My — P)\X /Py be the map
imnduced by the inclusion H' — X. Then j is a bijection.

If g € H', then g € Gy and Ad(g)m, = m, hence m, is a common splitting of
Ad(g)ps¥ and p*zl. Thus we have g € X, so that the inclusion H C X holds. Let g €
X. Then g € Go and Ad(g)ps, p*zl have a common splitting m),. Then Ad(g)m,,m
are splittings of Ad(g)p® hence, by [LY] 2.7(a)], we have Ad(gug~') Ad(g)m, = m’,
for some u € Uy. Moreover, m,, m/, are splittings of p*ﬂ, hence, by [LY], 2.7(a)], we
have Ad(u')m, = m/, for some v’ € U}. It follows that Ad(gu)m, = Ad(u")m, hence
W' tgu € H'. Since Uy C Py, Uy C Pj, we see that j is surjective. It remains to
show that j is injective. Let g, ¢’ be elements of H' such that g’ = p{gpg for some
po € Py,py € Pj. We must only show that ¢’ € gMy. Let NMj be the normalizer
of My in Gy. Tt is enough to show that the obvious map NMy/My — Py\Go/FPo
is injective. This is a well-known property of parabolic subgroups and their Levi
subgroups in a connected reductive group. This completes the proof of (a).

Let W = H/Z (notation of 10.9). Let w € W and let g € H be a representative
of w. Now Ad(g) restricts to an automorphism of Z which depends only on w;
this induces an isomorphism Yz = Y and, by extension of scalars, a vector space
isomorphism E =+ E denoted by w; ~ ww,. For any (a,n,i) € Xz x Z x Z/m,
Ad(g) defines an isomorphism g§"" = g;Ua’” where Yo € Xz is given by Ya(z) =
a(w™(2)); hence for any 4, (a, n) — (Ya,n) is a bijection R; — R;. Moreover, for
any N € Z and any (a,n) € Ry, w : E — E restricts to a bijection from the affine
hyperplane $,., n to the affine hyperplane $uw,. v It follows that w : E — E

restricts to a bijection E' = E’.
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We show:
(b) For any w € E' we have Ad(g)(ps) = pi—.
From 10.2(h) we have

Ad(g)(ep%) = an)ERN,(w a)>2N/n— nAd( ) aﬁn
Y a,n

);

= 69(oz n)ERN;(w:a) >2N/n— n(

6p?\j’ :®(a,n)ERﬂ;(ww:a>22N/n—n(gN )
:@(a/,n)ERﬁ;(ww:wa’)ZQN/n n( ﬂ ’ )

It remains to use that (w : a) = (ww : Ya).

10.12. For wq,ws in E we set
(a) (1 [ma] = (1 —v?) " 4mZ Y~ (== ¢ Q(u).
wew

(Here v is an indeterminate and 7(wsq, ww;) € Z is as in 10.8.) When wy, w2 are
in E’ we have:
(b) > di (95 Iy, D(I,) )07 = [w1]e)
JEZ

This can be deduced from [LY], 6.4] as follows. The set X in [LY], 6.3] is described
in our case in 10.11(a) in terms of the group H'/My which, in turn, is identified
in 10.9(e) with W = H/Z; the integers 7(g) in 6.3 are identified with the integers
T(w2, wwy) € Z by 10.11(b). Finally, the set X’ in [LY], 6.4] coincides with X in
LY 6.4] by 10.10(a).

From the definitions we have 7(wq, ww1) = 7(w ™ twa, w1) = 7(w1, w™ Lwy) for
any w € W. It follows that

(c) [@1|w2] = [w2]o].
Let c¢; (resp. cz2) be the equivalence class for ~ in E that contains w; (resp.
ws). Using 10.7(a) we see that the right hand side of (b) depends only on ¢y, co
o
and not on the specific elements w; € ¢c; NE/, @y € co NE’. Hence for ¢q,cy in E

we can set [c1]ce] = [w1|w2] € Q(v) for any w1 € ¢; NE/, wy € co NE'.

10.13. Let B (resp. *9B) be the set of (isomorphism classes of) simple perverse
sheaves in Q(gs) (resp. ¢Q(gs)). For any Gg-orbit O in g?" let B be the set
of all B € % such that the support of B is equal to the closure of O. We have
B =UoBo. We define a map k: B — N by x(B) = dim O where B € Bp.

10.14. Let V' be the Q(v)-vector space with basis {Te;c € E}. On V' we have
a unique pairing (:) : V/ x V' = Q(v) which is Q(v)-linear in the first argument,

Q(v)—antilinearNin the second argument (for f + f) and such that for ci,cy in E
we have (T¢, : Te,) = [c1]c2] (see 10.12).
Setting

R={zeV@:2)=0 Vi'eV'}
R, ={zxeV;@:z)=0 Vi’'eV'}

we state the following.
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Lemma 10.15. We have R; = R,

The proof is given in 10.17.

10.16. We define a Q-linear map
7: V' = Q(v) ®4 *K(gs)

by Te — I, where @ is an element of ¢ N E’. Now 7 is well-defined by 10.7(a) and
is surjective by [LY] 8.4(b)], 10.4(b). We define a pairing

(Qv) ®4 K(gs)) x (Qv) ®a K(gs)) = Q((v))
(denoted by (:)) by requiring that it is Q(v)-linear in the first argument, Q(v)-

antilinear in the second argument (for f — f) and that its restriction

K(gs) x K(gs) = Q((v))

is the same as the restriction of the pairing in [LY], 4.4(c)]. This restricts to a
pairing

(Q(v) @4 °K(g5)) x (Q(v) @4 *K(g5)) = Q((v))
(denoted again by (:)). We show that for b, in V' we have

(a) ((0) : 4(¥)) = (b : V)

We can assume that b = T, b’ = T with ¢, ¢’ in E. We must show that { I, D(I)}
= [w|w’'] where w € cNE',w’ € ¢/’ NE'. This follows from 10.12(b). This proves

(a).

10.17. Let
"M ={z€Qv)®4K(gs);(2:2) =0 V2 € Q(v) ®4°K(gs)},
"M, ={2€Q(v) 4 °K(gs); (2 :2) =0 V' € Qv) @4 *K(g5)}.

We show:

(a) "R, ="K, =0.

Now Q(v) ®4 ¢K(gs) has a Q(v)-basis formed by B = {By, Bs, ..., B,}. From
[LY], 0.12] we see that (B, : By/) € 6; ;- + vN[[v]] for 7,5 in [1,7].

Assume that g = Zje[l,v"] fiB; € "Ry, where f; € Q(v) are not all zero. We
must show that this is a contradiction. We can assume that f; € Q[v] for all j and
fio — co € vQ[v] for some jy € [1,7] and some ¢y € Q —{0}. Then 0 = (8 : B;,) €
co +vQ][v]], a contradiction. This proves that '9’; = 0.

Next we assume that 8 = > ..y, f;B; € 'R;, where f; € Q(v) are not all
zero. We must show that this is a contradiction. We can assume that f; € Q[v]
for all j and fj, — co € vQJv] for some jy € [1,7] and some ¢y € Q — {0}. Then
0= (Bj, : B) € co+vQ][v]], a contradiction. This proves that 'R, = 0. This proves
(a).
We show:

(b) 2y =571 ('R).

Let z € 93;. From 10.16(a) we see that ((x) : 4(2’)) = 0 for any 2’ € V'. Since
7 is surjective, it follows that (J(z) : 2’) = 0 for any 2’ € Q(v) ® 4 *K(gs). Thus,
F(x) € "R;. Conversely, assume that z € V/ and 7(z) € '93;. From 10.16(a) we see
that for any 2’ € V' we have (z : 2') = (§(z) : 4(2’)) = 0. Thus z € R;. This
proves (b).
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An entirely similar proof shows that:
() Ry = 3-1(9%,).
From (a),(b),(c) we see that B; = R, = 571(0). This proves Lemma 10.15.

10.18. Definition of V. We define V. = V'/R;, = V'/R, (see Lemma 10.15).
Note that (:) on V' induces a pairing V x V — Q(v) (denoted again by (:)) which
is Q(v)-linear in the first argument, Q(v)-antilinear in the second argument (for

f=1).

10.19. From the proof of Lemma 10.15 we see that 4 induces a Q(v)-linear isomor-
phism

(a) 7V = Q(u) ®4 K(gs)
and that for b,b’ in V we have

(b) (Y(0) : v(¥) = (b: V).
From (a) we deduce the following result.

Proposition 10.20. The number of simple perverse sheaves (up to isomorphism)
in £ Q(gs) is equal to dimg,) V.

10.21. We define a Q-linear involution™: V/ — V' by fT. = fT, for any f € Q(v),
c € E; here f is as in [LY] 0.12]. We show:

(a) For any x,z’ in V' we have (z: 2') = (T : T).

We can assume that z = TC, 2’ = Ty for some c,c’ in E. We must show that

[ele] = [¢'le],

which follows directly from 10.12(c). This proves (a).

We show:

(b) " : V' = V' preserves Ry = R, (see Lemma 10.15) hence it induces an
Q(v)-semilinear involution™: V. — V. (with respect to f + f).

Assume that € R;. We have (z : ') = 0 for all ' € V. Hence, by (a), we have
(' :7) =0 for all 2/ € V. Since™: V' — V' is surjective, it follows that T € R,.
This proves (b).

10.22. Now let n1 € Z — {0} be such that , = . Recall that in 10.1 we have
fixed § € T, and a representative £ = (M, My, m,m,,C) € T, for £ Let & =

(M, Mg, m,m,, C)e Ty, be as in [LY] 3.9] and let §; € T, be the Go-orbit of ;.
Note that the Q-vector space E defined as in 10.1 in terms of § is the same as E
defined in terms of él. Moreover, the subset E, the equivalence relation ~ on it,

and the set E defined as in 10.7 in terms of { are the same as the analogous objects
defined in terms of &;. Also, the pairings 7: E x E — Z and [?|?7] : E x E — Q(v)
defined in 10.8 and 10.12 in terms of £ are the same as those defined in terms of &;.

The subset E’ of E defined as in 10.1 in terms of € is not in general the same as

the analogous subset E} of E defined in terms of 51. However, for cq,cs in E, the
quantity [c]ca] € Q(v) defined in 10.12 in terms of & is the same as that defined in
terms of &;. (It is equal to [ |ws] for any wy € ¢t NE' NE}, ws € co NE' NE].
Hence the vector space V| the pairing (:) on it and its quotient V defined in 10.14
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and 10.18 in terms of £ are the same as those defined in terms of &,. The involutions
V= V71V = V defined in 10.21 in terms of § are the same as those defined
in terms of &;.

11. THE A-LATTICE V 4

In this section we give a combinatorial definition of an A-lattice V 4 in the Q(v)-
vector space V and a signed basis B’ of it. It turns out that the Z/2-orbits on B’
for the Z/2-action b — —b are in natural bijection with the simple perverse sheaves
in the block ¢Q(gs).

11.1. In this section (except in 11.5, 11.6, 11.13) we preserve the setup and notation
of 10.1, 10.2 and assume that @ € E” (see 10.3). Let

g¢:{y€g; [yae} 207[yah] 207[yaf] :0}

Let 3 be the center of m. Note that m N g® = 3 (since e is distinguished in m) and
3 is a Cartan subalgebra of the reductive Lie algebra g?. (This has already been
proved at level of groups in [LY] 3.6].) For any o € X let

()" = g5 Ng®.

Let

¢

90,0 = @anz;<w:a>=o(93)a~

s

This is a Levi subalgebra (containing 3) of a parabolic subalgebra of gg . Let B be
the variety of Borel subalgebras of gaw, let d(w) = dim B and let

O = 207257' vU®) e A,
J
where ppQ; = ®;Qi[—2s;].

Erratum to [L4]. On page 202, line 1 of 16.8, replace “algebraic group M” by
“algebraic group M with a given Lie algebra homomorphism ¢ from s to the Lie
algebra of M”.

On page 202, line 4 of 16.8, replace “Borel subgroups of M” by “Borel subgroups
of the connected centralizer of ¢(s) in M”.

11.2. The subset
(a) {a !'T. € V;c€ BE,w € E'Nc}

of V' (see 10.14) is finite. Indeed, when c is fixed, the subgroup Qg,w of gg takes
only finitely many values for @ in E” N ¢ hence a takes only finitely many values.
Let V'4 be the A-submodule of V' generated by (a). Let V 4 be the image of
V', under the obvious linear map V' — V. The following result will be proved in
11.8.
(b) V 4 is a free A-module such that the obvious Q(v)-linear map Q(v)@4V 4 —
V is an isomorphism.
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11.3. Let h = €=, h® = h N g¢. We show:
(a) 95 = b°.
From 10.3(b) we have

h= @NEZ,(a,n)eRﬂ;n=2N/n,(w:a}:O(gEn)'
Using this and the definitions we have
{y € h; [y, h} = 0} = @NEZ,((X,H)ERﬂ;n=2N/Y]=O,<w:O¢>=0(ggn)
= ®(a,n)ERQ;n:&(w:a):O(gg’n)
and (a) follows.
11.4. Recall that w € E”. Let p, = °p7, u, = ‘uy-. We can find X € Yy such
that (A : @) # 0 for any ¢ and any (o,n) € R}. Let @’ = @+ ;)\ € E. Let

p. = Ep*zl,u; = 4@ and m, = =’ Assume that b is sufficiently large; then
w’ € E' hence by 10.2 we have m, = m,. The same argument as in 10.6(a) shows
that p’y C py for all N. Since b is large and @’ = w + %)\’, we see that @’, w are
very close, so that

(a) w ~w.

For N € Z let qn be the image of p’y under the obvious projection py — hn. From
10.5(a),(b), we see that ¢ = @yqn is a parabolic subalgebra of h and m is a Levi
subalgebra of q. Moreover, if uy is the image of u)y under py, then v = Syup is
the nilradical of g.

From 10.3(b) we see that the Z-grading of § is n-rigid and that e € by, so that
1%7, Cbh,. Let Ay € Q(hy) be the simple perverse sheaf on b, such that the support
of As is b, and Aw|& is equal up to shift to C’\& .

Applying 1.8(b) and the transitivity formula 4.2(a) we deduce

Lo = “Indy, (€) = “Ind, (indf? (C)[dim y + dim ], — dimug — dim ]

~ GNgé . . . .
(b) = @;Ind,, (Aw)[~2s;][dimm, — dim b, + dimug + dimuy,

—dimugy — dimu,]
€7 196
= ®©;“Ind,, (Az)[-2s;][d(@)],
where we have used the equality:
(c) dimm,, — dim b, + dimug 4 dimw), — dimug — dimw,, = d(@).

We now prove (c). Let u’ be the nilradical of the parabolic subalgebra of h that
contains m and is opposed to q. We have ' = ®yuly where vy = v/ Nhy. Now
up, uy, are nilradicals of two opposite parabolic subalgebras of hy hence dimwuy =
dimug. We have dimb, = dimu, + dimu; + dimm,, dimuy — dimuy = dimuo,
dimu;, —dimu, = dimu,. Hence the left-hand side of (c) equals dim up — dim u;, =
dimug — dimu;. Now v’ is normalized by m hence by the Lie subalgebra s of
m spanned by e, h, f. Note that ug (resp. wy) is the 0-(resp. 2-) eigenspace of
ad(h) : v — u’. By the representation theory of s, the map ad(e) : ug — uy, is
surjective and its kernel is exactly the space of s-invariants in u’ that is u’ N h®.
We see that dimuy — dimw, = dim(u’ N h?). Now u’' N h? is the nilradical of a
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parabolic subalgebra of h? with Levi subgroup m N h® = 3 (see 11.1) hence is the
nilradical of a Borel subalgebra of h* (which equals ggw by 11.3(a)). By definition,
the dimension of this nilradical is equal to d(w). This proves (c¢) and hence also

(b).

Now (b) implies the following equality in $/C(gs):
I = a(“Indy, (Az)).

Using this and (a) we see that for any ¢ € E and any w € E” N ¢ we have

1- Pt
(@) az'3(Te) = “Indy, (A=) € Q(v) ©.4 *K(gs).
Since EﬂEﬁi(Aw) € ¢K(gs), we see that:

(e) For any c € E and any w € B N ¢ we have a_'5(Te) € $K(gs).

The following result will be proved in 11.7.

(f) The A-module $K(gs) is generated by the elements aZ'5(Te) for various ¢ € E
and w € E' Nec.

From (f) we deduce:

(g) The isomorphism v : V = Q(v) ® 4 K(gs) in Proposition 10.19(a) restricts
to an isomorphism of A-modules y4 : V.4 — SK(gs).

11.5. Let p, be an e-spiral with a splitting b, and with nilradical u,; let A € Q(b,)
be a simple perverse sheaf. We show:

(a) Let X be the collection of all B € B such that some shift of B is a direct
summand of Ifr\laii (A). Then the map X — X,, B~ (B) is constant.

We can find a parabolic subalgebra q of h and a Levi subalgebra m’ of q such that
q=anqn, ' = Gymly where qy = qNhy, my = m' Nhx and a cuspidal perverse
sheaf C' in Q(m,) such that some shift of A is a direct summand of indgz(C’).
Let M’ = e™ M} = e™. Setting py = uy + qn for any N € Z, we see from
[LY] 2.8(a)] that p) is an e-spiral and from [LY] 2.8(b)] that m/ is a splitting of
pl. We see that (M', Mg, m',m},C) € T,. Let &’ be the element of T, determined
by (M', M, m/,m,,C). If B € X, then (by [LY| 4.2]) some shift of B is a direct
summand of frﬁii (C) hence ¢(B) = &'. This proves (a).

We say that ﬁ&ﬁ: (A) (as in (a)) has type §’ € T, if Y(B) = ¢’ for any B € &.

11.6. Recall from 8.4(a) that the A-module K(gs) is generated by the classes of
e-quasi-monomial objects of Q(gs). Using this and 11.5(a), we deduce that in the
direct sum decomposition K(gs) = EBgezn‘f/C(gg) (see [LY], 6.7]), any summand

£K(gs) is generated as an A-module by the classes of n-quasi-monomial objects in
Q(gs) of type &.
11.7. We prove 11.4(f). (Thus we are again in the setup of 11.1.) Using 11.6, we

see that it is enough to show that if A’ is an n-quasi-monomial object in Q(gs) of

type &, then the class of A’ in K(gs) is of the form a_'4(T.) for some ¢ € E and
w € E" Nc. We can find:
(a) ps,bus A, 05,0, (M, M, w',m,,C) € T, (representing £) as in 11.5 such

that A’ = Ifr\laii (A); moreover, we can assume that the Z-grading of h = ®ybhy is
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n-rigid and m; C b,. Replacing the data (a) by a Go-conjugate we can assume in
addition that (M’, M}, m’,m., C) is equal to (M, My, m, m,,C) in 10.1.

Let H = €Y. Since b, is n-rigid, there exists :/ € Yz such that:

(i) 4 = bry if k €Z, kn/2, 4 =0if k € Z,kn/2 ¢ Z and

(ii) ¢/ = 1y for some ¢’ = (e, W, f’) € JH such that ¢’ € b, W' € bo, f' €y,

o
Since 1%,, Ch,andeé€ 1‘717,, we see that e, ¢/ are in the same My-orbit. Hence we
can find g € M, such that Ad(g) conjugates €', f', 1/, to e, f, h,t. Applying Ad(g)
(which preserves hi) to (i) and (ii) we see that we can assume that J/ = ¢, ¢’ = ¢.

Recall from 10.3 that [}@ = §N/n9ﬂ for N € Z such that 2N/n € Z. Using

(i) with o/ = ¢ we see that hxy C N['ﬁ, for any N € Z such that 2N/n € Z. Using
10.4(c),(d) we see that for some w € E” we have p, = p%, b, = °I~. Using now

11.4(d), we see that A’ = aZ'4(T.), where ¢ € E contains w. This completes the
proof of 11.4(f), hence that of 11.4(g).

11.8. We can now prove 11.2(b). Using 11.4(g), 11.2(b) is reduced to the following
obvious statement: ¢(gs) is a free A-module.

11.9. We define a Q-linear map

" Q(v) ®a K(gs) = Q(v) ®.a K(gs)
by fB = fB for any f € Q(v) and any B € B (see 10.13); here f is as in 0.12.
This restricts to a Q-linear map
7 Q(v) ®4 °K(gs) = Q(v) @4 *K(g5)
and to a Z-linear map K (gs) — *K(gs). We show:

(a) Iy = I, for any w € E'.
~In £Q(gs) we have I, = > peess fBB where fp € A. It is enough to prove that
fB = fp for all B. B

We set p, = “pi. Let o be an automorphism of order 2 of Q; such that o(z) =
2=t for any root of 1 in Q;. Applying o to K € Q(m,) (resp. K € Q(gs)) we
obtain K7 € Q(m,) (resp. K’ € Q(gs)). Note that K — K commutes with
shifts; moreover, we have

€119 Ao 119 (Ao

(b) (‘Ind, (€))7 = “Ind, (C?).
Moreover, if K is a simple perverse sheaf in Q(m,) or in Q(gs), we have
() K7 = D(K),

since K restricted to an open dense subset of it support is a local system with finite
monodromy. By (b),(c) and [LY] 4.1(d)] we have

D(‘Ind, (€) = “Ind,. (D(C)) = “Ind,, (C) = (Ind, (€))7,
hence
(D(IW))U =1y

and Y. 5 fsD(B?) =Y fpB. Using this and (c) for K = B, we see that fg = fp
for all B; this proves (a).
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11.10. We show:

(a): V! = V' (see 10.21) restricts to an involution V'y — V'y and™: V. — 'V
(see 10.21) restricts to an involution V4 — V 4 (these restrictions are denoted
again by~

It is enough to note that for any w € E” we have g = a4.

We show:
(b) 7: V' = Q(v) ®4 $K(gs) is compatible with the maps™in the two sides.
This follows from 11.9(a).

We have the following result.

Proposition 11.11.

(a) Let B’ be the set of allb € V 4 such that b= b and (b: b) € 1+vZ[[v]]. Then
B’ is a signed basis of the A-module V 4 (that is, the union of a basis with (—1)
times that basis).

(b) For b € B" we have (b:b) € 1+ vN[[v]].

(c) There is a unique A-basis B of V 4 such that B C B’ and for any c € E and
any w € E" Nc, the image of a_'Te in V 4 is an N[v,v™t]-linear combination of
elements in B.

It is enough to prove the analogous statements where V 4 is identified via v with
£K(gs) with (:) as in 4.4(c) and with ~as in 11.9 (we use 10.19(b), 11.10(b)). Let
¢8 = {B1,Ba,..., B} (see 10.13). From 0.12 we have (B, : Bj) € &1 + hj s,
where h; ;€ vN[[v]] for all j, 5’ in [1,r]. From the definition (see 11.9) we have
B;j = Bj for j = 1,...,r. Now let b € ¢K(gs) be such that b = b and (b : b) €
1+vZ[[v]]. To prove (a), it is enough to show that b = =B, for some j. We can write
b= Z;:l ijj, where fj e A satisfy fj = fj and Zj,j’e[l,r] fjfj/(éj,j/ + hj)j/) S
1+ vZ[[v]] hence 3, ey, fifi (655 + hjy) € 1+ vZ[[v]]. We can find ¢ € Z
such that f; = fj v mod v Z[v] where f;. € Z for all j and f;. # 0 for some
j. We have 37c(; ) 2% 02t = 1 4 of” where f', f € Z[v]. Moreover,
2 el f?e > 0. It follows that ¢ = 0 and 2 el f?o = 1 so that there exists
Jo € [1,r] such that f; 0 = 1 and f;o = 0 for j # jo. We have f; = %0, ;,
mod vZ[v] for all j. Since f; = f; we deduce that f; = 46, , for all j. Thus
b= £Bj,. This completes the proof of (a). At the same time we have proved (b).
Clearly, {Bi, Bs,..., B} has the positivity property in (c¢) (with V 4 identified
with €C(gs) and with a_'T, identified with y(a_'T.)). Since any B, appears
with > 0 coefficient in some y(a_'T,), we see that {By, By, ..., B,} is the only
basis contained in {£By,+DBs,...,+B,.} with the positivity property in (c). This
completes the proof of the proposition.

11.12. From the proof of 11.11 we see that v : V. = Q(v)® 45K (gs) (see Proposition
10.19(a)) restricts to a bijection

(a) B = $3.

For any Gp-orbit O in g7* let Bo be the set of all b € B such that y(b) € Bo (see
nil

10.13). We have a partition B = LUpBe where O runs over the Gg-orbits in g§*.
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11.13. We consider the setup of 10.22. We show:

(a) The A-submodule V 4 of V defined in 11.2 in terms of € is the same as that
defined in terms of 5.1.

It is not clear how to prove this using the definition in 11.2 since E” defined
in terms of & (see 10.3) is not necessarily the same as that defined in terms of &
Instead we will argue indirectly. Using 11.4(g) it is enough to show:

(b) The isomorphism v : V = Q(v) @4 *K(gs) defined in 10.19 in terms of € is
equal to the analogous isomorphism defined in terms of él.

Thus it is enough to show that if w € E' N EY}, then I, defined in 10.2 in terms
of £ is the same as that defined in terms of &;. Using the definitions we see that it
is enough to show that

ﬁp%\nlﬂ)(wﬂ) — ﬁlp%\17h|/2)(w+b)7

(Inl/2)(w+e) _ sy, (Imal/2) ()
0 - 0 :

"p P
or that
@KEQ;HZ\nl(gnl/Q)(w+L)96) _ @neq;mz\m\(9"1|/2)(W+L)96)a
Brequso(IMDF g5y = @ cqueso (MA@ +I g5y
or that (1/2)(w+e) (1/2)( )
1/2)(w+ 1/2)(w+
@KEQ;K/‘YI‘Zl(H/‘n‘ ‘ 95) = @REQ;/@/\m\zl(,{/‘m‘ ‘ 95)3
(1/2)(w+e) |\ _ (1/2)(w+0)
Drein/In|=0 (/) 95) = Prein/lm |20 (/| 95)s
or, setting k' = k/|n|, K" = k/|m|, that
@K’GQ;H’EI(S//Q)(WJFL)QJ) _ @K/NGQ;K,HZ:[(,(ﬁl///2)(w+ld)gé)’
@R’EQ;K’ZO(S/Q)(w-i_L)Qé) = @n“EQ;R”ZO(;(sl’//z)(w+L)gé)a

which are obvious. This proves (a).

Using (b) and 11.12(b) we see that the basis B of V 4 defined in 11.11 in terms
of £ is the same as that defined in terms of &;.

12. PURITY PROPERTIES

In this section we show that for any irreducible local system £ on a Gy-orbit in
g7 the cohomology sheaves of L' € D(gs) satisfy a strong purity property. This
generalizes the analogous result in the Z-graded case in [L4].

12.1. In this section we assume that p > 0 and that k is an algebraic closure of a
finite field F'; with ¢ elements (here g is a power of p). Replacing g by larger powers
of p if necessary, we can assume that m divides ¢ — 1 and that we can find an F,-
rational structure on G with Frobenius map F : G — G such that ¢ : G — G (see
0.5) commutes with F' : G — G. Then Gy is defined over F, and g inherits from
G an F ,-rational structure with Frobenius map F' : g — g satisfying F'(g;) = g, for
all . Again by replacing ¢ by larger powers of p if necessary, we may assume that
all Gp-orbits in ggil are defined over F, and that for any irreducible Gg-equivariant

il we have F*L = L.

local system £ on a Gg-orbit O in g

We now fix a Gg-orbit O in g#" with closure O and an irreducible Gp-equivariant
local system £ on ©. We fix an isomorphism F : F*£ — £ which induces the
identity map on the stalk of £ at some point of OF. Then F induces an isomorphism
(denoted again by F ) F*L% — L£*. Given a finite-dimensional Q;-vector space V
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with an endomorphism F : V — V, we say that F : V — V is a-pure (for an integer
a) if the eigenvalues of F are algebraic numbers all of whose complex conjugates
have absolute value ¢%/2. Sometimes we will just say that V is a-pure (where this
is understood to refer to F).

12.2. We show:

(a) For any x € OF and any a € Z, the induced linear map F : HE(LE) — HE(LY)
18 a-pure.

Using [LYl 2.3(b)], we can find ¢ = (e, h, f) € Js(z) such that h, f are Fy-
rational. Recall that z = e. Let ¢« = 14 € Y5 be as in 1.1. Let 3(f) be the
centralizer of f in g and let ¥ = e+ 3(f) C g. According to Slodowy:

(b) The affine space ¥ is a transversal slice at x to the G-orbit of e in g and
the k*-action t — t=2 Ad(c(t)) on g keeps e fized, leaves ¥ stable and defines a
contraction of ¥ to x.

Let ¥ =X nNgs = e+ (3(f) Ngs). Then:

(c) ¥ is a transversal slice to the Gy-orbit of e in gs; the k*-action in (b) leaves
stable $ and is a contraction ofi to e.

(We have a direct sum decomposition gs = (3(f)Ngs) ®[e, go] obtained by taking
the (’-eigenspace of # : g — g in the two sides of the direct sum decomposition
g =3(f) @ [e, g]; note that both 3(f) and [e, g] are f-stable.)

Let £’ be the restriction of £ to @ N'Y (a smooth irreducible subvariety of ¥).
Note that ONY, ONY are stable under the k*-action in (c) and £’ is equivariant for
that action. By (c), we have H, (L") = H,(L'*). It remains to show that H,(L'*) is
a-pure. This can be reduced to Deligne’s hard Lefschetz theorem by an argument
in Lemma 4.5(b) in [KL2] applied to @ N'Y C ¥ with the contraction in (c) and to
L instead of Q;. Note that in [KL2, 4.5(b)] an inductive purity assumption was
made which is in fact unnecessary, by Gabber purity theorem. This completes the
proof of (a).

Erratum to [L4]. On page 209, line -5, replace t—™ Ad(//(t)) by t=2 Ad(/(2)).

13. AN INNER PRODUCT

This section is an adaptation of [L4, §19] from the Z-graded case to the Z/m-
graded case; we express the matrix whose entries are the values of the (:)-pairing at
two elements of B as a product of three matrices. As an application we show (see
13.8(a)) that if (O, L), (O, L") in Z(gs) are such that some cohomology sheaf of
L% o contains L', then (O, L), (O', L") are in the same block. Another application
(to odd vanishing) is given in Section 14.

13.1. We fix (O, L), (0, L) in Z(gs) and we form A = L*, A’ = L% in D(gs). We
want to compute d;(gs; A, A’) (see [LY] 0.12]) for a fixed j € Z. We can arrange
the Gp-orbits in gg‘“ in an order Oy, Oy, ..., Og such that O<s; = Oy UO; U---UO;
is closed in g5 for s = 0,1,...,3. We choose a smooth irreducible variety I" with
a free action of Gg such that H"(I',Q;) = 0 for r = 1,2,..., m where m is a large
integer (compared to j). We assume that D := dimT is large (compared to j). We
have H2P~H(I',Q;) =0 fori = 1,2,...,m. We form X = Go\ (' x g5). Let £, L' be
the local systems on the smooth subvarieties Go\(I' x O), Go\(I' x O’) of X defined
by £,£" and let A = £, A’ = L'* be the corresponding intersection cohomology
complexes in D(X). Then A® A’ € D(X) is well defined; its restriction to various
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subvarieties of X will be denoted by the same symbol. For s =0,1,...,5 we form
X =Go\(I'x Oy), X< = Go\(I' x O<,). We set X<_; = (). The partition of X<,
into X<,_; and X, (for s =0,1,..., ) gives rise to a long exact sequence

@ S HYX, A@ A) - HY(X<,, A A
a
= HY(X<y1, A® A') S0 gotl (X, Ao A') — ...

13.2. In the following proposition we encounter two kinds of integers; some like j,
m, dim Gp, dim gs, 8 are regarded as “small” (they belong to a fixed finite set of
integers), others like 2D and m are regarded as very large (we are free to choose
them so). We will also encounter integers a such that 2D — a is a “small” integer
(we then write a ~ 2D).

Proposition 13.3. o
(a) Assume that k is as in 12.1. Then H*(X,, A ® A') is a-pure (see 12.1) for
s=0,1,...,8 and a ~ 2D.
(b) We choose x5 € Os. If a ~ 2D, then
dim H*(X,,A® A')
= Z dim(H] (Go(zs)°\I', Q) @ HI' A® H;iA’)GQ(ws)/Gg(xs)O,
r+ri+reo=a

where the upper script refers to invariants under the finite group Go(xs)/Go(ws)°.

(c) Assume that k is as in 12.1. Then H*(X<,, A® A’) is a-pure (see 12.1) for
s=0,1,...,8 and a ~ 2D.
(d) The exact sequence 13.1(a) gives rise to short exact sequences

0— HY X, A® A') - H ( X<y, A® A') — H*( X<y 1, AR A') =0

fors=0,1,...,8 and a ~ 2D. o o
e) rora~ we have dim ,AQ = _pdim 5; A® .
F 2D we have dim H?(X, A® A’ b dim H* (X, A® A’

(f) For a ~ 2D we have

dim HY (X, Ao A)
B
=5 Y dim(HI(Go(x,)°\D, Qi) @ Hit A @ Hy2 A')Cole)/Goles)”,
s=0r+ri+ro=a

The proof is almost a copy of the proof of [L4, 19.4]. By general principles we
can assume that k is as in 12.1. We shall use Deligne’s theory of weights. We
first prove (a) and (b). We write x instead of x,. We may assume that z is an
F,-rational point. We have a natural spectral sequence

() By = HN(X,H (A® A')) = HIT (X, Aw A").
We show that

(h) E;’T/ is (r +r')-pure if r + 7" ~ 2D.

We have X; = Go(z)\I" and

By = (H(Golw)\I, Qu) @ Hy (A & A')) 5/ Cule)”.
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Here A® A’ € D(gs). We may assume that ' is “small” (otherwise, Eg’r/ = 0).
We then have r ~ 2D. Now

M (A® A) = @, gy Hy (A) @ H2(A)
is 7/-pure by 12.2(a). Moreover, H'(Go(z)°\TI', Q) is r-pure for r ~ 2D (a known
property of the classifying space of Gp(z)°) and (h) follows.

From (h) it follows that E7" of the spectral sequence (g) is (r + r/)-pure if

r+7’ ~ 2D and (a) follows. From (h) it also follows that Eg’rl = E if r4+r' ~ 2D
(many differentials must be zero since they respect weights) and (b) follows.

Now (c) follows from (a) using the exact sequence 13.2(a) and induction on s.
From (c) and (a) we see that the homomorphism &, in 13.2(a) is between pure
spaces of different weight. Since £,41 preserve weights, it must be 0. Similarly,
& = 0 in 13.2(a) hence (d) holds. Now (e) follows from (d) since the support of

A® A is contained in X<g; (f) follows from (b),(e). This completes the proof of
the proposition.

13.4. Using the definitions we see that 13.3(f) implies:
(a)
0
diles A A=Y > dim(HP" (pO)@H AgH A')Fele)/Gal,
5 —rotritra=j—2ps

where

(b) ps = dim Gy — dim Gy(z5) = dim O,

and Hy, Go(2e)° (pt) denotes equivariant homology of a point. (See [L6] for the defini-
tion of equivariant homology.)

13.5. Given (O, £), (O, £) in Z(gs) we define u(L, L) € Z[v~'] by
(a) p(L, L) = pla; £, LYo

where p(a; E, L) is the number of times L appears in a decomposition of the local
system H%(L%)| 5 as a direct sum of irreducible local systems. Note that (L, £) is
zero unless O is contained in the closure of O.

If £ is an irreducible Gy-equivariant local system on O,, we denote by pg the
irreducible Go(x5)/Go(xs)°-module corresponding to £. With this notation we can
rewrite 13.4(a) as follows:

Glas A A) =3, >

s —rotri+re=j—2p;

S i €, L)plra; €, £) dim(H ) (pt) @ pe @ per) Oole)/Gatee)”,
£

where &,&" run over the isomorphism classes of irreducible Gy-equivariant local
systems on Og. This may be written in terms of power series in Q((v)) as follows:

(b) {A,A} = ZZu E.L)Z(E,ENE, L)),

s=0¢&,&’
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where

(©) 2(E.€) =Y dim(H (bt) @ pe  per) e/ Calen) o= € Q((u)),

7‘020

13.6. Let By, By € B. We write By = L} [dim O] € D(gs), B = LA[dim O,] €
D(gs) with (O1,L1), (02, L3) in I(gs). We set
Pp, g, = (L2, L4) € N[v~!], (see 13.5);
Pg, B, = Pp(B,),p(B,) € N[v™];
Ap, B, = E(L2,L£1) € Q((v)), (see 13.5) if O = Oy;
1}B21B1 =0if 01 75 02;
AB,.B, = A, p(B,) € Q((v)).
Note that: .
(a) Pp, g, #0 = dim Oy < dim O; Pp, g, #0 = dim Oy < dim Oy;
(b) i~f dim Oy = dim Oy, then PB,‘,,B1 = 532731, PB%B1 = 532,31;
(C) ABQ,BI =0if 01 7é 02.
Then 13.5(b) can be rewritten as follows:

’
{A’ A } = E PBhBABlaBZ’PBZaB”’
B1€%5,B2€B

where B = A[dim O], B"” = A’[dim O], or as

{A, Ay = > Ps, M, p(5:)Po(82).0(5);
B1€%B,B2€B

where B = A[dim O], D(B’) = A’[dim O], or as

) N N
{440 =) Pp, BAB, B, PB, B
B1€%B,B2eB

where B = A[dim O], D(B’) = A'[dim O’]. We have
{A,AI} _ v—n(B)—n(B/){B,D(BI)} _ U—m(B)—m(B')(B . B/),
hence

(d) ’Ufﬁ(B)iK(B/)(B : B/) = Z PB],BABl7BQPB27B/
B1€%B,B2e8B

for any B, B’ in B. (Here & is as in 10.13.) We show:

(e) The following three matrices with entries in Q((v)) (indexed by B x B) are
invertible:

(i) the matriz ((B : B'));

(i) the matric M = (v *B)==(B)(B : B'));

(iti) the matriz T == (Ap p).

The matrix in (i) is invertible since (B : B’) € dp g + vIN[[v]] for all B, B; see
[LY], 0.12]. This implies immediately that M is invertible. Now, by (d), we have
M = STS' where S (resp. S’) is the matrix indexed by B x B whose (B, B')-entry
is Pp/ p (resp. ]537 p/). Since M is invertible, it follows that 7 is invertible. This
proves (e).
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13.7. We show:

(a) If B,B' in B satisfy v(B) # Y(B') (¥ as in [LY] 6.6]), then Pg g = 0,
Ppp =0, App =0.

We can find a function 8 — Z, B — cp such that for B, B’ in 8 we have
c¢p = cp if and only if ¢(B) = ¢(B’). From 13.6 we deduce

vCB~CB U*K(B)fn(B’) (B . B/)

— E ,UCB—CB1 PBl,BUCBl —CBy 1’\317321}05’2 _CB/PB27BI'
B1€8,B€B

When B, B’ vary, this again can be expressed as the decomposition of the matrix
M = (veB—cny=mB)=r(B)(B : B')) (indexed by B x B) as a product of three
matrices STS’, where S (resp. S’) is the matrix indexed by B x 9B whose (B, B’)-
entry is v°B~°s’ Pg: g (resp. vCB*CB’JB&B/) and 7 is the matrix indexed by B x B
whose (B, B')-entry is v°2 s’ Ag /. From [LY] 7.9(a)] we know that (B : B') =0
unless ¥ (B) = ¢(B’). Hence v~ (B : B') = (B : B’) for all B, B’ so that
M = M. Thus we have
STS' =S8TS'.

Now by 13.6(c),(e), the matrix 7 (and hence the matrix 7") belongs to a subgroup
of GLy (N = #(B)) of the form GLy, x -+ x GLy, where Ny,..., Ny are the
sizes of the various subsets B; moreover, by 13.6(a),(b), the matrix S (hence the
matrix 3) belongs to the unipotent radical of a parabolic subgroup of GLy with
Levi subgroup equal to the subgroup of GLy considered above, while the matrix
S’ (hence the matrix S’) belongs to the unipotent radical of the opposite parabolic
subgroup with the same Levi subgroup. This forces the equalities S=8T=T,
S’ = &'. Now the equality S = S implies v°B=°8' Pg, g = Pp/ p for all B’,B in
B. Thus, if Y(B) # ¢(B’) (so that cg # cp/), we must have Pg/ g = 0. Similarly,
from 7 = T we sece that, if ¥)(B) # ¢(B’), then Ap g = 0 and from &’ = S’ we
see that, if 1)(B) # 1 (B’), then Pg g = 0. This proves (a).

13.8. We now fix £ € ,. We define four matrices M, £8,6T,¢S’ indexed by
£B x B as follows. For B, B’ in ¢B, the (B, B')-entry of M is v*"”"(B)*"”"(B/)(B :
B'); the (B, B')-entry of ¢S is Pp: p; the (B, B')-entry of ¢T is Ap p:; the (B, B')-
entry of €S is Pg_pr. Using 13.7(a) we deduce from 13.6(d) the equality of matrices

(a) M= (S)(T)(ES).

As in the proof of 13.7(a) the last equality determines uniquely the matrices ¢S, 5T,
€S’ if the matrix €M is known; in fact, it provides an algorithm for computing the
entries of these three matrices (and in particular for the entries Pp/ g in terms of
the entries of *M. Now under the bijection v : B = ¢B (see 11.12(a)) the matrix
£ M becomes a matrix indexed by B x B whose (b, ¥')-entry is v "(B)=#(B) (b, 1/);
these entries are explicitly computable from the combinatorial description of (:) on
V. We see that:

(b) The quantities Pg: g are computable by an algorithm provided that the bijec-
tion v : B =5 €8 is known.

This can be used in several examples to compute the Pp/ p explicitly. The
algorithm in (b) seems to depend on the choice of n such that = §; but in fact,
by the results in [LY] 3.9], 10.22, 11.13, it does not depend on this choice.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



348 GEORGE LUSZTIG AND ZHIWEI YUN

In the case where m = 1, there is another algorithm to compute the quantities
Pps p; see [LT, Theorem 24.8]. It again displays the matrix ¢S as the first of
the three factors in a matrix decomposition like (a), but with the matrix ¢M
being replaced by a matrix indexed by a pair of irreducible representation of a
Weyl group and with entries determined by a prescription quite different from
that used in this paper. In that case the bijection v : B = &9 is replaced by
the “generalized Springer correspondence”. It would be interesting to understand
better the connection between these two approaches to the quantities Pp/ p.

14. ODD VANISHING

In this section we show that for any irreducible local system £ on a Gg-orbit in
g7 the cohomology sheaves of £* € D(gs) are zero in odd degrees. (See Theorem
14.10.) In the case where m > 0, this follows from the analogous result in the
Z-graded case in [L4]. In the case where m = 1 this follows from [L7, Theorem
24.8(a)]. In the case where m > 1,6 = 1, L = Q; and G, g = ®,g; are as in
[LY], 0.3], this follows from [L8, Theorem 11.3] and from the known odd vanishing
result for affine Schubert varieties.

14.1. We preserve the setup of 10.1, 10.2. For w € E’ let h(w) € Z be as in 10.2.

For ¢ € E we set h(c) = h(w) where w is any element of cNE’; this is well defined,

by 10.7(a). For ¢ € E we set T, = v T, € V'. Note that {Te;c € E} is a
Q(v)-basis of V'. Let f — f¥ be the field involution of Q(v) which carries v to
—v; this extends to a field involution of Q((v)) (denoted again by f + f¥) given

by >, civt = 3. ¢;(—v)?, where ¢; € Q.
Let b — bY be the Q-linear involution V' — V' such that (fT.)% = fYT, for

any c € E and f € Q(v).
Lemma 14.2 (14.2). For any b,b’ in V' we have (b¥ : 0'Y) = (b: V)7,

It is enough to show that for any ¢, ¢’ in E and any f, f’ in Q(v) we have

(fOTe: f'Te) = (fTe : f'Te)”.
We can assume that f = f’ = 1. It is enough to show that
(a) (Te : Ter) € Q(v?),
or that

o MEVHE) [ |y € Q(v?)
for any wy,ws in E' (notation of 10.12(a)) or that
(b) p~ M@ Fh(2) Z oT(F2wT) e Q(v?).
weW

From 10.8(b) we see that for w,w’ in E’' we have

(b) 7(w,w’) = h(w) + h(w') mod 2.
From 10.11(b) we see that for w € E', w € W and N € Z we have
dim “p¥= = dim “p%, hence dim “uy™ = dim “u%,
so that
h(ww) = h(w).
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Using this and (b) we see that for @, @’ in E’ we have
Z UT(w’,ww) c Uh(wl)+h(w)N[U2,U_2].
weW

Thus, (b) holds. The lemma is proved.

14.3. From 14.2 we deduce that ¥ : V' — V' carries %; = %R, onto By = R,;
hence it induces a Q-linear involution V — V (denoted again by ¥). From 14.2 we

deduce:
(a) For any b,b' in V we have (b¥ : '¥) = (b: 1),

14.4. Let ce E,w € E" Nc and let a, = Zj v 2559%®) ¢ A be as in 11.1. Note
that

(a2)® = 3072 (-0)"®) = (1) Fag.

Hence we have
(a;f“c)Qy = (a;lvh(c)Tc)Q? = (—1)d(w)*'h(")a;lvh(")TC == (—1)d(w)+h(°)a;lfc.
It follows that:
a : — carries onto an : V. — V carries V 4 onto V 4.
BRI VA Vi ies V', Vyand ¥V : V5V ies V A%
14.5. We show: _ —
a) For any b € V' we have b° = (b)¥. Hence for any b € V we have b¥ = (

We can assume that f = fT. where ¢ € E and f € Q(v). Note that f© = (f
Hence we can assume that f = 1. We have

==
.G .G

To = v=hEOT, = MOT, = 2R,

hence
(Tc) 0 _ U2h(c) T..

We have T = T, = v?"(©)T,. This proves (a).

14.6. We show:

(a) b bY is a bijection B' = B'.

Let b € B. From b € V4 we see using 14.4(a) that b¥ € V 4. From b = b we
see using 14.5(a) that 6% = (b)¥ = b¥. From (b : b) € Q(v) N (1 4 vZ[[v]]) we see
using 14.3(a) that

(b7 V) = (b: )Y € (Q(v) N (1+vZ[[]])Y = Q(v) N (1 +vZ[[v]]) C 1+ vZ[[]].

Using this and the definitions, we see that b¥ € B’. Thus the map b — ¥, B’ — B’
is well defined. Since this map has square 1, it is a bijection. This proves (a).

From (a) we deduce:

(b) If b € B, then b¥ = syb for a well-defined s, € {1,—1} and a well-defined
b€ B.

The following result makes (b) more precise.

Lemma 14.7 (14.7). Let O be a Go-orbit in g3 and let b € Bo. We have
b@ — (_1)dim(9b.
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We argue by induction on dim O; we can assume that the result holds when O
is replaced by an orbit of dimension < dim O (if any). We have (b) = £[dim O]
where (O, L) € Z(gs). Let « € O; we associate to = an e-spiral pf and a splitting 4

O

of it as in [LY], 2.9]. Recall that [, C O and that £; := L[, is an irreducible Ly-
[

n

o®
equivariant local system on [  thus, £} e D( ) is defined. Let I = ¢ Indg‘S 2 (LY e

9Q(gs); we have clearly I € 59(95) By LY}, 2.9(b),(c)], in $K(gs) we have
I=ri+ > > fr),
0’;dim O’ <dim O ¥’ €B o/
where fi € A. Define I’ € V 4 by v(I') = I. We have

(a) e dim Ob-l— Z Z fb’b/

07;dim 0’ <dim O b'€B
By [L4} 17.2, 17.3], in K(I¢) we have
e .
(b) heh =% hyindg) (C())).
jeJ
where h = h¥ € A — {0}, J is a finite set and for j € J, q(j) is a parabolic
subalgebra of [¢ with Levi subalgebra m(j) such that q(j), m(j) are compatible
with the Z- gradlng of [9, C(4) € Q(m(j),) is a cuspidal perverse sheaf and h; € A.
Moreover, since E’i belongs to the block of Q(fﬁ) given by £, we can assume that
m(j) =m and C(j) = C for all j. Thus (b) can be written in the form

(C) hﬁqZFQ—i-Fl,

where

Fy = Zh 1ndq(j) [—dimm,))),
jed

Fy =Y "ny 1nd ” iy, (Cl=dimm,])),
JjeJ
s+ B = hju®™ ™ b€ Zv? 072 B € vZ[v?, v
Let IC(T?;)“’ be the Z[v? v~?2]-submodule of /C(ff?)e” with basis £# for various
(0", £) in Z(1?). By [L4, 21.1(c)], for any j € J, we have

.
n a(3)n

Hence Fy € IC(I?;)EU, F € vlC(iﬁ)B”. We have clearly hL! € K(ff})ev. Since
’UK:(E?;)EU N IC(I?;)‘” =0, we deduce from (c) that hL} = Fy; that is,

(C[—dimm,]) € (1)

heh =Y "n) mdq"( ), (Cl=dimm,])),
jeJ
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where h;» € Z[v?,v72]. Applying 6Indgf7 and using the transitivity property 4.2
from [LY] (and also 10.4(a)) we obtain

hl =Y Wl
jeJ
where w; € E' for j € J. Since 'y_l(zje] WI,) is fixed by ©, it follows that hl’
is fixed by V. Since h # 0 and h¥ = h, we deduce that I'Y = I’. Using (a) and the
induction hypothesis, we see that
(deimob)(? + Z Z be/?(_l)dimO’b/
O/;dim O/ <dim O b’ €B
— - dimOy Z Z .
O/;dim O’ <dim O b'€B 1
Using this and 14.6(b), we deduce that (—v)~4mOPgh — v~ dimOp i5 a A-linear
combination of elements in Uo/.dim 0’<dim 0 Bor.
Since b € Bp and b € B this forces b = b and s, = (—1)4™ . This completes
the proof of the lemma.

14.8. We show:

(a) Let O,0" be Gg-orbits in g3 and let B, B’ in B be such that the sup-
port of B (resp. B') is the closure of O (resp. O'). We have (B : B")Y =
(_l)dinlo+dim(’)/ (B . B/)

If ¥(B) # ¢(B’), then (B : B') =0 by [LY], 7.9(a)] and (a) holds. Assume now
that (B) = ¢(B’). We can assume that ¢(B) = ¢(B’) = £. It is enough to prove
that, if b € Bo, V' € Boy, then (b: 1)¥ = (=1)dimO+dimO’ (. py  Using 14.2 and
14.7, we have

(b . b/)@ _ (bO : b/@) _ ((_Ddimob7 (_1)dimO’b/)
and (a) is proved.

14.9. We show:

(a) For any B, B’ in B we have Pp g € N[v™2], Ppp € Nv2?], Agp €
Q((v?)) (notation of 15.6).

The proof is similar to that of 13.7(a). With the notation in 14.8(a) we apply ¥
to

v dim O—dim O/(B : B/) — Z PBI,BABl7BQpBQ7B,
B1€%B,BeB
(see 13.6(d)); using 14.8 we obtain
pmdmO—dmO B gy = N PY pAT 5, PR
B1€%B,B2€B
When B, B’ vary, this can be expressed as the decomposition of the matrix M =
(veB—enry=m(B)=r(B)(B : B')) (indexed by B x B) as a product of three matrices
SYT98Y where 8 (resp. &'7) is the matrix indexed by B x B whose (B, B')-
entry is PQZB (resp. Pg,B’) and 77 is the matrix indexed by B x B whose
(B, B')-entry is A}, 5. Recall from 13.6 that we have also M = ST'S’ (notation of
13.6). Thus we have
SOTYS"Y = STS'.
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Now by 13.6(c),(e), the matrix 7 (and hence the matrix 7 ) belongs to a subgroup
of GLy (N = 4(8)) of the form GLy, X ...GLy, where Nq,..., N}, are the sizes of
the various subsets B o; moreover, by 13.6(a),(b), the matrix S (hence the matrix
SY) belongs to the unipotent radical of a parabolic subgroup of GLy with Levi
subgroup equal to the subgroup of GLy considered above, while the matrix S’
(hence the matrix &’ Q?) belongs to the unipotent radical of the opposite parabolic
subgroup with the same Levi subgroup. This forces the equalities S¥ =S, 7% = T,
S'Y = &'. Now the equality S¥ = S implies Po,’B = Pp/ g for all B',B in B.
Similarly, from 7 = T we see that AE,B’ = AB,B/ for all B, B’ in B and from
8V = &' we see that ]5;773, = Pgp p/. This proves (a).

Theorem 14.10.

(a) Let (O, L) € I(gs) and let A = L* € Q(gs). We have H*A = 0 for any odd
integer a.

(b) Let w € E'. We have H%(I5) = 0 for any odd integer a.

(c) Let (pu, L, Py, I, L, uy) e as in 4.1(a) of [LY] with e = 1), and let (O', L) €
Z(1,) (see 1.2). We form A’ = L'* € Q(1,,). We have H*(¢ Indg’ (A")) = 0 for any
odd integer a.

(d) In the setup of (c), “Indy’ (A') is a direct sum of complezes of the form L5[s]
for various (O, L) € Z(gs) and various even integers s.

(a) follows from 14.9(a).

We prove (b). Let ¢ € E be such that @ € ¢. In V we have T, = ®pep frv™ )b,
where f, € A. Applying ¥ and using T = T, and (v"*®)b)” = v=*®)p for b € B
(see 14.7) we see that

Sven fy v " Ob = @pep fro " Ob.

Hence fb(? = f, that is, f, € Z[v?,v~2]. Thus,

(e) I, is isomorphic to a direct sum of complexes of the form B|—k(B)][2s] with
Bc*B and s € Z.

Hence H*I, is isomorphic to a direct sum of sheaves of the form H*"2¢( B[—x(B)])
with B € 8. Hence the desired result follows from (a).

We prove (c). By 1.5(a) of [LY] we can find q., (P, L, Py, [, 1, 1i,) as in 4.2 of [LY]
with € = 77 and a cuspidal perverse sheaf C' in Q(1,,) such that A’[s'] is a direct sum-
mand of indé’;(C[— dim ,)]) for some s’ € Z hence, by 4.2(a) of [LY], “Indg’ (A")[s']
is a direct summand of 6Indgf’(C’[— dim[,)]); moreover, by [L4, 21.1(c)], we have

s' = 25" for some s” € Z. Hence H*(“Indy’ (A’)) is a direct summand of
H1o7 (“IndZ (C[— dim [,])).

We can assume that p,, is an e-spiral with splitting m, (in 10.1) and that C' = C
(in 10.1). Then © Indgi(C[— dim,]) = I, for some @ € E’ and H*(“Indy’ (4')) is
a direct summand of 25" I,. The desired result follows from (b).

We prove (d). As in the proof of (c), “Indy’ (A’) is a direct summand of Ir;[—2s"]
for some w € E' and s” € Z. This, together with (e) gives the desired result. The
theorem is proved.
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